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FOREWORD 

A modem text-book covering the theory and practice of line 
munications has long been required by the Army. This book 
been produced at the School of Signals; it is in two volumes, 
first volume dealing with the basic theory required for a study 
ne communications and including a summary of the mathematics 
essary for this, the second volume dealing with the practical 
dications to military line equipments. 

The invaluable assistance of the Post Office Engineering Depart- 
ent in the priqiaration of this book is gratefully acknowledged. 


The War Office, 
January, 1947. 


Major-General, 
Director of Signals. 
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CHAPTER 1 

AN INTRODUCTION TO LINE COMMUNICATION 

j^ommuniralion is tli(‘ rnnvL‘yin^ of inlnimatiim fioio out; place 
—^ lo nnotlior. This may a( conipli'^luHl in many lont ways ; 
or example, by speaking? or shouting, l)y sending a WTitten 
kcssage, or by flashing a lamp 

To send infoimatioii from fme place to another, three things are 
\eccssary : a sending device, a leceixiiig device, and some form of 
link between ilie two. 

In order to be sent from the transmitter to the receiver, the 
information must l)e ti.Lnslated into signids " that can be passed 
dong the Ihik concerned. In line communicatir)n, llie vsignals must 
)e in the form oi electric currents that can be transmitted along 
electrical conductors (referred to as hues), and reronverted Into an 
intelligible form at the leceivci'. It is the purpose of this book to 
study the behaviour of Ldcctric currents rn such lines, and the 
principles of the \arinus types of terminal equipment. 

Line cominunicathm is drvided into two classes, viz. “ tele¬ 
graphy ” and “ telephony ", according to the nature of the signals ; 
the general ]n iiiciples of these two edasses will be briefly outlined in 
the ensuing sections of this chapter. 

TELEaRAPHY 

Telegraphy may be defined as the art of transmitting messages 

means of " eode-signals Telegraph codes suitable for line 
wking are usually built up from two basic conditions, called 
‘ mark " and " space The code-signals representing the various 
.eltcrs of the alphabet, numerals, and punctuation signs, accordingly 
consist of different combinations of marking and spacing elements. 

These signals may be sent by means of a hand-operated key, 
and received by some instrument for converting them into aural 
or visual signals that can be translated by a receiving operator; 
this is called " manual " telegraphy. In " semi-automatic tele¬ 
graphy, an operator is again required to manipulate the transmitting 
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instrument, but at the distant end the signals are received and 
recorded on paper by a machine that does not necessarily require 
the continuous presence of an operator. In fully automatic telegraph 
systems, the actual transmitting and receiving instruments operate 
without human assistance, the message being fed to the transmitter 
in the form of a paper tape that is suitably prei)ared at any 
convenient time prior to transmission. 

Telegraph codes 

There are two codes at present in eominoii use for line telegiTq)]iy, 
the Morse code and the Murray rode. 

The Morse ctnle is tlie standard rode used for manual telegrajdiy ; 
it is also extensively used ff)r automatic \vir(d(\ss telegraphy. In it, 
the signals i tq)n‘senling fliilenait lidters, etc,, are, in gL'iiia al, ol 



differeni duration, siiu e tliev consist of diffen^nt niinibiM s i>f marking 
and si^ariiig I'hanents. The latt(‘r orcair in “ gn)iq)s " as iollows 
(^/) A single marking ehanenl, called a “ dot ”. 

{h) Tlire(‘ .successive marking elements (with m) inlervail 
belwt'i'ii them), forming along marking signal I'alled a " flash 
(f) A single s]Kiriiig element (efpial in length to a dot), to 
separate the dots and daslies forming a chararter. 

(f/) Three .sneeessive sparing elements, to separate the 
lelteis of a wnnl, 

(c) h'ive sneressivi* spaf'ing elements, to s('])arate wnids. 

The Miirra\' f'od(‘ was es])ef'ially designtal ff)r aiitornaTie working, 
and it differs basirallv from the Morse (odi' in that eviT^' group in it 
consists of the same number (five) ol eleiiuails, eacli of which may 
be either mark or spare. 

This code is used in the telejirinter, but in adilitiou, specieil 
*' start ” and “ stop elemimts are used at tlif' beginning anti end 
of each gifuip to s(q)aratf' the lettfns of a Avord. A special group has 
to be used to separate Avoids. 

Basic telegraph circuit 

A simple telegraph circuit is shown in Fig. 1. A key and battery 
are connected to ont' end A of a line, and a lamp to the other end B. 
When the key is not pre.ssed, the battery is disconnected from the 
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line, and the lamp will not light; this is the " spacing condition 
Depression of the key will connect the battery to the line, and the 
lamp will light ; this is the “ marking condition The Morse code 
may therefore be used to convey intelligence lioni A in B. 

Practical developments 

Since watching the lamp would be very tiring for the receiving 
operator, the lamp might be replaced by some device that would 
produce two different sounds, or alternatively sound and no sound, 
to represent llie marking and spacing conditions. Alternatively, 
a peimaiieiit record of the received signals could be made by 
arranging an eleclio-magnoL to deflect a ])i'n over a moving paper 
tape. This would then leave a tiace as in Fig. 2a it the pen were to 
l)e deflected sideways, or as in Fig. 2b if up-and-down. The latter 
form of trace gtive rise to tli(‘ terms “ mark ** and “ space 

P^or higher Opel atiiig speeds an automatic or semi-automatic 
system must be used. An example of the latter the teleprinter ; 
a " typt‘writor pattern keyboard is provided, and when any key 

A _F_ 

— -HLru Lfi_r'LrL_| 

(a) 



(b) 

Fig. 2.—Kccorticd tuleyra])!! signals. 


is depressed the appiopiiatc groups of the Murray code are sent to 
line. The leceivei Lonveils tlie code-groups into mechanical move¬ 
ments tliat st‘hn'l and jaiiil the roiresponding characters. By 
providing a liaiismitt(‘i and a leeeiver at each end, the simultaneous 
transmission of messages in the two directions can be obtained. 

TELEPHONY 

Telephony is the transmission of sound—in j^articular, speech— 
to a distant place. In the case ol line telephony, the mechanical 
energy of the speakei's voire is made to control electric currents 
having similar cliai act eristics. At the receiving station, these 
currents are reconverted into sound waves similar to those originated 
by the speaker. 

Sound 

Sound consists of air vibrations, which spr(‘ad out in all directions 
from the source. The latter is usually a vibrating body—such as 



rELEPHONY 
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jthe human vocal chords—which causes the adjacent air to vibrate 
in a like manner. The vibrations then spread out, at a speed of 
roughly 1,100 feet per second, causing all near-by air particles to 
oscillate longitudinally about their original positions. It must be 
noted that it is the vibrations, and not the air itself, which spread 
out from the sourre. When tliese vibrations reach any light 
Iree-to-movc object, they will cause it to vil)rate in a similar manner. 
If this object be the diaphragm of a peison's ear, tlie vibration will 
give him the sensation ” of sound, the loudness rlcpending on 
the amplitude of the vibrations. 

The pitch of a sound depends on tlic " frequency " of the 
vibrations—that is to say, the number of vibrations per second ; 
the greater the frequtaicy, the higlier tlie pitch. The ear can liear 
sounds of frequencies from about 20 to 20,000 cycles per second, 
the exact audible liniils varying from person to person. How^ever. 
if only the frequenci('s ranging from 300 to 2,000 c/s are received, 
the speech will .still be intelligible altliough its qualiiy will be 
changed. Fig, 3 shows llie Jieqiiencies of the various notes of the 
“ scientific musical scale. 

Wavefoim 

The simplest form of vibration is the rather dull and insipid 
note produced by a tuning fork. TJiis sound is callt‘d n “ pure " 
lone, since it consists of a '' sinusoidal vibration of nnv frequency 
only, and can be re])resented by e “ sine curve, as in Fig. 4a. In 
general, liowever, tlie vibrations cnrn'spondiiig to the tones of 
musical instruments and spei‘ch are somewhat more complex 
(Fig. 4, b to e), but ran \)v analy.sed into a “fundamental” 
vibration--o1 a frequenry determining the pitch of the note— 
together with a miniber ol Jiigliei -fi eqmnicv “ harnioiiics ” that 
determine the quality or “ timbre ” of the sound Each of these 
harmonics is a simple (sinusoidal) vibration f)f Ireqiieiiry ef[iia] to 
a multiple ol the fre([iiency of the fundament Ld, anil it is the relative 
proportions of the vaiious haiitionirs which distinguish between 
the tones of, say, a violin and a trumpet, both playing the same 
note of the scale, or between the various sounds that occur in 
speech, or between different tx'ople’s voices. If a telephone circuit 
limits the transmitted frequency hand to 300-2,000 c/s, the liigher 
harmonics will be lost, and although speech will still be perfectly 
intelligible, this distinction will be lost, and it may be difficult to 
recognise the voice of the person speaking at the other end. 


Buie telephone circuit 

Fig. 5 shows a simple telephone system. The battery passes 
a current through the microphone, along the line, and through the 
receiver at the distant station. The microphone (see Fig. 6) is in 
effect a resistance that varies according to the position of its 
diaphragm. Sound vibrations faffing on the diaphragm cause it to 
move forwards and backwards, and so cause corresponding changes 
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in resistance. The current in the line will therefore vary at the 
frequency of the sound vibration, and in a manner representing the 
timbre of the sound. The receiver (Fig. 7) consists of an iron 
diapliragm in front of an electro-magnet, towards which it is 
attracted ; being held lound the rim, it is drawn in at tlie centre 


Ca) 

SINE \\A\E 

e4.5DUND OF TUNlNGi 
° FOIL^ 






Fii't. 4.- -Tyi^ical wavcluims. 


towards the magnet. The strength of tlie attraction, and therefore 
the extent of the movement, depends on the current throngli the 
coils of tile electro-magnet. Hence tlie diaphragm will move 
forwards and backwards in accordance with the curriait changes, 
and, in moving, will give rise to sound waves similar to those falling 
on the microphone at the far (transmitting) end of the line. 
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Fic. 5.—Simple telephone circuit. 
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Practical developments 

While the circuit oi Fig. 5 would be quite satisfactory for 
working over a short line, it would be useless on a long line with 
appreciable resistance, since the changes in resistance of the micro¬ 
phone would be negligible compared with the resistance of the line, 
and so the changes in current would be barely perceptible. The 
difficulty is overcome in practice by the use of a transformer, as in 
Fig. 8. This consists of two windings round a common core. The first 
is connected to the battery and microphone, and is of low resistance, 
so that the changes in resistance of the microphone can cause 
a large change in current round this circuit ; this winding is called 
the " primary The second winding consists of a large number 
of turns, so that the changes in primary current will induce into 
it the optimum voltage for driving the current through the line 
to operate the receiver at the distant end ; this is called the 
" secondary winding. Ovei short distances, an instrument such 
as this will work satisfactorily wdth " cartli return "—that is to say, 
with one of the two line wires replaced by a good connection to the 



Fig. 9,—Two tc.‘]L‘- 1 lu lU.- Three statums Tig. 11.—T hr b e tele¬ 
phones ronnL'cU'd by with iiidepeiiilunt tele- phones with parly 

a line, ptioucs between each. line i oiinecUon. 


ground at each end. In addition to what is shown in the basic 
circuit of Fig. 8, telephones normally have some means of '* calling ", 
or attracting the attention of the person at the otlier end, as, for 
example, a magneto generator, operation of wliicli rings a bell on 
the distant instrument. 

An important rclinemeiit usually incorporated is some form of 
" anti-sidetone " circuit, to prevent speech, and any other noises 
picked up by one's own mierophone, from being heard in one’s own 
receiver. Tliis clc\ice is particularly advantageous when listening 
to weak signals in a noisy place. 


EXCHANGES 

The simplest possible telephone system consists of two telephones 
connected by a line as in Fig. 9. TJiis is quite a suitable arrange¬ 
ment if two subscribers wish to speak to one another and to no one 
else. If three people wish to be interconnected, so that each can 
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converse privately with either of the other two, this can be arranged 
by repeating the simple lay-out, as shown in Fig. 10. This is 
uneconomical in equipment, however, since six teleplioncs are 
needed to interconnect three subscribers. 

If the subscribers arc interconnected as shown in iMg. 11, only 
three telephones are used instead of six. This is not altogether 
satisfactory, however, because when any two of tljc three subscribers 
arc conversing, the third can listen to the conversation; also, 
when one subscriber rings to attract the attention ot another, tlie 
bell of the third subscriber rings too. 

The switchboard 

In practice, it is usually necessary for a subscribei to be able to 
sjK'ak ]:)rivately with any one of a number of other subscribers. 
A flexible system is Ihcrtdore needed whereby any subscriber's 
telej)hone can be coiuiected at will to that of any otlicr sul^.scriber. 
The sim])le lay-outs deseiibed abf)vr^ arc not suifable frji this, and in 
practice this facility is provided by a " switchboard " ; this is a 
}jiL‘ce of apparatus to whicli all the subseribeis' instruments are 
connected (Fig. 12), and by means of which a switrhborrd operator 
can inter-conncct any two subscribers. Maiiv switchboards also 
provide for calls in which more than two subscribers aie connected 
together. 

By means t)f " jujictioii" lines between switchboards, a 
subscriber connected to one switchboard can be conneded through 
to a subscriber on anotluT, as shown in Fig. 13. Moreover, two 
such junction lines t an be connected together, as in Fig. 14 ; 
a subscriber on one switchboard can tliiis be connected “ through " 
another switchboard, so that he can speak to any subscriber on any 
subsequent switchboard. 
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Larger switcliboard.s (as distinct from portable field switch¬ 
boards) generally have a certain amount of associated equipment 
separate from the switchboard itself. This includes such items as 
batteries, frames on which the lines are terminated, fuses and other 
protective devices, testing apparatus, cic. The term " exchange ” 
is used to denote the switchboard together with all its a.ssociated 
equipment. 
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Requirements of switchboards 

(a) Subsrribt'is inusl lie able to attract tlic attcnlion of the 
switchbeyard operator ; one '' calling indicat(Tr '' is accordingly 
pro\'ided at tlie swit<‘lil>oartl for each subscriber’s line, and sub¬ 
scribers aie prov'ided with some means of sending a calling signal 
which will make the indic ator opiaate. 

(^j) The switchboard operatin' must be able to attract the 
attention of any sulisciiber ; each subscriber is llierefore provided 
with a bell, or other form ol alarm, that can be operated by a 
calling signal fnnn the switchboard operator, and the switrliboard 
must inedude a means ol sending this signal. 

(c) The switc'hboard ojierator must be able to connect any two 
nr more subscribers’ instruments togidher. This is sometimes done 
by keys on smaller switchboards but is more of I cm effected by 
means ol cords ”, with jiliigs at the end, whic'h th(‘ o])tTator can 
insert into ” jacks " connected to the various subscribers’ liiicys. 

(d) d'he subscribers must be able to inform the switchboard 
operator wbeu they have finished thedr conversation, so that he ran 
disconnect tliem. 'fiiey do this by sending a ” clearing signal”, 
to operate some Jorm of clc‘aiing or ” siiptuvisory ” indicator at the 
switchboard. 

(c) The switchboard operator must be able to speak to, and hear, 
any subseriber ; he is therefore provided with a telephone that he 
can connect to any subsciiber’s line. 

(/) Tlie swilL'hhoard operator must be able to monitor, or 
” listen in lo ”, any conversation without interfering with it, both 
to make siiri^ that llie call is j eally ” tlirough ”, aiitl also to find out 
whether the subsciibers have finished, since clearing signals may 
not always be given. He must therefore be able to roiinect his 
telephone to the snbsrrihers’ lines during a conversation. 

(g) All the above requirements must also be satisfied when the 
” subscril)or ” is another exchange to which a direct line is provided. 

Exchange signalling 

From a technical point of view, the simplest method of calling 
a telephone exchange is the ” magneto ” vsystem. In this system, 
the subscriber operates a magneto generator, which provides 
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sufficient power to operate the indicator at the switchboard. For 
signalling from subscriber to switchboard, this system suffers from 
the great disadvantage that if a subscriber fails to “ ring off ", 
there is notliinf; to tell the switchlioard operator that the conver¬ 
sation has been concluded. Calling from the switchboard to the 
subscriber is, however, iionnallv ellerted by the magneto system, 
since the riiiging-off difficulty docs not apph^ there, and a bell is 
the most satisfactory method of allracting a subscriber's altentifui. 
Another system sometimes used is the “ buzzer ” ; in this system, 
a buzzer operated by the calling subscriber sends to line an alter¬ 
nating current that can operate an indicator at the exchange, or 
cause a buzz in the rcc(*iver at the distant end. 

To avoid the need for ringing off, the " ctmtral battery 
signalling" (('BS) systems weie dex'eloprd. In thesi^, raising the 
handset of the subscriber’s telephone froin its cradle or hook 
operates a switch ami completc's a DC circuit via the line, so tliat 
the battery at the exchangi' can optTalc' ilit* inlliiig indicator. 
This is knowji as "loop” calling. The (oul ciniuL includes a 
"supervisory" indieator, arranged to attiact tlu' u])eratf)r’s 
attention when the handset is replaced f)ii its cradle, so tliat ihe 
siibscribei does nut have to ring oil. h'l i‘quently, two sujiervisory 
indicators are providiul, one (‘onneclevl to tlj(' liiu* of i uli of the 
two subsciibiTS conversing, st) that indt'pc nrUait supervision of 
tMcli subscriber's artions is obtained ; il one supervisory indicator 
operates, and not the otliei, then tlu‘ o])t‘rator knows that the one 
subscriber has replaced his handset, but tJiat tlir' other has not, 
and probably retpiirt's att('ntion. 

A diagram showing the basic ciicuits of various exchange 
systems will be found in ( liapter 19, Vol. 11. 


The CB and automatic systems 

In all the telephone systems considered above, batteries are 
recjinrcd at each subscriber’s iii.strnment for the microphone circuit. 
In tlic case of large permanent installatimis tliis arrangement is 
undesirable, since it is necf'ssary for a ineclianie periodically to 
change the batteries at all the subscribers' telephones—which may 
be scattered over a large area. vScveral types of " common battery " 
(CB) systems have been developed, in which one large battery at 
the exchange is used to jirovide the energising eurrent for all the 
.subscribers' microphones ; there arc then no components in the 
subscribers' instruments that should, in iJie normal course of events, 
ever require attention. The lines between the subscribers and the 
exchange have to be of fairly low resistance. The sy.stem is therefore 
unsuitable for subscribers situated far from the exchange, and they 
will have to use CBS type in.struments, wliirh work quite satisfactorily 
on CB exchanges. In all CB systems, the exchange is railed by means 
of a loop between the two legs of the line, as in CBS .systems, and 
the subscriber is called by means of a generator eind bell. 
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In automatic systems, raising of a subscriber's liandsct from its 
cradle loops the line, and causes him to 1 h^ connected on to a 
"selector". "Dialling" any digit iidcrrupts this loop a corre¬ 
sponding number of limes, causing tlie selector to stc'p up and 
round and to connect the subscriber to a further selectoi. Tliis 
process is repeated for tlie second and subsequent digits, connecting 
the calling subscriber to the line of the subscriber whose number 
be has dialled. But before making tliis connection, the final selector 
connects the called subscriber's line to a power-driven ringing 
generator ; when the called subscriber raises his handset from its 
cradle, his line is disconnected from the generator, and connected 
through to the calling subscribei. When the railing subscriber 
replaces his handset the selectors return to their normal position 
in readiness to deal with another call. 


LONG LINES AND REPEATERS 
Attenuation, distortion and interference 

A line " attenuates " the signals passed along it ; that is to say, 
the signals reaching the recejvhig end are weaker than llio^e trails 
niitted from tin* sending end, owing to powei lossi'S the line 
itself. The attemialion iin leases as the hngdi of the line is 
incieased, and on hnig lines the reiidved signals may l)i‘ so weak 
as to be useless unless some stejis are taken to make up for the 
attemiation by ain])lilicatinn ; this done by mcdiis of " r(‘peaters". 
In addition to attennation, distortion and interference must be 
considcicd. 

"Distortion" is said tri oi eiir in a line or in any piece of 
equipiiieiit wliLMi the signal leaving it is not idiaiiical in " form " 
or cliaracier (ihoiigh nut lUMessaiily in magnitude) with that 
entering it. The attenuation of a line increases with frefiueiicy, 
and consequently the liigher fn^riuency components of a signal are 
weakened more than Ihe lower. Since the relative proportions of 
the various components of a signal determine its character, this 
variation of aUeiiiiation wi(li frequency (oiistitutcs a form of 
distortion (atteniiation-dislorlion) which, if not corrected, may 
render the received signal luLiiilelligible. The required correction 
is effected by means ol " equalisers ". 

Any line picks up noiise from neaiby power lines, etc., and also 
" cross-talk" from maglibouring telephone and telegraph circuits. 
On a long line, the amplitude of such interference might be sufficient 
to " drown " the signals. Both forms of interference arc in general 
much less in the case of metallic circuits than in the case of those 
using earth return, and ran bo greatly reduced by ensuring a 
symmetrical disposition of the two legs of the line. 

Repeaters 

To compensate for the power loss in a long line, " repeaters " 
can be employed to " boost up " the weakened signal currents. 
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Normally, two amplifiers will be required at each repeater, one for 
each direction of transmission; these arc usually called ''send"' 
and “ receive ", or the " up to-down " and " down-to-up ", 
amplifiers, to distinguish between them. Also, some form of 
" separating device " will be required between the leleplione and the 
amplifiers to isolate the input circuit of the one amplifier from the 
output of the other, as in Fig. 15. The commonest form of separating 
device is the " hybrid transtormer If this isolation is not effected 
on both sides of tlic amplifiers, then a signal from one of the 
telephones, after ampliiication by tlic " send " amplifier, will reach 
the input side of the " receive " amplifier ; after further amplifica¬ 
tion by this, it will get back to the input of the send amplifier, and 
the amplifiers will " sing " or " howl 

Repeaters must b^ spaced at intervals along the line. If one 
large amplifier were to be used at the transmitting end of the line, 
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its output would be st) great that ((.e) it would cause severe inter¬ 
ference to other cLieuits, and (h) the cost of the amplifier would be 
enormous. Oji the otljer hand, if all the amplifiralion were to be 
concentrateil at tin" receiving end ol the line, the signal f'urrents 
reaching the amplifier would, in tlie case of long fines, be much 
smaller than tin* noise and cross-talk cunaaits picked up by the 
line; these would tlieufoic obliterate the signal. Ky careful 
repeater spaeiiig, liowi'ver, the eftects of line attenuation can be 
satisfactorily oven*ome, while flic effects of noise and cross-talk 
can usually be rcHluced to negligible proportions. 

Two- and four-wire circuits 

It will be seen from Fig. 15 that whereas there arc only two 
wires from the telephone, there are four wires between the amplifiers 
and the " separating device On a long line requiring a number 
of repeaters, there are therefore two po-ssible methods of working : 

Two-wire C/rcu»t.—Two wares can be run between repeaters, each 
of which will then have to contain two " separating devices ", one 
on each side of the amplifiers, as in Fig. 16. 









TWO- AND FOUR-WIRE CIRCUITS 15 

Four-wire Circuit .—By ruiming four wires between repeaters, 
as in Fig. 17, only the two terminal repeaters need contain any 
separating devices intermediate repeaters w^ill each have tw'o 
amplifiers, one for transmission in each direction, and these two 
amplifiers will be completely separate electrically, since different 
pairs of wires are used for the two directions. 

Whereas the tw’o-wire circuit is more economical in lines, 
a four-wire circuit requires, in general, fewTr repeateis for a given 



I'lfi. 10 .—T\vl>-\viil- 1 fpL'atnofl liiniit. 


length of line, is easier to set up and maijitain, and is more siable 
under varying line conditions. Kh'ctrically, the four-wiie circuit 
is therefore pridiTable. partieulariv on long lines, but thi' econoni'v^ 
in lines afforded by two-wiie repeater(‘d circuits is sue]' Miat these 
are frequently used for military purpo'^es. 

■ 

Signalling over repeateied circuits 

Speecli amplifiers cannot deal with the low-fref]n(‘ni'y calling 
signals from a magneto gc'iiiTator, and !e])enf(‘is iniist incorporate 
additional apparatus wJicn gein'rator signalling is useil. Altiu'iia- 
tively, the generatoi signals may be ronv<’rted at the terminals into 







Fig. 17.— I niii Aviii irpealned cjrciiit. 





tones lying within the speech range, which can Llien b(‘ anqdifiLd 
by tlic same apparatus as tJie s])eec)i. This latter method is know'n 
as '' voice-frequency ” signalling. 


Equalisers 

Equalisers are electrical networks designed to counteract tlie 
attenuation distortion occurring in aiiv part of a circuit. They do 
this,-either by introducing additional aticnuation at those fretjuen- 
cies at which the altmualion is least, so that the overall atlennation 
is independent of frequency ; or else by increasing the amplification 
in a repeater at those frequencies at which the attenuation is 
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LONG LINES AND REPEATERS 


greatest. Equalisers are usually included in repeaters, as well as in 
terminal equipment, so that the distortion, in the same way as the 
attenuation, can be corrected all along the line, before it can reach 
too serious a value. 


SIMULTANEOUS TRANSMISSION OF SEVERAL 
MESSAGES OVER ONE LINE 

Particularly in rear areas, very large numbers of telephone 
ronversations arc frequently required between different lIQs, 
and a single line between the respective exchanges, such as that 
shown in f'ig. 13, would therefore be totally inadequate. Owing to 
the time and the volume of stores required to install several lines, 
special forms of apparatus are often used that enable a line to 
handle more tlian one teleplume or telegraph message at a time. 
This is particularly desirable in the case of long repeateied lines. 

Superposing 

“Superposing" is the direct conned ion of more than one 
telephone or teli‘graph instiument i)n to one line, and there are 
several simple methods ()f doing this. The simple.st method is 
direct " serums " superposition ol a telegraph on tf) a telephone 
circuit, as in Fig. 18. TJiis method is very restricted in its appli¬ 
cation. It depends on I lie piinciple tliat the telephone is unaffected 
by the DC and veiy low-frequency AC used by the telegraph 



FULLEUPHOMtS 


magneto 

□ICbUZZEiL TYPE 
TELEPHONfS 



Pit. 18 — Sciii's siipcriJosing. 


iiistrumeiil, and that the telegraph instrument is not affected by 
tlie alternating currents of the frequencies used l)y the telephone. 
This arrangement cannot be used when working to an exchange 
employing direct cm rent in the line (f.c. a CB or CBS exchange). 
The telephone instrument used must be capable of passing the 
direct current required by the telegraph instrument. 

The only telegrapli instrument suitable is the Fullerplione. Even 
using this instrument, there will be a certain amount of interference 
to the Fullerphonc each time the buzzer or ringing magneto of the 
telephone is operated. 
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Fbantom working 

PhantoiTri working is a more satisfactory method of superposing. 
In earth-return phantom working, one telephone eirciiit is obtained 
in the usual way between tJie two wires of the line, so tliat current 
goes out on one wire and returns by the otlur. The second instru¬ 
ment is connected between the centre-point of tliis “physical*' 



? 


l iLr P) 1 til til rriiiiii nlianiuiii bupt ipoMii i lo 20 —i'luiul m cniinLc turns. 


tirruit and earth, as m lug 19 so tli it the luiient divides equally 
between the two wik's -going out on both wnes m parallel, and 
11 turning via llu eaitli , Ihn lallir u callt d llie "earth-return 
phantom '* ciruiit hig 20 shous two midliods that can be used 
to obtain the cenlie tap on the phvMial circuit 

Wilde tlure is usually no appieciable mttifercmc between the 
physical and the phantom nil nils on a pur, tlie parth-roturn 
phantom uuuii tends to puk u]) a lot of noise and interference, 
since it uses an laitli hIuiii i)n long lints, i iith-rpturn phantom 
nicults aie not satishu tniy as liigh giarU spetdi circuits They 
are, however, frtqiuntly iisi d in foiwiiilari is, .ind an sometimes 




□ EAtTH-UTURjS 
SUPEIL WlNTOK 
ClfXUlT 


BiCf 21 —lull phantom woiking, with larth-return superphantom urciiit 
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used for " maintenauce telephones” between repeater stations, to 
j)rovide communication between the station mechanics. 

An improvement on the earth-return phantom circuit just 
descrilxid is the ” full phantom ” circuit, in wliich the ” phantom ” 
telephone is ronnected between the centre-taps of two physical 
circuits, as in Fig. 21. An ” earth-return super-phantom ” circuit 
(sometimes known as double-pliantom or ghost circuit) can then 
be added between the centre-tap of the full-phantom circuit and 
earth. Tlie full-phantom circuit avoids interference from eartli 
currents, but is suitable for high-grade speech circuits only when 
tlie two pairs on which it is superj^osed are of low capacity and are 
balanced with respect to each other as well as to earth. It is 
unsuitable for use on star quad cable, which has a relatively liigh 
capacity, but it may bi' used on multiple twin cables and ” sqiiare- 
formatirni ” ]iermaiu'nt (overhead) line'. Nevei tlicless, a high-grade 
circuit is r)btained from a full phantom only when the physical 
pairs are very candully balancial ; the earth-i et urn siipiT-phantom 
circuit is clearly just as subji*cl to interference from earth currents 
and cross-talk as the simple earth-naurii phantom. 


V.F. telegraphy 

The transmitted signals of the telegraph systems so far described 
have too low a fret[uency to be eimplilied conveniently by a valve 
ainjilifier in the same way tJiat speecJi is ainjditied by a repeater. 
If, however, Liu* telegrapli signals aie converted into " tone ” within 
the speed 1 range, they can then be sent over an ordinary telephone 
cireniL and through the .speech amplifiers. This method of trans¬ 
mitting telegrapli signals is calh‘d ” \’oi('e frequency ” (VF) 
telcgr;q)hy. 

It is possible to send these " \oice fretpieiicy tone ” signals over 
the same line as a telephone conversation, ami at tlu* receiving end 
to separate the VF tone from the spcedi so that there is no mutual 
interference. The use of this principle will ihus permit one speech 
and one telegraph circuit to work .siimiltaneously over one pair of 
lines. Altliougli the ad\auitages of this over plianttim working 
are not at lirst apparent, iL may be said that satisfactory operation 
of the telegraph equipment is possible fiver much greater distances. 
Also, in the case of a line suFlif'ientl}^ fo require a repi'ater for 
the telephone circuit, the ordinarv telephone repeater will amplify 
tlie telegraph tone as Avell as the spi*(‘ch, with no niodihcation at all, 
whereas with pliantom working, a separate repeater would be 
necessary tor the telegraph signals. 

Alternatively, it is pi>ssible to send a number of different VF 
tones over the iino instead of spt*ech, thus forming a mnlti-channel 
VF telegraph system. As many as eighteen such VF channels may 
be employed over a leh*phone circuit (assuming, of course, the 
appropriate eiiuipmenl at each end), and the advantages f)f the use 
of VF telegraphy then become apparent. In rear areas, where there 
is a vast amount of administrative traffic to be passed, one telephone 
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can be replaced by a number of telegraph instruments [e.g, tele¬ 
printers). 

Carrier telephony 

In carrier telephony, the signals from the transmitting telephone 
are altered in such a way that they can be passed over the same 
line as signals from an ordinary telephone, separated Irom these at 
the receiving end, and then altered back into normal type teleplumc 
currents similar to those leaving the transmitting instrument. This 
'' alteration consists in moving bodily the whole frequency band 
occupied by the speech signals to a higher position in the frequency 
spectrum (say, 3,000 to 6,000 c/s), so that whereas a line used for 
normal telephony has to pass only frequencies between 0 and 
3,000 c/s, a line carrying one “ physicaland one " carrier'' 
telephone channel, would Ivdvc to pass all frequencies between 
0 and 6,000 c/s. Carrier telephone systems are therefore more 
slringent in their line requirements than ordinary telephone 
circuits. 

In multi-channel carrier systems, the signals from each channel 
transmitter an* raised lo succe.ssively higher frequency bands, and 
consequently the lines for use with such equipment must be even 
more carefully chosen. This will be realised when it is stated that 
under certain conditions, a four-rlianncl carrier leleplioiic system 
may transmit frequencies up to 50,000 c/s. 

Clearly, since all the channels ol a multi-channel carrier telephone 
system are suitable for telephony, they are also suitable for VF’ 
telegraphy, and it is romrnon practice to operate a six-channel 
VF telegraph system over one cJiannel of a foui-channel carrier 
telephone system ; this then provides three telephone and six 
teleprinter circuits. 



CHAPTER 2 


MATHEMATICS 

Tn order U) iiuderstaiid many of the principles of line coninmnica- 
lion, some knowledge ol nialhemalics is essential. This chapter 
contains a summary oi flic simpler branches of mathematics with 
which the reader is expected to have some acquaintance. The 
chapter is divided into two parts. Part I contains a summary of 
algebra and trigonometry, leading up lo vectors and complex 
numbers. Part II includes the elements of cah ulus and hyperbolic 
function.s, and is intended for those who wish to make a more 
detailed study of the subject. 

Tables of lugaiithins, Liigunonu tiical functioiis, cic., wall be 
found at the end of this voluint* (page 775). 


Mathematical symbols 

- is equal to . . . 

= is ('(luivaleiit lo . . . 

=c:= is apprt)ximately e(|ual lo . . . 

is not equal to . . . 

“> tends to or approaches . . . 

> is gi eater lhan . . . 

is gieater than or equal lo . . . 
is viTV mucJi gieater lhan . . . 

> is not greater than . . . 

- is less than . . . 

^ is less than or equal to . . . 

is veiy mueh less than . . . 

< is not less than . . . 

^ tlie positive difference beUveen . . . 

\/ the square root of . . . 
the «th root of . . . 

/_ a p(\silive angle ; that is, an angle measured in an 
anti-clnckwase direr lion. 

V ^ negative angle ; that is, an angle measured in a 
clockwise direction. 
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Areas, surfaces and volumes 




Surfaces 

V olumes 

Sphere 


4 Ti.r'^ 

^.-T.r3 

Cone 


TT r.l 7ir'^ 

.TT 

Cylinder 


*l^rh "1 

TzrVi 

Ti iangnlai 

prism 

h[a T b + c) + 2A 

A . h 

Cuboid 


2ah 1- 2U 4 2r« 

a . b . c 



Areas 


Circle 


jir- 


Sector 




J^arallelogram 

Iih — &.r.siii A 


Trapezium 


\-y) 


1 11 angle 






A'’>('> 

“) b) (s - 

where 

r 

— ladiiis 



1 

slant heiglit 



h 

])eipt‘ndi( nlai dislaiin* 

Ix-lvv'l'l'll faCCh 

A, 

a h . c 

snles 



.s 

s(‘mi-pei 1111(4 ei l(rf 

1 M f) 


U 

u 

angle in ladiaiis 
angle in degiees 
aiea oi tiiaiigli' 



Pythagoras’ Theorem 



C 
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In any rip^hl-auf;lecl trianglr*:— 

h- -[ r- ( 1 ) 

where a is the length nf tJie hypotenuse (t.f. the side opposite tJie 
right-angle), and b and c are the lengths of the other two sides. 
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Indices 

a raised to the power w, written as is defined as a multiplied 

by itself n times, 

a^' — aXayaXa. .ton factors (2) 
Thus 24 2x2/<2x2=16 

In such cases, n and 4 arc known as indices. 


/Vluftip/icotion. -r/” x ci'” a” ^ , ? c , to multiply powers 

of the same luimber, the indues are added 


From tins, it can be seen that a® 1 , foi a’* ^ + ® 

i e., miiltiplynig by a" leaves the value unchanged, 

must be equal to 1 


(a")”* “ i e , when a powci is itself laised io a power, the 
two mdires au inultipliLd 


tc , wlien the pioduct of two immbeis is laiscd 
to a powei, the usnlt is equal lo the pioducl of the two nnmbeis 
each iais( d to tli d ]iowcr 


a~^ ~ (for rt"" y ^7” - " " 

a” ^ 

' - ( 'V* 

a" a, foi \(f') — o’ — a 

Note in particular that ah - 'sj a 


^ - 1 ) 


■\/ h, and that 



\/ a 
\/ h 


5urc/s- \ square loot that cannot bf fuitlicr iiduced is calhd 
a surd, l g , '\/2, 'y /5 

\/S IS not a surd as it can be lediii cd to 2 y/'I 


Rationalization 


1 

L\alualinn ol c\])n ssions siiclias is difluidt, suite it involves 
division 1)V a duunal. If toj) and bottom aie both multiplied 
by 'v/2 the \ alue vmII bi iinalteied, 


1 1 ^ \/2 __ 1_414 

* ■ \/2 \/2 ^ \/2 2 ~ 2 

and cah Illation is llius simplilieLl. 


0-707, 


1 


Similaily, ^ — /^^faii be simplified by tinning the bottom 

a/3 4 ^2 


a/3 ' 

line lido tlii^ difterc in e ot two squares — 

1 ) a/s i y/2 
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.,v|d^^.V3- + V2 


1-732 -I 1-414 3-14(i 


Example— \ 

'^l + A,- + X 


1 


X 


'\/\ ^ x'^ — X 


\ -\- X^ X \/l 
'X/1 X- — X A ns. 


Useful factorisations 

— 1)^ 

a* -j- + 6"^ - 


(a I b) {a h) 

{a h) {ci^ I ah I b^) 

(a [- h) {a^ ah \ l>^) 

[a^ - ah ^ r-) (a^ ~\ ah ]- h'^) 




Simultaneous equations 

11 Lliore arc n unknowns to be cvaluatccl, IIutc musL be ii equa¬ 
tions. Tb(‘ proredure lor solution is to ieduce to n -- 1 equations 
with (n - 1) unknowns, and to contiiiue Ibis pioci-ss until only one 
eipiation containinf^ t)nc unkiifiwn is leJl. Tlie latter a simple 
equation wliirh can be solverl at oiK'e ; tlie other unki.ovvns may 
then be found by woikiiif^ bark throu^di tlie ecjiiations. 


Example-- 

Solve ^ V -1 (i) 

2x 1 7 b (ii) 

a: I 2y 1 2: - 9 (iii) 

Adfling equations (i) and (n) :— 

X A y 7-1 (i) 

2v + y -b 7 — b (n) 

3a \- 2y - 1 (iv) 


Multiplying (‘rpiatioii (i) by 2, and adding to equation (iii) :— 
2a 1 2y 27 2 (i) x 2 

a: I 2y 1 27 9 (iii) 

3 a: + 4 y - 11 


vSubtracting equation (iv) fiom (v) : — 
3 a; + 4 v - 11 
3.i: + 2> - 7 


2y -- 4 y -- 2 

From (iv), 3 a; |- 4 7 a; ^ 1 

From (i) 1 F 2 - 7 - 1 .-.7-2 

Thus : — a: - - 1 ^ 

y ^ 2 > Ans. 
z =^2 ] 


(V) 

(IV) 
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Quadratic equations 

Quadratic equations, i.o., those of tlie foim ax^ -|- bx -\- c =- 0, 
may be solved by three melliods ;— 

(a) Factorisation. 

(b) ('oinpleting tlic* square. 

(c) Formula. 

{a) Factorisation. —If the etjuation can be facloiisecl by 
inspeclicm as (lx -| ih) . (px -| q) ^ 0, Ihe roots are x ~ —^ 
and X — . 

P 

Example .— 

Solve + —G 0 

/. (3^ - 2) (:t I 3) - 0 

X 3 oi - 3 Ayis. 


(b) Completing the square. - Rearran/^U' the equation to pve 
a periect squaie in terms of %. and take the positive and negative 
loots. 

Example .— 

^3 4 4a + 2 0 

Divide if necessary to make tin* coeilicient of a- erpial to 1, riml 
then leaiiange so tliat only teiiiis coiitaining a*^ and A appeal on 
the left-hand side, eg., a- 4r — 2. 

Arid (half the coefficient ol a)*^ to each side: — 
a2 H 4a I 4 — 2 H 4 

A“ I 4a i 4 -- 2 
{X ^2y--2 
x-\ 2^- ±y/2 

i.i’. X - 2 J_ Ans. 


(0 Formula .—Apply method (&) to tlie geueial equation :— 

UX^ -p ^ A -1 f — 0 

'I hen x'^ f 

u a 


Add 



^ to earli side :— 
4(1^ 



A" _ 1 

4n- a 

6“ 4uc 
"4(t- 


b _ db ~ 4f7L; 

^ ~ 2‘a 


— & i — 4ac 


2a 


( 8 ) 



LOGARITHMS 

This formula gives the two roots of any quadratic equation, 
the three cases :— 

&“ > 4ac, both roots are real, 

4ac, the roots are equal, 

-C 4ac, both roots are imaginary. 

Logarithms 

Def/n/t/on.—If ~ iV. then .r — log„ N (read as ; big, to the 
base a, of A^) ; i.e., llie log to base a ol N is the power to whieli 
a must be raised to produce N. 

r.g., 3 — log, 8, since 2^—8 

similarly, J — logg 2 
and 0-3010 ~ logjj, 2 

Antilogs .— If X - log,^ N {i.r,, tluMi N ajitilog^ a 

(read as : antilog, to base a, ul ^). 

Multiplication by logs. —delinilion, if a"'-- N and 
then ;— 

NM - X 

i.c., log-„ (NM)- A + V -h)g„N i log, il/. (9) 

Similarly l(tf(„ - log.il/ - log^ N. (10) 

Powers.- - log„ il7'* h log„ M (11) 

I'Jga log„ Af (12) 

Note that the log of 1, lo ruiy base, is riju.il to 0 


. 25 
Note 


Change of base. - 

L<'t l()g„ N X 

N - a' 


Taking logarithms, to base b, of each side :— 


i.c. 


b>ga ‘V 


a: X logt n 
- log„ N y Ifjg, a 
_ lng,_^ 


(13) 


Thus the higaiitlnn ol a number to base a is equal to the 
logarithm of the same number to base b, dividi‘d by the logarithm 
of a to base h. 


Use of logarithms. - II logarithms of n\imbers can be found, 
their use simplihes tlie jiioresses of multiplication, division, elc. 
For if two numbers A/ and A^ have to be multiplied, their logs have 
to be added, which is a simpler process. For numerical calculations 
it is most convenient to take 10 as the base. The log ol any number 


(97331) 
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between 1 and 10 will lie between 0 and 1, and the logs of such 
numbers arc given in tables, usually to four figures. The log of 
any number can be found from these. 

Thus logio 2 “ 0*3010 

logio 20 ■== higjo (2 X 10) — logio 2 I Ingn, 10 
== 0*3010 + 1 -- 1-3010 

Similarly, log,o ^OOU = 3-3010. 

The number before the decimal point is called the " charac¬ 
teristic " : the decimal is called the “ mantissa 

The rule for calculating the log, to the base 10, of any number 
is to find from the tables tlie log to base 10 ol the significant figures ; 
this will give the mantissa. The characteiistic is then wiitten down 
—it will be equal to one less than the number of figures before the 
decimal point. 

Example - To Jiiid log^p 371*9. 

Look up logip 3719. The tables give the maulissa as 0-5704. 

The number of figures before the decimal iioint is 3 
the dial art eristic - 2 
/. logjip371*9 2-5704. Ans. 

Numbers less than I .—In this case the log will be lugative; 
to simplify calculation, howTver, th(‘ mantissa is kejit positive, 
and the characteristic is made iKgative, and immeiically equal to 
one muie than the number of noughts after the dt'cimal point. 

3*719 

Thus log^o 0-03719 - logip = 0-5704 - 2, which is 

written 2*5704, the bar over the 2 " indicating tliat this digit is 


1-1222 
- 3 1367 


- 2-2569 
-- 1-2844 

-- 2 -9745 


negative. 


Multiplication and division. 

To multiply, the logs aie added. 

To divide, the logs are sulitracted. 

Example.-— , 13*25 X 0-00137 

Evaluate — — 

From till' tablet): 
and ; 


On adding ; 
From the tablet.: 


On subtracting; 

l.'b25 X 0-00137 


Ingjo 13-25 
log,,, 0-00137 

l.g,„ (13-25 X 0-00137) 
log, 1 ,0-1925 

, 13-25 X 0-00137 

li'gia —rc 


0-1925 

From the tables, antilogio 2 -9745 0*0943. 


0 1925 
- antilogi □ 2 ■ 9745 
Ans. 
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Indices .—To obtain any power of a number, its log must be 
multiplied by the power. 

Example ,— Evaluate (2-38)’ by logs. 

Iogjo2*38 =- 0-3766 

Multiplying by 7 ; __7 

logio (2-38)7 - 2-6362 

(2-38)7- antilog, u 2-6362 - 432-7 Ans. 

Roots aie similarly found. 

Example .— Evaluale \/0-0892 by logs. 

-\/(MJ892 = (0-0892)’. 
log 0 -0892 2 -9504. 

Some way must be found of dividing the 2 b}^ 4. This is done by 
so expiessing it, tliat the iu‘galive portion is a multiple of 4. 
Thus 1 X 2-9504 - ] X (- 4 2-9504) -Id 0-7376 -- 1-7376 

•^(F0892 -- antilog T - 7376 = 0 - 5466. A ns. 


Summations 

The sign 2" (Gieek tajiil.d Jettei sigma) is used to signify 
summation, and the limits (iJ anyj o\ei uhirh summation is to be 
effected are indicated aliove and below it. 

For example ;— 

v" = PH 2M 3-1.^ 

r- 1 

s' 3^ r 4^ + 5^ -- 216 

I - 3 

Arithmetical progression. I'.e., 1,4, 7, 10, 13, . , . 

General iorm :— a, (a f d), (a-j-2</j, . . . 

The term is a (r l)d 

Sum of n terms is . v _j (; _ i) (l\ - In [2u j (?i - 1) d~\ 

r - 1 

— J X (numbei of terms) x (sum of first and last terms). (14) 


Geometrical progression. — r g., 1, 3, 9, 27, 81, . 

General form :— a, ax, ax^, . . . The term is 

r ^ r -1 a(x”~l) 

Sum of n terms is - 2- = --, - 

r ^ 1 X — I 

If the numerical value of v is less tliaii 1 (written | x 

sum tends lo — as the number of terms increases. 

1 - X 

Thus the sum of this series to infinity is given by 


2 
r -1 


(15) 
1), this 

(16) 
C 2 


(97931) 
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Miscellaneous summations. 


S — '^(n + ])(2m 

-1 o 

+ 1) 

(17) 

‘ifn -[” (« + !)]=* 


(18) 

r (I 1- 1) !!(« ' 

I o 

1)(7H 2) 

(19) 


Means 


The anthinolir inocui of two qiiaiititic‘s a and ^ 1*5 - ^ \ 

11 thrre an n quantities a, h, c, d, . . . . , tlieir aiitlimplic 
mean is : - 


I ^ \ d ' 


n 


Thcgeonieirir mean of two qiiantitus a Awd h is \ . h, i i , Hie 

.'^ijuaie loot ni tlieir prodiul 


Functional notation 

Jl\j)iessKins siicli .is \- , 2\ t .'“J, \ ^ , \ i“ 2 cin'expies- 

sions involving a , lliat is Hun \ dm ilijiends on ihe \ alne ol v 
biidi (\piessions .lie known .is ‘ fmiitioiis ol \ 

It IS Useful to I\lI\(‘ a gi'iuial nolLilion loi an\ Iniu turn ol i , 
heaie alimilion ril a is wiitten as /(i) oi J^(\] oi (/(\). 


1 liu«* fill' et]uation — 

V A- j 2i d 

liecoines . y ^ f(\) 

wluie' /‘(a) stands fni ^ 2 i 1 d. 


dins iiolalioii IS ivltndid to giNe the \ .ilm oi tlie fiincfion 
when A .issinne. soiiii' jiailnulai v.due, -i . I[2) is Hie \ alne o! f{\) 
when X 2 


Jf : - 
then 

sinnlaih . 
and :— 


/(') 

V“ 

2a I 3 

A-) 

2“ 

1-2.2 13 11. 

A:<) 


. 2.3 bS. 

/(O) 

b 1 

0 -1 3 ~ 3 


GRAPHS 

By diawing two a\LS, Hie position of aiiv point in a plane may 
be fried by its two “ co-ordinates These two axes aie known as 
the A-axis (denoted by Ox), and the y-aMs (denoted by Oy). The 
point 0 is knowm as the origin. 
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If PN is perpendicular to Ox, as sliowii in Kig. 23, then the 
“ A-co-ordinate ” of P is ON — a, ajul the_v-co-ortlinaLu is NP — y. 
Tlie point P is referred to as the'point (a, v). a' is CDiisidered 
uei<ativeif P lies to tlie left of Oy ; siinilarlv. is n(‘j;ative if 7’is 
bidow Ox. Thus to ajiy pf)int in tin* plane tht*ie rf)ri esj)niuls one 
set nl tMaj numbers, and vice versa. 


N A- , 





tx ,y) 


j~ 


0 

N ..'a 


iMf,. 2:<.- l SL‘ r)l ti.-fJi(liiia1cs 1. V in •hl'Miiinu' o» .. pwini F 

If the ^'ah^es of a ajk! v lor the point P aie unvestiicted, Piiwiy 
l)e auvwlu‘ic in the plane. If, htA\e\er, the \ allies are reslrirted 
t)V staling some deiiihle i elationshij) between them, ran he only 
iii certain positions, hor a normal rehuionship l>i‘t\\een A and y 
(in the fonu of an e(|ualj()ii) wiW, in geneial, lie on a rinve ; and 
a curve of some sort cxi^t^ foi over\ e(iiiation. IMni'li lufonnation 
ran bi* i.btained iioin a study ol llu'se ( uives or “ giaplis 

There are two types of equation : an “ explicit " eipiation, such 

wliere e is given at once as some “ fiiiKTic'ii ” of a ; 

1 ' A' 

:iii(l an “ iiuplii it ” 0 ( 111 . 1111 ) 11 . .smli as 3\-)' |-.ir'' - 4i - 

wliLTO y ifi mil. givon diri'clly in tciins of x. 


Linear egiuations 

An ociuation ol tin- form ax i hv \ c 0 alwav.s roi>ro.spnl.s a 
.straight line. To draw tlio lino, it i.s host to tind two ponds on it. 
and u.sually the uasiost to liiid aie tho.so whoro a -0 and whore 
y 0. 

For example, oon.sider tlie equation ‘lx — 'iy - h. 

If X - (», y --■ - 2 /. (0. -- 2) is on the lino. 

If V tl, X =- 3 (3, 0) is on the line. 

The graph can now he ilrawii as a straight lino tloough these 
two points (F'ig 24). 

The graph may be verilied ; for example, the point (6, 2) slionld 
be on it, since 2x6 — 3x2 = 12—6 = 6. 
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Solution of simultaneous equations .—Graphs may be used to 
solve simultaneous equations 

e.g. 2x — 3y = G 
and X — y — 6. 

Draw the grapli of x — y -- 6 on I he same axes as the first, by 
drawing a straight line through tJie points (6, 0) and (0, — 6) 
(Fig. 24). 



Tlie point whitii represents the solution ot the two equations 
must satisfy eaeli equation, 7,r. it must lie on earh line. The r)nly 
point wliii'h does tliis is, of course, tlie point ot intersection- in this 
case (12, 6). Jlenec " x =- 12, y - 6 " is the solution. 

Other equations 

In some eases, tlie form o^ the equation will indicate the shape 
of the curve. Consiiler, for examph‘. tlie equation v - 

This may be written as \/,r“ h y- a. 

But \/x“ -f- y*'* is the distance of the point P funn the origin; 
therefore the equation represent‘d a circle wnth centre at the origin 
and radius a. 

Similarly [x — l)^ + [y — m)-=ar is a circle with centre (/, ml 
and radius a. 
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Asymptotes 

Many curves approach infinity along some straight line, as in 
Fig. 25, 

The straight line is known as an " asymptote " : note that a 
rurve which goes to infinity along an asymptote must also return 
from infinity along it. 



Tn fintl the a.symptotes of 'an\ rin\a\ the rojirlitinn which 
makes A nr y infinite must Inst lx* foniul; an approximate form of 
file ei[natir)n for huge values of r oi y f'an lln'ii lx* Iminrh 


General rules for plotting curves 

1. riot all poiiils wfiere a or y are zeio or iiiliiiite. 

2. Insert asymptotes, if any, Imiling out on wliieli siile the 
curve lies. 

3. riot any obviously imjxn tant points. 

4. Note any symmetry tlial ma\ exist. 

5. Avoitl giving a; or y various numerical valui's at random. 

Example L— 

riot the graph of:— y - r ^ 

When a: -- ±1, y - t), giving two points. 

X — makes y infinite, hence r — 0 is an asymptote. Find on 
which side of the as 3 unptote the curve lies. 11 x is .slightly greater 
than zero, y will be large and negative ; hom e the curve will go to 
infinity downwards along tfie right-hand side of the y axis. 
Similarly, if x is sliglitly less than zero, y will be large and prjsitive, 
and the curve will therefore go up to infinity along the left-hand 
side of the y axis. 
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When x-^co, y also ->oo, but if x is large y — x, and hence 
- X is an asymptote. By the same method as in the last para- 
grapJi, it can be shown that tlie curve lies below the asymptote 
if X is positive and abo\x' it if x is negative. 

Drawing in these jMjints and asymptote.s, Fig. is obtained. 
It can easilv be seen tliat tlie complete curve will be of the form 



(a> tb) 

I jc^ 2(-{ -fUaplj of y^x - ~ 


shown ill Fig. 2(S/^. Note Uiat it in two paits; this mive is 
known as a li\])eibolLL 


Example 2.— 

Plot tlu' graph of : 


A' 

(^ ~2y (V 2) 


WIkmi X— 't, *1’ U, llii'iefoie (4, 0) is on tlie i iimt. y also 
equals 0 if .v -> °o; and, wlielher \ i'. iiosiln e or iiegati\ i‘,'v will 

bf’ positive toi sidhrientlv 1argi‘ niimeiir.il vahus ot a. Henre 
y - 0 is .in asyniplole, anil the Liiixe is ahiu'e it on eai'h sitle. 


When i O.y -- theiefnre A), is on the eurve. 
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When X = 2 or 3, j/ ^ oo, therefore x — 2 and .r — 3 are 
asymptotes. 

If X is iiist greater or just less than 2, r is always ]H)sii The 
( urve therefore gt)ns to iniinity, and returns, along Ihe positive 
half of tlie asymptote a - 2. 

ff X is just h‘ss than 3. y is positive, while if x is just greater 
than 3, y is negative^; the curve thiTefoic goes up to infinity along 
the left-hand side ol the asvmptrde x — 3, and goes down to 
“ minus infinity along the right-hand side. 

Tlie above fixes ilie paits of the rui\i* shown in Jog 21 a ; from 
ihesL the rest ol the rin\e ( an easilv he joined up to give Ing. 276. 



Summary of equations of commonly occurring curves (►S'er- Fig. 28) 

1. Straight line, priralhd to x axis v -- k 

2. Straight line, of Mope m, passing 

thiough (a 0, y h) y }nx | b 

3. Straight line', of slope hi, ]Kissiiig 

through {\ — a y 0) A' ni (v a) 

1. Straight line, passing Ihiough 

[x - a, y - 0) anrl (x — 0, y h) ^ 1 

5. Circle, radius r, crnti(‘ at the origin x- H y- = r- 


6. Circle, radius r, centre (^7, 6) (x 

7. Ellipse, semi-axes r and d, centre at x'^ 

the origin ^ 


a)^ f (y- 




34 


CO-ORDINATK GEOMETRY 


8- Eljipse, semi-axes c and d, centre 
(a, h) with axes paralJcl to the co¬ 
ordinate axes :— 


{x-aY , . 

^ 


9. Parabola, vertex at the origin, with = Aax 
axis along Ar-axis :— 

10. Rectangular hyperbola, with axes as xy ^ 

asymptotes, rentie at the oiigin :— 

11. Hyperbola, with foci on x-axis and x- V“ 

centre at llie oiigin :— ~ ^2 ” ^ 

12. GiMieral form ol erjuation of conic a\'^ 2hxy I- &V“-f- 

section :— 2gx -j- 2fy c — 0 



Fig. 28 . — Commonly occurrmg curves. 
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tbigonometry 

Angular measure 

All angle is a measure of rotation ; the usual units are degrees, 
where one degree is of a complete revolution. As a general 
lule, angles are mt'asurcd anti-clockwise from a horizontal leterence 
Vnw, as in Fig. 29, where OA is the reference line, and 0 is the 
angle A01\ shown tlius 



Inc. 29.—jiUM-siire. 


, ^ [.ON’’’ 
U>UADUNr 


-i--- 


Fii' a 

WjA 1ICA^r 


iHikil 






U^ l( 

Oinr f \Ni 


N I A 
/ 


1 II. ao.--'lh[‘ luui i|uadran1s and IIil' 
in^onniiiLtncal lalu),. 


A roTn])lete i evolution is dividcal into 4 '' ffuadrants ” (‘ach of 90°, 
by two lines at right angles Id one another pas.sing llnongJi the 
cent I e. 

In any circle, the length of the arc AP is directly proportional 
to ^^AOP, As the complide i ircuniicTenee 2.^r, then, by pro¬ 
portion, 

^rcAP-=^^ (20) 

wlicTC 0 is in degrees. 

dlie choice ol deguts as unit^ is iiiconveniint in many theor- 
problems; the unit used in sndi east'-, h tin* “ ladiaii'b 
(Jne ladian is detiiu'd as the angle snbtinitleLl at t lie ( entic of a circle 
by an arc whose lingtli is etjnaJ to tlie ladui'i ol tli(‘ ciicle. Note 

180 

that 360° =-2jr radians; this gives 1 radian - - degrees = 

57^ 17' 44". ^ 

Using radians, the aie dP corresponding to an aiiglci 0 is :— 

'die AP=^r AO (21) 

which is simpler than erination 20 using degrees for units. 

The trigonometrical ratios 

All right-angled triangles having one angle ecjual to 0 will be 
similar, and the ratios of their sides will be equal. These ratios are 
very useful, and form the basis of trigonometry. The definitions 
of the various ratios hold foi‘ all angles, and arc as follows. 

Draw /AOP, and draw PN perpendicular to OA as in Fig. 30. 
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Let OP = ;, PN ^ y, and ON -- x. 


The sine of the angle 0 is then defined as the ratio of the length 
V 

of PN to that uf OP, -; this is written as :— 

r 


sin 0 — 


PN 

OP 


V 

r 


( 22 ) 


When P lies al)f)ve the A-ti\is. y is jjosilix e, and tJierefore sin 0 is 
also positiv^c ; whiai P lies below tlu‘ ^-axis, y is negative, and 
therelore sin 0 is negativi*. Note llial r is always consideied 
positive. 


The cos/ne of the angli* 0 is defined as the ratio of the hniglh 

X 


of ON to that ul OP, i.e,, , and is wiitti'ii as : — 

y 

cos f) 

OP r 

Note that ^ is also eciiial to ^in ~ * — 

cos 0 — sin ~ 

When P lies to tlie left of Oy, x is neg.itivi', and theiefoie cos 0 
is also negative. 


(23) 


(24) 


The tongent of tlie angle 0 is delined as ihe latio of the length 
of PN to that ut ON, ; final :— 


tan 0 —^ 

ON X 


(25) 


Note that : 


tan 0 ~ 


sin 0 
cos 0 


since 


sin 0 
( 0 ^ 0 


y,y 

xjr 


^ — tan 0 
X 


(2b) 


Signs of the trigonometrical ratios .—If P is below Ox, PN 
(and therefore sin 0) will be negative, and if 1* is to the left of 
the veitiral axis Oy, ON (and therefore cos tl) will be negative. 
Thus in <he lust tjuadiaiit, all the ratios are positive. In the 
second, onl}^ the sine is positive ; ni the third, only the tangent, 
and in the lourth,-only the cosine (i^’e Fig. 31). It is important to 
remember this when calculating ratios of angles outside the first 
quadrant. 
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1 TC 11 M 
the i 

iis f lliL r ill s in 
n \u'\ h ini s 


Three other ratios 

1 f 



i osi rant 0 

1 OSl 1 0 

1 ^ /~T \ 

Mil » , G ") 

(-! 7 ) 

sL L int 0 

SLl 0 

( )s \ \2 / 

( 2 S) 

loL iiigi nl 0 

( )T 0 

1 111 (1 \ \2 / 

(24 


Angles greater than 90 radians) 

1 il)l(s L,i\t lli( \ ll^L^ j i iti 1 1 in^li !)Lt\\Mii 0 inJ 90 
I ( lU 111 iti 1 ilu s ()l in in li I nisi Ii tins i ui^ i( must l>t ^\^lUcn 
111 tlu fniTH 90 il ISO 270 0 ni 0 \\luic 0 is 

111 Liiw,l( bitvviinO 111(190 Oni )i tin i 11 )Vi in^ u i U mnsliips m n 
til n 1)1 iisi il 

((/ Ilu 1 itios ( 1 IM) 0 lOO 0 k Lii [lu iiiir as 

Ur 1 ilins of i) with i ]) lOli (li iiim >1 si^j^n 

(/) 1 oi 90 (} 270 lU in lu ( im u)s i os 

b((i)niLssij) I 111 Ik ( oini s ( oi iiul so i n vvilli i possjbJi lIiriilu 
oJ sum 

(() Ilu Linbit^iiilv in (n iiul is i v^iitfs Ilu siqu ( m hi 
ill inil u]) b> I onsuli 1111^ Uu fpi nil uil in wliuh tlu ouginil 
ink'll bi s 

Lxamph - 

1 iiid sin (Ihl)'^ ^0 

sin (IbO 4 {)) bom (a) ] in 

I 111 180 U IS m 8rd fjn idiaiU 

sin (ISO I f^) IS iRg Lin l 
sin (1S0° I 0) — ‘=in 0 

bi ])idrticc this pio( i ss IS i Linid nut intnt ilh tJuis — 

LOS (152^) (i^s (ISO - 2S ) - - (OS 2S^ - 0-8829 

•r altcinatnely — 

cos (152^) - cos 90'^ 62 ) - - sin 62^ - — 0-8829 



38 TiJiGONOMETRY 

This is illustrated in Fig. 32, where OP = 1. 

Obviously, it is easier, if possible, to us6 the 180° ± and 360° i forms 
than the 90° ± '^-nd 270° ± as they do not involve any change of 
ratio. 






IDS DUtSJlll till lust qUrUluLlll. 


The inverse functions 

‘'Till' angle wliose sine is \ ” is wiiIumi as “ sin“J a ; 
siinilailv, \ ’’means" tJie angle wliDse < osine is v It is 

iini)L)ilant not to i ouhise "sin~^ a Uie angle whose sine is a; " 

with " (sin a)'^ ^ y\ To avoid any possibility of 

rnnliisinii, tlu' iin Li.se ratios are sometimes wiilLeii as " are sin ", 
"aie ros ", cfc. 


Negative angles 

Since 0 is iakeii, hy roTuention, as lieing measured in an anti¬ 
clockwise direelioii from llie jc-axis, " - 0 ” represents an angle 
equal to 0, but measured chiekwise fioiii the A:-axis, t.r . the same 
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IS (360° — 0). Sin (— G) is therefore equal to - sin 0, 

cos (— 0) = -1- cos G, and tan ( G) -- -- tan G. 

Particular angles 

The ratios of angles such as 0°, 90°, ISO"", etc., also 30^, 45°, 60 
I an be calculated from fust principles. 

For 0° and 90°, the limiting case of a triangle must be taken, 
when one side becomes zeio and the oilier two both equal to the 
ladins of the circle. Hence cos 0° — sin 90° ^ 1 ; 

sin 0° cos 90 — 0 ; tan 0° -- 0 ; tan 90° -- oo. 

45°.—If one angle ot a right-,ingh^d triangle is 45\ tlie otliermust 
also bo 45° ; hence tlie tiiangle is isosceh^s— i.c , the two sides 
adjacent to the right angle are equal. Hence l)y Pythagoras' 


1 



JiHr. 33.—The trig DUO- i'lCr 3t. 1 lii tiigoiuimeLi ji ,il Jmit 35 — I'he 

mcLiical ratios nf tvS'’, i.iiios ul SO" ami 00". ii i^oimimaiiLal 

latms □! veiy 
sin,ill angli's 

1 

Jims sin 45°. cos 45^ -- -- 0-7071, and tan 45“ 1. 

Sinnlarly, liy bisecting one of the angles of an erjiiiJaLeral triangle 
[see Fig. 34), it can be shown that : - 

.lit 30“ = coi, 60° = i 0-5 ; cos 30° - sin 60° - - 0-866() 

1 

'.11130°---= -- 0-5774 Ian 60° v 1-7321 

\/3 

Very small angles 

Referring to Fig. 35, it can be seen that il G be very small, the 
I re PQ ( = OP . 0) is roughly equal to PN ( OP . sin G). Also 
is roughly equal to OP. For small angles, one can therefore 
ake sin G and tan G as approximately equal to 0 (where 0 is 
xpressed in radians), and cos 0 as approximately equal to 1. The 
mailer the angle, the more accurate is this approxinialioii ; the 
' iTor is less than 2 per cent, for angles up to 20“ for sines, and up 
13“ fur tangents. 
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IRIGONOMETRY 


llie anf^lcs satisfyirij^ the equation — 

i) = X 

are given by 0 — nn 

wheie n !■- any intcgei 

Similarly, the angle s s itisf 3 iiig the i fjii ition 
eos 0 \ 

aif given bv ^ ^n'l. J_ cos“^ i 

Anei the angles Mlisf) mg the e ejii iLion 
tail 0 — X 

are given by 0 = m + taii'^ x 


lAIIl 1 

I lu 111 um 1 iLti II il 1 li 1 )s 1 1 ]i 11 ill 111 ir in^Us 


An^,li ill 

0 

T 

7T 

T 

T 

27 

It 

ST 


It 


Idtll Ills 
An>,U in 

b 

4 
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\ 

1 

b 

T 
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2t 

fit ^11 cs 

0 

M) 

IS 

hU 

)i) 

120 

1 is 

IsO 

ISO 

270 

llO 

Sun 

0 

J 

1 


1 1 

A < 

1 

1 

0 

- 1 

0 




\ - 

- 



A - 





Lo in 

1 

\ ' 

1 

I 

(1 

- 1 

-1 

\ ) 


0 

-I I 



2 

\ - 



V 

- 




L in c 111 


1 

\ ^ 

1 


1 

“A ' 

— 1 

1 

\ ^ 

1) 

00 

0 

_ 



— 



_ - 


— 

— 


_ 


Graphs oi ratios 

It instiiutui it tills st iw,i t) Lonsiehr the gi iplis of the 
I itios, tin ei ui [)]f)ll el m 1 >b \f)li that sm me] eos 0 lit 
bitwiinplii iiui niiiins oiu loi ill 111.^1 s buMli it t in issum s ill 
\ iluLs l)Lt^\Llll ])lii mil nunus mtmn\ 

Identities 

C L rt im uhiitit iL s ( niiiii t ting tliL \ ni u ti ignii niii trie il i itins 
iiL imj)oi L ml I liLV 111 

sin- 0 J cos- 0 1 (^ 0 ) 

scL 0 - t in- Q - 1 {31) 

i ost { - 0 — cot- fl — 1 (.t 2 ) 

vs here 0 in 13 be an\ ui 

Ihis m i\ be prov Lil 11 om Pv til jv,oi is'thooi im, fui by deliuitum — 

V \ 

sin fl — - ind LOS 0 - — (srt 1 ig 31)) 
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liut ^ y, r cLie the sides of lL iii^liL-aiif,dcd tiKiii^de, 

\ 

i e., cos“ 0 1- ; “ sui- 0 /- 

1 c , rrjs“ 0 I sin“ 0 1 

riiL* otlici idfiitilics in l)\ dniiliiit^ both sides of tins 

ujUcilJuu by cns“ 0 tind sin- 0 uspLiti\(K 

Multiple angle formulae 

It IS olti n nsi fill Lo lu dili (o i\[)n ss 1 lii Lilu^oiioniLti k il i iit los 
of till sum oi two iii-^li s in liiiiis ila i ilios ol cniJi iiulividiuil 

dlls’ll Jlosni \ h doiM is 1 >llov\s it will bi ])io\(dlJiLl — 

sin ( J li) sin I (OS I) M)^ 1 sin 11 

(Sft I M) 


\ 



1 u 17 lllu li lLiii^ I jf iiiiili 1 )i 1 1 I J ). 

Di.iw — / ^ 0 / i 

_\oT_ - D 

So \ ('/ I + h 

Q IS ajiy jioiiil on 0 \ 

Dr.iu (-J/v ]n nn lulu ul II (o 0/ tuttiiiv; iii U 

, ta 

„ . 0 / 

, RP .. Oh 

As _ ''K 90 , 0 MJ< 90 - 1 QyR 

As/tl«A/-90, Uy/v -90" QMR 90 -(90" -A)-A 



Ml'I m>I 1 i-OKMll. VI 


Similarly, it will be seen that /PRM - A 

,A L 

But QP Ql\ tos VQR ~ QR cos A 


PR 

RN - 

OR sin A727\^ 

OR 

sm 

) 


sin {A 


(;a- 

(K> 

, ^ OR 
osj 

A 



OR 

0(J 

sin Ij 

tUid 

OR 

00 

R 




Mil [A 

1 !>) 

sm J 

I LOS R ( 

LOS 1 

sin 

R 

('H' 

it ina’\ 

l)c "liowu tliaf 






sill ( 1 


sm 1 

( os pj 

1 ris 1 

sin 

R 

(:u) 

(OS ( 1 

1 JA 

( os 

1 « Os /•* 

in 1 

MO 

n 

(as) 

( os ( 1 

/>') 

CMS 

1 1 OS y> 

sin 1 

sin 

R 

(.Sfl) 

; (33; ami (34) 







2 sin 

1 U)‘- // 

111 

( f !!) 

m ( 

: 1 

/o 

(.<7) 

< tine (^34) fioin 

Mb 






2 1 os 

1 sm /» 

sm 

(I />) 

Mil ( 

: 1 

/>) 

(3.S) 

' (3S) ami (.{(i) 







2 LOS . 

1 1 rjs /> 

( O 

(1 11) 

l < >s 


R) 

(.S9) 

i lin;^ (3S; ii oin 

(331 






2 sin 

1 sm n 

< r)s 

(1 /.) 

L OS 

( 1 

1 R) 

(40) 


(.^7) CtH) aiul (10’ ciH list fill loi 1 \pii ssin^^ Llic pioil 

l\\() i.ilios .IS iJic slim ot two T lllOS 


J>V IlUiii^ 1 u\d R 


( n 


r . 7 . 7. ^ I i ~ D 

sin [ I sin D J sill I o ^ — 

^ r. 7, i ' D C ~ 1) 

sill C — sin I) 2 LOS — sin 

r o ( ' I> ( i) 

<-os ( r OS/J ^ I os — ^—(OS 


Ik SI ujiMtioiis lic- 
f41) 

(42) 

(43) 


rrv. r . n o c \ I) . D-C . C ) D . C - D 

rosC —cosD- 2 sin - sin - - 2 sm — - sm - —-- 


These formulai an iisi fill foi I'vpiessing llic sum of two latios as the 
product of two ratios. 


( 47911 ) 


D 2 
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The formulae for tau (A ± :— 

, ^ , Dv ta,n A + tan B 
1 — tan A tan B 
tan A — tan B 
' - tan A tan B 


(45) 

(46) 


Double angle formulae. 

By pulling ^ — 7i in the above, the following expressions are 
derived for ratios of 2A :— ^ 

sin 2A - 2 . sin A . cos A (47) 

cos 2A ^ cos^ A — sin- A (48) 

- 2 cos" A - 
= 1 - 2 sin". 

2 tan A 


~ A } •' 


since cos" A + sin" A ^ 1 


tan 2A = 


1 — tan "A 
The following arc useful forms of (48) 
sin" A - I {i ~ f os 2A) 


(49^ 

(50) 

(51) 


('os" A - i (1 I cos 2A) 

Relationships of tliis natuic facilitate th(' solution of many 
problems encnunteied in b Ic^communication engineering; this is 
illustrated by the following examples, which prove three of the 
relationships used later in this book. 

Example 1 .— 

Kxpiess A sin lU 1- I) cos nd in the form : 
r . sin [ojt 0) 

Let:— A r . cos 0 

and :— B — r . sin 0 

Squaring and adding tliese two equations, 

A- f Zl" - r" 

Dividing the second equation by the first, 

^ -= tan 0 
A 

Then 

A sin (of + B cos vd r . cos 6 . sin lot r . sin 0 . cos to/ 

- - r . sin (to/ -|- 0) 

=- . sin (to/ + f^) Ans. 

where 0 == tan“^ — 

A 

Example 2.— 

Prove that taii~^^ 4 tan~^7? = tau~^ ( ^ 

\ 1 — AB/ 

X = tan"' A, that is, tan x = A 


Ihit 

and 


y = tan"^ B, that is, tan y ^ E 



MULTIPLE ANGLE FORMULAE 


45 


Then 

tan (tan'^-^4 4“tan”i/:?) 


tan {x + 5 ') 
tan + tan y 
1 — tan tan>' 


_ A B 
~ 1 - l/>‘ 

lan'^ A + tan"^ B -- tau“i 

Similarly it can be proved that:- - 

tari""^ A — tan”^ B — V 1 

V 1 \ AB J 

Example 3.—Piove that 

taii“^ -7 — tan“^ — taii~^ B - tan*^ A 
A B 

Let :— A — tan 0, so that 0 tan”^ A 

Then :— = —— — cot 0 

A tan 0 

= tai.(:]- o) 



= - — tan 1 A 


Similaily tan j, ^ tan"^ B 

Hence 

Ian — tan i - taii^^ B — A 

A B 


Triangle formulae 

These apply to any liiangle having angles A, B, C, 
b, c [sec Jng. 38). 


A 



r'ic. 38.— Triangle with sides abc and angles ABC. 


Q.E.D. 


anti sides 
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a 

sin A 

^ . (Thp " siru-nilf ”) 

Sin n sill ( 


(52) 

a- 

Ir ^ (- 2h{ 1 os J (1 In* " « osino 

ink* ”) 

(5:^) 


1 n“ 2( a ( os /) 



i - 

iT Ir 2(lh ( os f 



Uin(-^ 

Jl\ u h ( 

) „ .//'S 

rt( 

(54) 

1 

lb >')b <' 

c(i . 

(55) 


V h, 

1 

h ('■ «) 

V hi 

(/f. 

(5fi) 

sin . 1 

ij'^b >i)b Mis () 

ill. 

(57) 

' s 

i (■' 




lixdwpli 

(liviii tli.il, 111 ihi liKUi^h 1)1 l-iS Iwn sulis iinil 11 k^ 

iiuliiiliMl ,iiiL;lr All known liiul lln lun. linin'; suli ,inii iinf;li s, 


c ^ , gi\ rn If 

20 I) 10 ( 

•10 , tiini 1 1 

m«l Jl 

mg 

lli(‘ ( osini 1 nil* (( 

‘pi.ilion .58) 



(- r/- l> 

“ 2(ih los f 



20- ' 

10“ - 2.20 

10 (os 40 


100 

100 100 0 

7(>8() 


nOO 

808 4 



108-B 



7 c , 

r 18-01. 


A ns 


Nnw n|)i)l\ini; llu siiu‘ ink* (ii|iLitinn ■ 


({ 

h 

r 



sin 1 

sin J) 

' sin 

f 


20 

10 

18 

01 


sin 1 

sin I) 

sin 

40 



2() sin 40 

20 0 (U2S 

0 0241 

sin J 

18 


18 01 


01 



A r.7 A2' ni ]12 28^ 


Albo 


sin J) 


10 sin A\) 
1801 


0 4822 


82/ .)! LS2 28' 


Tims It wniilil .ip]'(Mi I li.Ll llu'U‘ .11 n Iwo liKLn;;l(s liA\ni^^ thn 
{;ivL'ii jnnpL'i lios ; Inil tins is not so lui tin* angli'-s A, B and C of tht‘ 
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tiianplo nlust s itisf} tlic u Lilioiisliij) — 

A ^ H \ c mv 

aiid Ihe oril\ f ombiiiiUinii ol the aboxc anf^li s wlinli siKsfus tins 
nsult IS — 

1 112 2S' B 27 :V2' \ns [ii i" ui) 

A simphr approach im // Iiunn tit tu mini d two nossibU 

^ lIui s of A IS afollows 

B bSb (1 () 

B ISO (b7 S2' t 40 ) 

or ISO (112 2S' 1 10 ) 

111 tins I a-t tin ( Ol 11 ct p 111 of \ ilu s loi J miW^Mn ly be si K i te 1 
b> mi m^ of flu si It f \ idi nt 11 siili tli il d a In m^li li iwo nin ipitd 
Liiwiks till t^ii Uii iiiw^li will bi ojiposiii ilu itii itii sid( 

SiiK I 6 111 follow s t li 0 /» < 

B 27 42 mil 1 112 28' l/n (tii ii) 

Jill hiLii<li is till i( Ion iini<|ii(K ili ( 11 miiii d is iji J ig 89 


A 



In 10 I 11 ui I i 1 l n iin I in \ inii Ir 
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BINOBnAL THEOREM 


Expansions such as (1 + = 1 + 2x + 

(1 -h + 3x -f 3 a; 2 f x^ 

are often useful. A general form of this expansion is given by the 
Binomial theorem : — 


(1 - 1 -I- MJC h ” 


n (n~\) (n - 2) 

^ 1 . 2 : 3 " 


+ 


(58) 


If 11 is a positive integer, this is true for all values of x. It can 
be seen that in tJiis case the e\j)aiision is finite, the last term being a;". 
(Tlie expansions for (1 \-x)- and (1-1 .r)^ may be verified.) 


If n is not a positive' inti'ger, the exjiansion contains an infinite 
number of terms. It is then valid only if -1 <a;^,1 {i.e., 
I % I < 1). In this case a series having an inhnitc number of 
terms has a finite sum. Surh a series is said to be " roiivergent 


Factorials. —The terms of tJiis expansion —as well as of many 
others—ran lie simplitieil liy using tlie “ factorial notation. 

" Factorial n ” is written as | n or n !, and is defined as :— 

1- (n — l) X {n~ 2) X ... . <4x3 <2x1 (59) 

Thus [H - 6 X 5 X 4 V 3 V 2 X 1 - 720 

|3-3x2^1 =6 

Li = i 


Using this notation, tlie Binomial expansion of er|uatioii 58 can 
be rewritten as :— 


(I I -1 


,1^11 1) „ (n 1] (n 2 


7 1 3 


(fiO) 


or alternatively : — 

In I n In 

=' 'i£j' + iii^'‘' rn?r:.*’+ ■ («>) 


E\(implt\ - ICxpand (1 + a;)-'* 


(1 I x)^ --- 


5a 


H I- 

'^1.2 ■ 


5.4.3 

1.2.3 


f 


5.4.3.2 , , 5.4.3.2.1 . 

i _ 

1.2.3.4 ‘ 1.2.3.45 


— 1 1 5a T 10a“ \- 10a® |- 5a^ 
This may be viaified by putting a ^ 1 
2^ 1 + 5 + 10 + 10 H- 5 -h 1 

== 32, which is true. 


Exponential series 


This important series can be derived from the Binomial theorem. 


Consider the expansion of 
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Fig. 40.—Grai 
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ATGFBK^ 


1 |j( term is 


[nx) (nx 1) (nx 2) 

L 


{n\ y+1) J 

n** 


If n IS m^ide \ Lr\ 1 ii^^t i ich hi uket in tlu nimii r litir — 7 /y 


1 hut fort IS n -> IX) 

thf turn 

"" \L 


t t win n ^ fx 

') . 

nj 

\ 1 1 ; to niiinilv 

(hi) 

Tmiil f*/ ]\ 

J. 

] I ■' I 

11 ' 


It 1 m 1)1 shown til l 1 tills inlinitt si ius is i ohm i^i nt foi ill \ 
nf \ 

lints 

1 h( 11st L ipi itlOll L 

m be wiitttn 

IS 


t 

A 

1 

M 

wl ( U 0 

T unit / 
n V 00 

'.0 

((,4) 

1 111 \ dm ol f III hi 

f dt 111 ill d h\ 

h ttin^^ \ 1 


0 

M =- 1 1 1 

1 1 
' l± 

(hS) 


i 71SiS 


1 Ills (NpUlsKll lol 1 \( 1 \ Vl^tlul WJlill til lllll^ \Mlll it ll Is 

inipDil ml Innnnmhii lliiif'is monliiiiu iiiinihi i i list il to iJit 
1 111(1 l)t ll n pi^l Is in\ (tlHiimnilui Mu list liilm ss oi 

till I \j) iiisii 11 is 1 ll it It ( n ll ll s i mini hi 1 i iisi il to i ]U)^\ 11 to hi 
l \]U l SSI (1 IS I SI IK s 

Mil s> ^ ^ ]iii])ml ml ihiv iit 

^\\ (11 ill 1 -lO 


I 11 ll Inns 1 1 ) ll ( 1) isi in \tn inijunlmt mil ui kn iami is 
N ilni ll 1 \ ipii 11 III ll ^ ml Inns \\ lun ii) h ist is si it id, 


It in i\ hi issimii ll lo hi 

1 Hills los ^ 

si mils till In/L, ll ithin 

of \ 

In t 111 h ISI t 




h ^ \ 

I'Vni 




IfeJi II 


Hill 

InsM, 2 71S 

0 410 


J hits 

In^ \ 

'‘Sin ^ 



(» 4>4.i 


/ i 

lo^ \ 

2 I02(i liisio \ 

(bb) 

lUfl 

u ^ 

t) 4<4l \ 

(b7) 


1 DsiiUhms hntli to iIil h isi 10 md to Iht h isl t in i} hi found 
in \ppLiidi\ I 
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VECTORS 

Definition 

\ Is I fju mth via^nitjiih and dvatwn 

Tt u]\\ hi u|iusiiitLLl h\ i liiu \\lif)^( lUiil with soiiu 

i(l(Uiii( i\is (nnis])i)niJ In ills ni if^iiiliidi aiul dm (linn \ 
ilii I iJ till nlliii li iTid is ti (/naniilv ihal /)fjssiss(s nui^niinde 
ali )it 1 nils il I in in w dks fniii nnli s I ist li nin 0 to I* ind tin n 
tlmi mills \nitli hum P In P tin tot il distiintc lu li is (omiicI 


Q N 



4 P 5 

1 11 I \ u 1 I In t ] i 1 hli n 


is (JJ* p{) 4 ^ 7 mills I N, tjii inlitv Hnt tin 

distill {>{) Jiom 1 is sliilm^ [) mil In Ins di slm itiim is S inilis 
ni till dn ilim Ik wii ni 1 i^ 41 tin is i < to) (jninti 1 \ sim i 

P hi di) ihin I will IS jniw,mtndi \\ lu i il is luiissin In 

ui])]nsi/i ihi ihsliiutinii hiiw n i 1 u ind \i(lni fjn mill ii s, 
in 11 j( u m i\ 111 jil K 1 (I n \ ( I ihi t\s n II in 1 s 1 j)i i si nlliii, it ni 14111 

ind 1 » 1 iniii il 1 Hi 111 Hill 1 11 ) iiulii it I its dn : (imn 1 hiis 11 li 11 nif^ 

I I 1 II nil I mild \M ih 

OP Pi) Oi) 

m 1)1 m nl Milnif)/’ \i(lnj/'f^; \iLlnif>() 


Addition o£ vectors 

I lu mil nJ l\vn \ ( 11 ni s Is d( lim d i 1 Ik iLispl u i nu nt f i|ni\ ili nl 
to till ininlmu d L 111 (1 n< llii 1 v\ n nidi\ idn d ihspi n l nn nls IJiiis 



(a) h) (d 

1 I Lx 12 Aiiniliuii uf two \cctuii> 0 J and UL 
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VECTORS 


in Fig. 41, the sum of the vertors OP and PQ is the vector OQ, 
In general, two \Tctors OA and O'B' [}see Fig. 42a) are added by 
drawing them so tJiat tJiev hot!) emanate frojii one point, —i.^. as 

OA and OB in Fig. 42h The snni of these two, OA -f- OB, is the 
vector OC, wliicli may be obtained either by drawing AC equal in 
direction and magnitiidr* to OB, or by drawing BC equal in direction 
and magnitude to OA. In eitJu^r east', the same point C is arrived 
at (Fig. A2c), and it can be seen llrat tlie ligure OBCA is a parallelo¬ 
gram. 

This gives the rule for addition oJ \C‘e(ors :— 

The resultant oJ hiHi vectors OA and OB is the diagonal through 
0 of the pd) alhiogram having OA and OB as iioo sides. 

To finrl th(‘ inaguiLnde ol the K'snllant OC and the angle 0^ 
that it makes willi \ectr)r OB, droj) a peipendienlar CD on to 07?, 
as in Fig. 4S. 



Let the angle bi tween \ectf)is OA ami OB be fp. 
As (LI and 7iiL aie parallel, 

DBC ^ ip 
OBC - 180^^ — ip 
Applying the cosine iiilc to tiiaiigle OBC :— 
OC^ BC- 1 OB-— 2BC A)B /OBC 
i.c. OC^ ^ OA- \ OB- I 20A.OBco^~p 

OC ^ 0d‘-= j 0B-~\ 2 0^A)B c'os i/> 

tan 0, ^ 

BC sin ip 

07?” r 7^ 

0^1 sin q) 

OB + BC cos \ 


OA sin ip 
OB -f OA cos ip 


( 68 ) 


( 69 ) 
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Similarly if 0^ is the angle between the usultaiit OC and the 
vector OA — 

X ^ OB sin ; 

tin 0. ~ ,-— 

' OA f OB los q> (70) 

Negative vectors 


lo cnnipl\ wilJi tlu nniiiiil list of f ml signs the vector 
OA H hiimd is til it \ f i tor \vliuli wliLii idilcdtj OA will 
produce i /tio 11 ult'iiit f\ /(ro ^ectoi his /c o magnitude) 


A 



-OA 

I 1 It \ \t\\ ^ 1 i f) t 

Iioin this (hhiiituMi it fi Hows thd I In mi tor fM li is tlic same 

migmiudt IS 0 \ ml tin opp )si i dim lion (sr/ 1 ig 44) su that 
^ > 

04 iO 

Tins is I qmv duit to mmtv Hi it tlu niiuiis si^ni i otitis the 
V 11 ten till ou^li ISO 

Subtraction of vectors 

1 hi rcsiili of subti i( ting 1 \ (i ti I 01 fioiii ivutoifM in be 

i)l)tuntil 1)\ u.,iKliiit, 0 1 i)J (1 1 ( Oil) as in 

1 ig 4s 

>- v 

0 i ~ OB O \ \ ( OBj 0( 



- OB o B 

Fig 45—Subtraction of vector OB from OA 
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Vi ClOKS 


Multiplication of a vector by a number 

MiihipliLJfioii licLs lint hPLii rle/jiud (\Ltpl tli.il inultij)li(a- 
tJf)ri Ij\ " ] ' iDtdlis i Miloj tJurjiigli /SO li ri aclIoj be 

jniiJtiplied 1)\ tLIl^ j'XJsitivt u il i // ilu usull is a ^rcloi 

0/^' of (qii iJ to (;/ O/') iml oi flit s nnc dutflion as 

O/' finis li 0/Ms 4 miles t islw mis S is d ilisbiiUL 

of lv\ f Jv ( iiiil( s I i^lu LuU (s( ^ I 11 L \ I ( toi Ik nuiltiiilu d b\ 

diuf,iti\i inimlKi ils (In 11 (ion Is u\t i^'i d sinic n 1 ^ 

Ulus \ turns tin ^(ltoI OP ])u\ioiisl\ uiiiitioiiid is tlu 

OJ^ W llK ll is t\\ L l\ [ links ML sl\^ II ds (1 4bt) 


0 P O 


(a 


^ P P ^ O 

OP ^'eOP OP -3^0P -OP 

bl I V 

1 ] 4 h 'Miiili] lit U 11 1 1 \ L L I 


Rotation of a vector 

'siiH ( imilli[)Ii( itioii of i \i(loi 1)\ 1 lol itis ll tliioiiu;li 

ISO it ( ill l)( s((ii diit multi|)l\ 111 ^^ it 'lOt b\ I mil lotili it 
llnoii^di ^00 111 17(1111 ll multij)li( diiin l>\ ( 1) mtitts i\(itoi 

tliKUiu^li ISO ) it }i IS 111 mriw^ei li this inh is to t'u 

(til \ dues I 1 n tluii on juudiiu, )t * miilli]4ii dion 1)\ ( I) 
miisl b( ion idiud to lolili i \((tni tliioiiw,li ’ ISO 90 
( 1) \ I IS (liiiolid l)^ tin littii ; flu dinilion 1 iki ii 

bv (oinintiiii is juisitne is mtiilockwisi Miilti]>Ji( itioii ol i 
' f I b'l b\ ; t Inis lot id s u mil i Im lv\Msi llii oiisli 90 

\ 1 < nniot Ik i\dudMl m turns ol iioi m il iiumlK i s mil 

ll is known 1 111 imLw^niiiN (pi inlit\ fl i in lio\\(\u Ik 


y 



1 IG 47 —IvLit iLion of a vci tor OQ = ; OP 



i?r( 1 \K N()l\^Il)^ 


5S 

flcilt Witli JS \ ixonin-l Vs will hi seen it 

irujiKiitlv pLiniils t;n ,if sinipblu itiuii in i iliulLtniis 

1 Ik iinjxiiliiit iLsiilt oi tlit list p n ipb s 11 k lui ili if 
iiui]lil)]ii i^ion b\ / y 1 lolitts i \Li(.iii mil Lli)i Ivvvisi 
till DUsli ll rnlhiMs til It Llimi rit l\ i Im b\ j { 

[ntitts it Hill ii<li ISO In f j - till J70 mil 

^ ^ I Ill ou^li 300 ^ 

lias 11^1 u ulL j)ii)\uL(.s I (i>ii\ I la^ i>( l\ i) 11 jn i si lUiiivX 

\ i itDi s will n 111 Ilia III ll pi (ll II 11 ^ in ( oia t iiinl 

i )i w U\ (I nit iiiw^ul LI IMS r mil li l tin si i k s dI n il 
iiiiiihiis ]K)siliM oi njKi'^inl Mitms ilon^ lln \ i\is 

tbi imiubiT o iijni suits i vutin nJ liii lb ^ ilniiv; th (w 

1 47 n In n OP nils tin \iitoi t) 

( niisi U 1 iinvv i ]>ui 1 1\ an i 111 a\ mimln 1 lu li is ; ^ i liis i m 

1)1 \M it 11 a IS / t Ibil tJu \ 11 loi ^1 1 \ I i till iloa^ tlu i i\is 

IliiUili t liui iimlli])b( itioii 1)^ y ml ills till Mih tlimiub 00 
1 111 n ion tin m l loi y "5 is i m 1 1 n nl li u I U i iloa^ ()() 

1 J 1 s( Ills tin \» i lui J t 



Roctangular notation 

(misubi tin mcIdi OP fl i^ 4S) iinl ilmj^ ])upi uiln iil ns 
N PM Jmni P la tin i\i I it f>\ i OM x lliui 
\) in 111! Ll) Dubnitis 1)1 J* Ibi \i(l a OP is lla sum of tin 
Inis (A OM (siiai f>\7M/ is i ]ui ilb b s< mn Ibit i)\ 
luif^lb \ nifl is lion tin i i\is tlnn'un it is i rpiil to tb 
toi A Msi) OM 111 lui^tb \ incl k iIoik tin \ i\i iml it is 
' is ]iiiall\ iquillotln \uti)i I hi n fan oin i in wiitt — 

\irUnOP ()\ OM V i JV (71) 

' UL any vutor OJ^ m\\ bt wnttui in tbc foiin (\ \ jy) v\luri 
fnl V «iit tJiL CO ouhiiiitts of Its exti(imt> P 1 oi c\a.mplf, m 
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VECTORS 


Fig. 49, the vectors OA and OB arc denoted as the vectors 1 +^3 
and 2 --j2 respectively. 

This method of notation simplifies the addition of vectors, for 
if the vectors an* all in ihe form x -f jy real H- imaginary 

terms), the resultant of adding will be liJiind by adding all the real 
terms and adding all tli(‘ iniaginarv tenns. For example, in Fig. 49, 
the sum of OA - 1 -|-73 and OB - 2 fl will be OC ^ 3 + yi 



This may be veiilied bv di awing tlie jiai alli'logi am. Any number of 
vectors may be aihled or siibtiacted in this way. 

For a vector to be zero, botli the real (v) and the imaginary (_y) 
terms must be eL|ual to 0, and lor t\^a) vei tors to be equal, the real 
parts oi the two vectors must be equal, as also must the imaginary. 

Polar notation (modulus and angle) 

It has been .shown that any vector may be represented by its 
real and imaginary peirts. Alternatively, a vector may be denoted 
by its length—known as its ''modulus and the angle H make.s 
with the AJ-axis--sometimes known as its " argument ”. Using 
this notation, if the vector OP has length r and makes an angle d with 



POI \K \UiAI10>j 
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llu \ IMS IT is I lI|( il tlu 0 (s I SO) 

/ \i \oii)r f U [11) 

I( sliouM 1)1 iiotLcl iJnt IliL moiliilii'- dI iU* i filltn wiilteii 
I I 1 M 1 OP 1 ) 

T h( nfG:Oi\L if Op (liiit Is tin \(( ui (U*) 1j ls il ^u\\ 

1 infill (0 IS 07 ^ 1 Ut the lOM'-l OlliillOll ] I 111 lllLltloK 1( 

\|)Il <u\ i 

OP J 0 

) 1 \ (I (7<) 


ky 



1 lu \LlU)l (S lu ^1) till \M U 1 / 0 1 Ills IS SOllK- 

nu ^ wilt I (.11 .IS flu \iili)i ^ wliLii U ^ 

IJh \LCtc)i 0 sliDiilil iK>t I I I uiifiist d with tin \ i an ) 0 

Jim- Mitt d 4S 1 -JS d 
Ui lLcls^Lctul d 4S d ISO 1 4S^ — 1 22S 


> m 


1 
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VECTORS 


Conversion from rectangular notation to polar notation 

Using the rectangular notation the vector OP (Fig. 52) is denoted 
as A? ; while using the polar notation, it is denoted as r Q . 

Clearly, simple relationships exist between a;, y, r and 0. Using 
Pythagoras' theorem : — 

I OP I 2 ^ + y2 

. I OP I _ ^ y2 (74) 

rg., if OP = 3 -I jA, then r - \/^ + 16 - ^ 5 

It is important to remember that r ^ \/ %^ \- 



r'lG 52.—Relation between leUanyulai and polar notation. 


The angle 0 is best given by the formula :— 
tan 0 

X 


(75) 


This gives with a possible eiior nf 180^^ ; Llie ambiguiLy can be 
overcome by considering in which (iiiadianl tlie vector lies. 

e.g.. if OP - 3 -| j4, tan^y —— 1 -33. 

This gives 0 53° 7' or 180° -\ 53° 7' ; as the vetdor is in the 

1st quadrant, the hist result is coned, i.e., 0 — 53° 7'. 


Example .— 

Expres*- in polar foim the vector : — 


lienee llie 
the vector: 


OP - a \ j \/'\ 

I OP I \'ir I (1 1 

. v'l (P 

a 

veil 01 a I j \''l may also be denoted as 


1 , tail 


-1 1 


—. Ans. 
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Conversion from polar notation to rectangular notation 

If the vector is given in the form r /O, it may easily be rewritten 
in the rectangular form as x + jy. 

Referring to Fig. 52 :— 

X — r cos 0 

y ^ r sin 0 (76) 

OR = r- a; + jy (77) 

-= r cos 0 \- j r sin 0 

^ y (cos 0 -h / sin 0) (78) 

It 2 .S impoviant to note that the form of the vector r /i) is 
" r (cos 0 -\ j sin 0)", and 7iot " r (sin 0 -|- j cos The latter 7nuy 

he rcwriiicn as v [cos (90 0) sin (90 -0)], and it is therefore the 

vector r ^^^90" — 0. 

Excvnplc- - 

Wiite the vector OP 2 /'30° in ihe form i f- jy. 

OP -r ^ - 2 /3ir -- 2 (ns 30" j ■ 2 sin 30° 

~ \/3 4- y 1. Ans. 


Multiplication and division of vectors 

The process of inuUiplic.iti(Hi using leettiiigiilar notation is 
l)uiely algebraic. 

(3 H ;4) (I - ;1) - 3 ;3 4 j4 - y-4 

4 1 ;4-i 4 

7 tjl. 

In this fentn, it is not so easy In si‘e what tlir result means 
as wJien liie viTtois art' evpiesst'tl in i)f)lar lonii ; nor, as will be 
Mi'll, is multiplifMtinn oi M'l'tms as easy when iJiey aie expiessed 
111 the rectangular lonn as when lliey aie (*X])n‘ssi‘rl in polar form. 

< oiisidei the two vectors OP^ r^ ami OP^ — 

1 hen 0/4 ^ /'j yOy _ r^ (ens t 7 sin Ofj 

mil Ol\, ^ r, / 0 .^ _ (cos | j sin fL) 

" OP2 ^4^2 {cos 0 ^ cos I J ^^2 1 j 

b 7“ sin 0 ^ sin 0 .ff 

r^r., {(cos cos 0 .j, — sin sin i),j) | 7 (sin 0 ^ cos 0, 
4- cos sin 

= {cos (0, (- 0^) -|- j . siji (fl, + Oj)} 

= r,r., /O, -I- O 2 (79) 

This shows that when two vectors are multiplied, using their 
■ liar form, the moduli must be multiplied and the angles added, 
can be seen that this result agrees with the fact that multiplication 


E2 
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by y rotates through 90®. For y = 1 /90°; hence multiplication 
by y will multiply the modulus by 1 and add 90® to the angle. 

In general, multiplication by a vector of the form 1 /O is 
equivalent simply to a rotation through an angle 0. 

When two vectors are divided, the moduli are divided and the 
angles subtracted. 


Thus tlie vector 




^/‘iT - ir 
3 


-- 2 /16° 


Example- 


4 - 

Find the modulus and angle of -r—- 

2 + ; 


‘yvectoiN^” 

This is in the form of ( —; ) . Its modulus is therefore 

\ vector/ 

found by dividing the moduli. 


Modulus — - 


I 2+;l| 


Vi(s-tJ) V2 5 

v/ 4 -^=y 5 


The angle is found by subtraction of the two individual angles :— 

Angle = tan“^ — tan~^-i 

-- 36" 52' ~ 26® 34' 

= - 63° 26' Ans. 


Raising vectors to powers 

Just as multiplication of vectors can be effected in two different 
ways, according to whether they are expressed in rectangular or 
polar cu-oidinates, so also can the raising of vectors to powers. 
When e\pre.ssed in rectangular co-ordinates, a vector is raised to 
a powxT by stiaightforward algebraic multiplication, thus :— 

(2 +yi)^= (2-pyi) X (2+;i) 

= 4+y4-i 

= 3 +^ 4 . 

From the rules fur multiplication and division of vectors, it 
follows that :— 

[f/OY^ = {r X r) /0 + 0 = r^/20 
and [r/oy = (r x r X r)/i) -f = r^/30 

or [r^]" - r* /nO (80) 

It can be seen that the treatment of vectors in polar notation is 
much simpler than that of vectors in rectangular notation ; .since 
the answers to many vector calculations in electrical work are 
required in polar form, it is frequently advantageous to convert 
from rectangular to polar form before raising to powers. 
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Example .— 

Find(2+;P 

(2 -f >1)2 -- [ 1^/22 I 'P, tan » J]2 
- [\/5 /2G°^T 
- - 2(S°34 ' 

-= 5 /5\r 8' Am. 

As a check that tJiis is the same result as obtained by the 
algebraic method above, (2 I 3 | y4 : - 

I 3 i >-! I - \/;{2 I 42 ■\/^V I 16 \/25 5 

4 

and angle (3 j jA) ^ tan ^ - lair ^ I *333 ^ 53° 8' 

Hence 5 /53° 8' — 3 74 . Afis. 


Square root o£ a vector 

When a vector is expicssed in polar form, its squaie root ran be 
found by raising ihc vator io ihc power oj oncAialj, by the method 
just described ; 

for example, 33° 8' [3 /S3"^' ]* - ^3 /26° 3£. 


The square root of a vector expressed in rectangular form may 


be determined as follows . — 

het \/ x j jy be a \ jb 

Required to find a and b. 

Since a ] jb \/v | jy 

T 2}ab \ t 7.V- 

(81) 

l^^ijuating re.d quantities, 

- 6^ A 

(82) 

hqiialing imaginary cpiantities, 

2al} — r 

(83) 

Ihit . — -1 (n“ h-)~ j Aa^b"^ 

[a- 1 j- 

\- b^ - J- 'i'- 

(84) 

Adding (82) and (84) 

2f7“ - \/ I + \ 

\/ x2 1 1- A 

a — ^ 

(85) 

'subtracting (82) from (84) - 

2b^ \ y'^ - a 

2 

I hus a and b are given by (85) and (86) . 

(86) 




62 


VECTORS 


Example .— 

Find \/3 -t- jA . 

- a \-jb 

From (85) :— 

" 2 
.(" - 4 
a ^ 2 

From (S(S) :— 

62 _ - 2 

62 ^ 1 
6 - 1 

Thus V'tS I ^4 2 I /I 

As nioiitioned above, it is frLMjiieiilly advanlagi'ous to convert 
a vector to polo i o-oi diiiates liefore manipulating it, and this 
e:Hampli‘ f oiild also have been woiked as follows : - 

I ;4) y> 42 /lan“' 

- V[S/53'_8'j 
[•5 / 5 :r 8']' 

- Vs /26° 34' Afis. 

Rationalisation 

It is sometimes nccessaiy to eliminate j horn the denominator 
of an e^y)^ession. This can be done by lationalisation ", i e., by 
multiplicalion of both numerator and denominator by the 
" conjugate " oJ the denominator. 

The " conjugate " ol a vei lor r /O = x + _ 7 y is that \ ectoi which 
has the same niodnhis and erjual but opposite angle. Thus, the 
conjugate of y /O is r / 0 

and the conjugate of v y jy \\ x — jy ^ ' 

Example. - 

Express ^ the rertaiigular form v -\- jy 

_J_ ^ 1_ ,51 ,5 5+,3 _ 5+,3^_ 5 3 

5 5 5 l-;3 5* -fSfi 25 | 9 34 ^^34 

It is a good ride to avoid latioiialisation unless necessary. 


Exponential notation of a vector 

As will be seen later (equation 125 p. 91), cos 0 + j sin 0 = 
Thus the v^ector r y/0 e= f (eos B -[ j sin 0) may be written as the 
vector r . ff®. 



r XPONEN 11 AT NOT VTI ON 


bJ 

A further appirent simplifualioii ciu he earru d out b\ ktting 
) c" Ihe vector now bcroi us 

By letting a jO equil tliL complex nunibLi ^ ilu \crtor 

y yo m lY be denoted siinpK uid tompleltly is tlie N ertnr 

I bus — 

or I /O r 6^ (88) 

Logarithm of a vector 

1 0 find log, yO] 

Rrwnti lilt \citni |> y0} using tin expoiimtiil iirit iiuni is — 

[r ^0] — r 

Hull lug, [i/"! log, (i- 1") 

log,; I li)g. ii” 

l"g.' I )<> (8“^) 

Rotdtmg vectors 

T ct lilt Mctor 07^ ol kii^^tli y lotitcin in inti clockwise turct tu ii 
djout i ttuhe 0 Hull wli( n OP Iits luintd iliroiigli 'll! iiigU 0 
fj oin its lioi izoiit d position ilonL,0\(st( 1 ig S H) the inst int ineous 
liLiglil h of P ibo\ t (A 1 gi\in In 

h 7 sin 0 (‘■)0) 



Tic 53 —Roti-tiTij^ VLLtors. 


li the \LrtiLcil height h of P be plotted agiiiist 0 the resulting 
uivt IS as shown on the nght of 1 ig Shr Sinrt tin one variable (A) 
dirtdly proportiond to tin sine of Liu otliii (0) this is railed 
sine , or ' sinusoukd curve 
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If OP be rotating with a constant angiiJar veJocity m corres¬ 
ponding to / revolutions per second—that is, co — 2jr/ radians per 

I 2rr 

second—tlien the time for one revolution is-. — — seconds. After 

/ 

time t, OP will liaA^e turned through an aiigU' i) = oit, wdicrc t is 
measured from the instant when OP is in the horizontal position 
along Ox. TJie vertical height of P at any time i is given by :— 

h — r sin wi (91) 

and varies as shown in h'ig. 53&. Time may, however, be measured 
from some instant oilier than that at which OP lies along Ox. 
Consider a vector OQ that makes an angle \p with OP \ then at 
th(' instant t 0, OQ makes an angle ip with Ox, and at any later 
instant t, OQ will make an angle [wt tp) with Ox. The height 
^ ol at lime t is then given by : - 

k } '^in (rof 4- tp) (92) 

This is shown in hig. 53c. 

Many merlianual and electrical quantities vary with time in a 
sinusoidal manner, and arc represented by equations of the form 
(92) and by figures similar to I'ig. 53. Rotating vectors provide a 
very convenient method of e\] n^ssing such sinusoidal wavelorrns ; 
the addition, sublraidion, iniihijdication and division ol sine waves 
can then be (‘asilv arhitvi'd bv the ap])lieation oi these processes 
to the rotating vectors, vvheieas such operations can not so easily 
be applied to the sine waves themselves. 


Addition of two sine waves using rotating vectors 

C'onsidL-i the two sinusoidal vvavidorrns lejiresented bv tlic 
equations ■ 

it A sin (ot 

h H sin [u)t ip) 

where a and h represent the instantaneous heights of the two curves 
at any time /. and. 1 and P ;ii e the peak nr maximum heights. These 
two sine vvava-s aie illustrated in Fig. 54 a and h respectivf'ly, 
and thev^ could clearly be added, lo give curve (c), bv^ the somewhat 
tedious process of adding the individual ludglits of the two curves 
at each instant. 

A much easier way ot adding the two (iirvTs is to draw two 
vectors OP ^ A y'iM and 0(4 ^ B ywt |- tp, such that, if they be 
rotated at const ant angular vadocity w, the graphs of the instant¬ 
aneous heights of P and Q will be identical with the curves to be 
added. These tw’o vectors (Fig. 55) then represent the two curves, 
and they may be added by roinpleting the parallelogram. 
The result (Fig. 56) is a third vector OR which can be denoted by 
C ycot ]- 0, wdiere C and 0 are. as ^h[)wm below, giv^en by : — 

f' = I 07? I - \--\'l2ABTnT^ (93j 
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and 


0 tan-i -) 

\A ^ If I os (/) 


(94) 


Iliis vectc'i OR IS the suni ol the two veitors OP ana OQ, .iiid 
rtpiesent-* nine c ( sin {wt | 0) whirli is Hit sum of llii Limes 
represented by OP and 00 



The \li1ius of flu modulus ( and of the lesiiltant 

\ectoi OR — OP 0() i an bt L\a]na1ed as follows 
From big 55 

OP — 4 cos (i}( I ji sin inf 

OQ B i os [u)t I 7 ) I ]B sin (to/ ^ 7 ) 

OR OP 1 OQ 

OR { 1 ( os u}t 4 B I os (co/ ] r/)} I ^ { 1 siTj (lit I 7^ sin {tot f 77 )} 


R. 



IG 55 —^\dditic)n of tv\o \ ri tors OP and 1 ipiesentmg two sinu waves 
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I OR I {/I COS 0)^ + B COS {tot ^ + {A Sin tot [ B sin (tot |- ip)Y 

- { 4 ^ros^co/ ) ii-1 0 S“ (w^ + 7?) + 2^5 cos + 9 ^) cos co^} 

sin - co/ sin^ \ <p) -j 2AB sin (oit | (p) sm tot} 

- t t - H" “I" 9?)sin tot} 

- A2 I P.2 4 2 IP cos |(a.< I If) - (o>o} 

42 1 - B 2 -1 2 17i cos .p 

r =- I OP I \/A“ I P-‘ + ^TpIos (p (95) 



1 IG 5b — Ailditif n of iwt) idl vvd.\ts by nu ins if 1 ut itiiig, \i Idfs 


Jill cinglc Ill Lik bv OR with 0\ tit dny nisi iiit t is (ujf 1 
so Hut fium 1 ilj: 5 (i - 

1 sill 0/ I P sill (w/ f 7) 

t 111 {f>/ ,0) - - —— -j-- , — 

1 (OS a>^ ) i5 LOS {\oi I 7 ) 


0 ). 


0 Ltiii 1)L LxpifssLfl tis the ditlLrciuL bctwuii two tinqhs z i —■ 


so that 
tan 0 

. tan 0 


t an 0 


1 m |(i.7 0 ) 


Liii (tot -h 0) tan iot 
I 1 tail (to/ [ 0) t 111 to/ 
1 sill to/ \ B sin (to/ -\ 
v4 LOS t)/ I B cos (ij/ 1 


_?) 

7) 


tot > 


sin to/ 

L os U)t 


1 I 


1 sin to/ -] /> sin (to/ j- 7 ) sill to/ 

A LOS o)t [ B LOS (to/ 4 7 ) rns to/ 

/> sin {(to/ + 7 ) tit} 
LOS^fj/) [ /) LOS /(to/ 


.1 (sin- to/ 

/) sin 7 
4 cos 71 


B LOS |(lo/ [ 7 ) — tj/j 


(96) 
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differential calculus 

Differential calculus deals with the rate of chaf\sie of a function : 
if V ~ by how niiiL'li wall y increase (or decrease) if the 
value of X is increased by some small amount ? For functions in 
f^enerah the answer will of course depend on the iiiifial value of x. 
The graphical illustraliun of this is useful ; if the cuive y = f(pt) 
is diawn, the latc of chaiif^e of y will he proportional to the slopr of 
the curve. If it is very steep, a small incii^ase in x will ])rj)duce a 
luoportionately large inn ease in y ; it the curve is fairly flat, the 
increase iny will be small. It can be seen Ihat for any curve except 
a straight line the slope, or rali‘ of change, varies from i)lace to 
place. Hence, if it is to be measured by considering the ratios of 
increases in y and x, it is imj^ortant to st'e that these iinreiises are 
small, otherwise tJieir intif) will not gh'e a true idea of the slope of 
the curve at that point. 

These small changes in the vrilues oj i and y are usually deiioterl 
by Sv nr Sy (alternatively or Ayj--the (Ireek letter delta 
signifying “ a small change in . . . . 

Note that if is small, will bi‘ e\'en smaller, and can be 

neglected in comparison with ^\. IligluT powers of aie, of 
course, snirdler still. 



Fig. 57.—Differential notation. 


It has been stated that the rate of change, or slope, is given 

Sv 

V the ratio of the increases m v and x, or - - as it would be written. 

bV 

fiis is illustrated graphically in Fig. 57. 
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To find the slope at P = (x,y), an adjacent point Q is taken, 

whose co-ordinates are (x + ^x,y hy). The ratiowill give the 

tangent of the angle QPN, i.e., the “ slope of the line PQ. It can 
be seen that if Q is made very close to P, this will give the slope of 
the curve at P. The conditions for this are that Sy and both 
become zero. Although they both become zero, as Q moves up 

to P, the ratio approaches some finite value, which will be the 

slope of the curve. This vedue is denoted by- '. In oilier words, 
dv Sv 

^is the limit of the ratio ■— as 8x (and therefore Sy) 0, or ;— 

(tX nX 


^ ^ Limit 
dx 0 


(97) 


dy 

Hence gives the rate of change of y, or the slope, at this 


point {x, yj. As the slope depends upon the position of the point P, 
dv 

it is obvious that must be a function of To lind the slope 
dx 


at any particular point the numerical value of x must be inserted. 


Notation 

dv 

y is a function of x, denoted by f(x) . ^ is a function of x, and 

is denoted by f'[x) ; this is called the " first derivative or 
" differential coefficient ", of f[x), i.e. - 

f. -/•('■) (»») 

This is sometimes written as fix) 

dx -'' ' 

Calculation of f'(x) (“ differentiation ”) 

f'ix) has been defined as the limit of when tends to zero. 

^x 

This indicates the method of calculation. 

At y f(x) (i) 

At Q, X increases to x + Bx, and as a result, y increases toy + Sy. 

y + ^y [x + ^x) (ii) 

This is the condition that Q shall lie on the curve. 

Subtracting equation (i) from equation (ii) ;— 

S-y =/(* -h 8*) —f(x) 

^ ^ f{x+ Sjc) -f( x) 

^X ^x 


Hence 
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Tlus 

Limit 

” Sa; -V 0 Hx 

_ Limit / (x + St) — / (a) 

Tins IS the basiu foimula from wliidi all derivatives are udlculated. 
Example :— 

Take a particular case, say y ~ x’^, and find the slope of this 
curve at the point {x,y). 

f{x)^x^ 

From above, ^ L'-'* / (^.)^/ W 

ax 61 -> 0 b\ 

Now - 

hx br 

_ 2x ?ix 

S V 

= 2x -|- rSl 

Note that no approMniatiims liave been made 

But IS the limit ol ^ when Bx -> 1) 
ax bv 

and equals the limit of 2x -h 8x when 5x 0 

- 2x 
(lx 

Tims the slope of y 1 “ at any point i^ equal to 2x [eg , at 
the point (3, 9), the slope is 2 3 = 6) 


Derivative of 


That IS 


/ (^) — A" 

_ (v I- Sa. ) " - t" 
“Sv “ Sa: 


5v _ x' 




✓ Sx'N” 

Expand ( 1 H- ) by the Binomial theorem, where n and 

^ ^ ^ I Sr I 

may lia\ e any \ alue, since — < 1 
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+ n^x x*~^ + (Sa:)2 _|_ _ ^ | 

U 


-- nx^-^ H %"-2 Sa, + . . . 

1_ 

All terms after the second involve ])oweis nf gieater than the 
first, and may be neglected when Sa -> 0 

dv _ Limit Sy 


t.e., 


dx 


d\ ^ X —^ 0 

(\”) 

cl 


( 100 ) 


c.g , as aheady proved, 


Example .— 
Dilferentiate* 

Let 


V X 

y 

_dv 

ih 


with usjiect to r 

1 



U“‘ A ns. 


Constants 

The equation V C.wheii ( a ( nnstaiit, i Lpiesents a sli aiglit 
hue pLiiallel 1o the x-a\is 1 lie slope is zeio, so that . - 

If r C 

ih,.,, (■">) 


Multiplication by a constant. -If Ihi' fiiintion is ^nultipliul by 
some constani, (he loiistant icmainsaltc i dilleientialion , for example, 
the slo])e ot the cniAe — 5\^ is In e times tis gi ('at as that of v = x^. 


Thus if 

Products 

Con SI del y 

Then 


y 

d \ 

f{^) 

S_V 
0 V 


5v* 


5 " 15v“ 


n . V, wheie u and v are both funelious of x. 
(it f- 5?/) (?' \ h)) — itv 


nv J It S?; |- V . ?)!f f- Sn . Sv — nv 
h% 




f 


Sw ?iif . 


As hx tends to zero, so also will Sw and St;. 
will then be small and may be neglected. 


Ihe term —-— 
Sx 
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iy . Limit ^ L „ iff 

Sx ->-0 S^ dx 

d , V f/7f 

^ ^ Tv 


( 102 ) 


Example — 

Find ^ when _y — t 3) (2 t[: — 1) - n v, 

wlirre ^ -\-3 and t; — 2a - 1 

dy 


- [x^ I 3 ) 2 - 1 - 2 a ( 2 x - 1 ) 

2^'5 ^ (S J 4 a 2 2 v 


c/a 

^■^=6v=-2v + G Ah'. 
cl\ 

Quotients 

In a simildi manner to tlu above, it m be shown that il 


, wlicie H and v an both funrtions of a, linn — 


dy 

dx 

Example — 
dy 

hind / wli(n y 
dx 

In this cast n 


_ d (xt\ _ 
~ dxK’i) 

a^ - 1 
a -[ 2 
1 and < 


du d) 
~ ^^~dx 


\ t 2. 


(uy) 


Aii^ 


dy (x \ 2) 2v (v= 1) 1 

rfa I ^)“ 

dy a - I 4 a I 1 

dx (\ \ 2)- 

Trigonometncal functions 

To take anullu 1 jiaituuln i isi li t o sin v 11 is icqnncd 
to liTid tin slf)pi oj this rnivc at tlu point (a, >) 

J (v) sin a 

dy Limit f (\ t f>i) f {x) 
dx hx 

I milt sin (a -j 8a) - sin a 
8a-> 0 8a 

Limit sill a fos rH | fos a sin Sa sin x 
Sa->0 ^ 

When Sa-> 0, cos Sv^l and sin 8a >iSa 

dv sin r 1 j- cos r 8a sin a 
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are listed in Table II; a further list of derivatives is given in 
Appendix I. 

Iabll II 

Differential cocffiLicntb o[ the IrigonomttriCdLl ratios 


V 


liy 

tx 


sin X 
cos X 
tan t 
cot X 
sec X 
rosec X 


cos % 

—sm % 

SPL- X 

c osec^ ^ 
scL X . Ian X 
—coscL X cot X 


Inverse functions 

The differentiation of an in\eisc fuiiLtion (sinh as sm \ a. or 
taii"^ x) IS interesting Considei 

y sin“^ 
dy 
dx 


y sin“^ X 

cauiiot be found at once , lewnte the equation as - 


hen 

X 

d\ 

siny 

dy 

los y 


dy 

1 

lUVV 

dx 

( os V 

LOS y 

\'l 


dy 

1 


dx 

A 

bimilaily, if y -- 

tan"^: 


X - 

dx 

tan y 


dy 

sec-y 


dy 

1 


dx 

sec'^y 


1 


1 -|- tan-3/ 

1 


1 + 


Thus ^(tan-i^)= 

( 97031 ) 


( 106 ) 

F 
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Sum of tenns and series 


\i y f (x) is’given as a sum of a number of terms, is found 
by adding the derivatives ol-each term taken individually. 

Thus, if y 5a.- -f- 3.\: + 7 

tx ^ '' ^ “ 

10a; I 3 

Exponential and logarithmic functions 

The derivative of an e\i)oneiitial function may be found by 
expressing it as a sericis ; each term of the series can then be 
differentiated, and the it'suliing derivatives added. 

Thus if — y — 


It can be t'xpressetl as 


' UL '"li ' ll. 


U-' LiL I jL 

a:^ 


lising this result, one can find the derivative of log, x. 
For, if y - log^ a 

Then : - x r" 

c/x d , ^ 
dy dy ^ ^ 

\ 

dx c" 


This gives the important relationship that 

d .. . 1 


Function of a function 

Each function is differentiated and the results multiplied :— 
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£--F'[/W]x/» (109) 

This can be extended for functions oi a function of a function. 
Example 1.— 

Differentiate ^in with respect to x. 

This is a function (sin) of a fiiiiclion of x, 

First dillereiitiate j>in with respect ti^ g;iving cos x"^. 

Nf'xt differentiate x^ with respect ti3 x, giving 2x. 

Then the ditieieiitial coeiheient of sin witli respect to x is :— 
LOS Jt “ 2x - . cos Ans, 

Example 2.—- 

I"bid when y ^ ■\/x" — 3a 


Dillurentiate the y, giving 1 (a^ 3a)~^ 

Dilfeieiitiate a^ - 3 c, giving 3 a“ - 3 

, 2 1 \ j 'j. \ 


J(a- - 1) (a** 3.i) * A ns. 


Example 3.— 




Example 4.— 

/- ' 

r log tan y ^ “ I i - biml • 

Tins is a liiiu tioii (log) of a Jmictinn (tan) of a fiiiutioii (->/) of 
the inni lion 1), wlinh is a hind ion ot a. 

Diherenlialing log tan ; 1 willi n‘si)ecl to tan xjx ^[- 1 

I 

gnes;—-, __ 

tan y 1 

Difteicntiatnig tan y'^^-j 1 with icsiiect to \/a“ | 1 
gives ; - sec“ j- 1 

Diifeieiuiating \/ (a“ + 1) with respect to (a- |- 1) 
gnes:-- 1 1)- 

Difterentiatiiig (a- -| 1) with lespecl to a 
gives - 2a, 

X “1“1 ) X 2a 

^ --7=—-/ - Ans. 

y A- I 1 sill y A“ + 1 cos y A^ h 1 

Successive difierentiation 

dy 

If is itself differentiated with respect to a, the result 


( 97931 ) 


F2 
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written ^ or f"(x). This gives the rate of change of the slope 

{tX“ 

of f(x), and is known as the second derivative or differential 
coefficient. Similarly subsequent derivations may be found ; their 
calculation involves no new principles. 

Example .— 

Idiul the third deri\alive of y sin x. 

— 3a; 2 . sin x [- a,^ cos x 
dx 


ay 

dx- 

(U sin X 

f 3^^ cos X T 3a;- cos ^ 

— sin A' 

— 

6a; sm a 

j 6^-cos A 

sin X 


d^y 
dx^ ^ 

6 sin .\ i 

6v' cos X \ 

12 r cos X 

6 \ - sin \ - cos X 

— 3a 2 sin X 

- 

6 sin A 

] Sa i os A 

9a - sin A 

cos A'. A ns. 


Maxima and Minima 

dy 

Since / gives tlie sloni' of fix) at any it ran be used Lo 

dx 

find the points where y is a inaxinuim or inininmin : for at these 
points the curve is horizontal, i.c. the slope is zero. The ^’ahles of x 
that make y a maximum or minimum will thereloie be the roots 
of the equation(r) = 0. 

To decide whetlier any particular loot ol this equation gives 
a maxiinum or minimum, two methods may lie iiserl. 
ilv 

1-—Find for values of \ just above anil below tliat giving 

/' (a') — 0. 11 it is ])Osilive below and negative above, the curve 
w'ill be as Fig, 59, i.e. a maximum. If it is negative belov/ and 
positive above, the point will b(* a minimum. 



I’lG. 50.—Cuivc wjth nid^iniuni. 


It is possible sometimes for the slope to Jiave the same sign 
before and after. In this case the curve is as shown in Fig. 60, 
and the point is neither a maximum nor a minimum, but is 
a " point of inflection 



MAXIMA AND MINIMA 
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2 —For a maximum, the slope is positive before and negative 
after —t e , the slope is decreasing, therefore the rate of change 
d~v 

of slope is negalne js therefoie negatn c bimilail> at a 

d^y 

nnnimuni -r-, is pusitui Htnce an allernativc way is to find 
—, at tlic point , if it IS iicgatnc the pom I is a maximum, 


dx 


d^v 


if positue it IS a nimiinurn 11 2 ~ ^ ciii\e ma^ be of 

the form shown m Pig 60 



Example 1 - 

Consider tin luivc — 

^ I 4 

dy 


dx 


lOi 


Alixnni or niimm i oltius if 4\ 1(K 0 

/5 


i e . if A, -= 0 01 -I 




Now detciinme wlntlnr llicst points aie maxima or mminia 
Method 1 — 

Consider the point x 0 jiist bifou is positive, 
lust after u is lugituL 

Iherefore x - 0 is a maxinuini 


Consider the point x — -f , 
negative ]ust after it is positnc 

Therefore x = -\ is a minimum 

Consider the point x — 
negative , just after, it is positive 


lust before ^ is 
dx 


dy 


2 before, is 
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Therefore x — - 


minimum 


Method 2.— 
dx^ 

At V 0 this IS iiLgcitive, therefore at % 0 the curve 

has ii maximum 

At ^ - 1 tins IS positive, tlicrefoio at these points the 
LUivt has minima 

Jims the eiiiveliLS i in ixiiimm at v 0 and minima at 
and it 1 


' Ji""" '•' Ji 

1 hr t ui\ r is sho^n m I ig 61 



Exam pii 1 - 

Whit posituL \ ihiL of T will iniki 

■\/{R- ."TV’) I u,-( ^ 1- RC ,,7C 

a maximum ui minimum ^ 

rutting 1 hf^-) 1 /vf. 


d\ I \ I ^ 

\ \ co-L** 

For^ to Dt a m iximiim or minimum 


2w-/ 

d\ 

dl 


1 c., 


J: 


R- 




_coK 2 
R^ + Gj2L2 


C 

L 

U 


nK 


io^-LC 


0 
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%e , 
nr 


MAXIIi([A ^ND MINIMA 



This ^ives tlic \alue of L for > to be a maximum or minimum 
It can be shown b\ diherentiiting again that this value of I gives 
a minimum value to v 


Difierentiation of a vector 

VcLtors ind compkv numbers up differentiited in the same 
maiinr^ is hhe^ fuiutiims IF Jiowcvei tlu veetor is given m 
pol II for n IS ; / it must lust be written ni lectinguHr ro oidmate 
or in cxpnniiitJ lI foim i i i-* > cos 0 f y/'sin f) or as 7 

Consider the ditfeiintial eoelliLitnt, with respect to r of the 
rotating VLitm 

OP > (110) 

(rt) This vcrtoi m be ixpnssLtliii u ct ingiil ir cn->rdinates 
as — 


OP } (os (rj/ ff) I ;; sin (r)^ ^ 7 ) (fH) 


d 

1 


1 ^ 1 

Ihci 

dt 1 ' 

(cot 

•It j 1 7 j 1 '"1 f IP) 


‘1 


X X df 


1 

d 1 

</) 1 tC)',(coM 


I II' ' '/) I ; sill (rj;! f 


In till [ is( luuUi I oiisidci ilion 0 Ih it is tlu imphliide 

of the vector is not (liiiif^iiig Tinufoie 

— {OP) — f) r sin ff>/ f 7 ) I 0 jioi cos (ni f y) | 0 
y oj { 7 cos (nt /) ) Y sill [nt \ ;) } 

jm OP 

(h) Vlteinativcl> tlic viitoi 01^ m ly be expressed 111 
exponential loim is 

OP r ^ > 

= } ^ 

- f ) 

Thai i (OP) - (, 

7 J (J C ^ ^ I 0 

j (a r e'’ ^ 

= j to OP, as befoie 


(112) 
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Partifil differentiation 

Frequently a dependent variable is a function of two or more 
mdependent variables , for example, the volume F of a cylinder 
IS determined by both the radius f and the length h, and one can 
write— ( 113 ) 

In order to determine the rate at which V increases or decreases 
when one of the independent variables changes the other inde¬ 
pendent variable mu^t be kept constant throughout the calcula¬ 
tion Thus while determining the rate at which the volume of 
a cylinder \ariL‘s with raehus the length h must be kept constant 
A derivative of a \aii d)le with rcspec t to one of several independent 
variabh s is Known as a paitial cUnvative " and is represented by 
the symbol ‘ P to distinguish it from the ' d 'in the ordinary 
dy 
d\ 


deiivativ c 


I hen 


PF 


tin rate at wliicli \ mcrcasc'- with uspent to y when all 
oflu) ulcTuni independent vmiahhs [c ^ h) are kept 
constant 


dV 

(h 


llu lati at which F increases with n spu t to // when aU 
oihit iileiant indepindmt vanablts [t ^ ;) are kipt 

I onstanl 

Paitiil diii\ativ(s are ivaluatcd in tlu noiind manner, all 
variables either th ui the two r onccincd bting tie ited is constants 
Thus foi ( \ implc 

if 

1 ht n 


T' 711 ‘h 

(114) 

O / 

^ 2 7T 1 h 

?r 

(115) 

PF 

- 71 }“ 

dh 

(116) 


and 

If a small change 5/z is made m tin value of h whilst r is kept 
constant, the corresponding change SF is given 1^} 
r F 

?li 

Similarly foi a change Sr in the value of r, h being kept 
constant 

rf 

SF ^ V- Sr 
Pr 


In genual if r and h ai 


PF 

SF— V- 

a 


changed simultaneously, then — 
PF 


I 


dh 




Second-Older pai tial deiivatives may be evaluated as follows. 
In the ca^e of a function of two independent variables, eg, 
F =/"p, h) — i\\ 0 TC arc foui second-order paitial derivatives, 

VIZ 

02F PF 

= the rate at which _ increases with respect to r when h 
cr^ dr 

IS kept constant. 



PAHIIAL DIFFERENTIATkON ' 8) 

d^V BV 

= the late at which -^rr increases with respect to h when r 
dh^ Bh ^ 

IS kept constant 

?^V BV 

^ = the ratF* at whirli increases with respect to r when h 

dr rn ch^ 

IS kept constant 

BW PI 

— the rate at which ^ inci eases with lespect to h when r 
Bh dr dr 

IS kept constant 

Takint; as an example the function V = nr-h, the second-order 
p irtial dLll^atl\L^ au found as follows 

P /rl \ 9 7\ 0 2. 

- ?;(?0 - 

dh- L h (a/j) ?h ^ ^ 

d^v t) /~P\ a 

<V Sh ?i (.,4} rt- ^ 

. ? (^j^) ! „„4,. 

dh or ch\cr/ ok 


f-rr^j =r- 27ir 


Vlurh^ — 'l-ir 


It will be noted that, in this simpk case, ;=r 

or dh 


, a result 


that is true for all those functions of two mdependent variables which 
are likely to be encountered by Ihe student 

INTEGRAL CALCULUS 
Integration 

Intef^ialion is tin icicrst prociss lo diltLientiation 


theiiy is the " iiitcf^ral of /'(x) 

This IS wiitti n as 

^ \r{x)cix 

7here is no Lomplctc set ol iiih s foi inltgiation fn fact, in 
certain rases the results irc uiiknonii The pinctss depends upon 
umemhenng the lesults oi dilfi uiitiatinn 

Considei the integial of 
hrom a knowledge of dilfercntiation 

. .V 


Crrr 

j" X* dx 


[n 1 1) 'i 
n -[ \ 

- X 

n + 1 

1 

-k 1 


4 C 


(117) 
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The constant C occurs in the complete integral; for, when 
differentiated, any constant becomes zero. 

Equation 117 is true in all cases except when n = — 


It will be remembered that : 

^ n 

Hence J x~'^ clx " 

Example .— 


1_ 

X 


C 


(118) 


Integiate 5 a ^ |- 3. 

The must have come finm an a"* term; itself when 
differentiated jnoduces 4x^ and not 5 a^. Hence the integral of the 
first tcim must be ,a^ The integral of the second term is 
similaily IH, The ci)inj)lete integral is h 3a I C. Ans. 


Considei tlie integral of (ax-{ 6)”. 

^ (r7\ 1 a (n I 1) [ax | by 

L\u(n 

Thus j (ux I by'ih * -jy ^ I ^ 

Example.- - 
Integrate (2 a i 3)^. 

The answer niLiy be written ilnwn sti.iigliL awa^ fioni equation 

119. 

I (2, 1 3)>r/i ,.(2t 1 3)'' I r 

.(2v I 3)'> I r An,. 

The general inlc for integration is to manipulate the integral 
into sucli a form tliat it is diiectly integrable using equations 117, 
118 01 119. 


Expansion 

Frequently an expression can be converted into tin integrable 
form by expanding. 

Consider the integral of (\- j 3) (a - 5). 

J (a2 + 3) [x 5) (lx J (a" - 5a2 + 3a 15) ch 

- — 15a I- C. 

Integrals resulting in logs 

f'(x) 

If an expression lng„ / (y) is dilferentiated, the result is --r-f 

fix) 

and any expression of this form may be integrated directly as 



INTEGRATION 


S3 


log. f (^) That IS, %f the numerator of an expression is the differential 
eoefjiccnt of the denominator, then the integral ts the logarithm (to hose e) 
of the denominator 


Consider the integral of tan x 


tan \ dx 

sill \ , 

— dx 

” ( - sin a) 

> 

J C Ob \ 

LOS X 


d\ — — log, ros \ H 


ExampJi 
Int(gi ale 


\2x I 4 
.H- \-2\ ^ b 


C 


Ill this t asL the inimeratoi is twicf llic diffLiential coefficient of 
the dtiionnn itor 


\2x 1 4 
U- I IW , 


d\ 


f fiv I 2 

I M- \ 2 x \ b 


dx 


2 F 6) 1 f 


Ins 


Partial iractions 


Whin tilt rhnoniiii Ltoi of in ixpiLssiun in ly be factoiiscd, the 
intigiLil m L\ nftni bt found In ic ni iiiging tlie l vpiression as partial 
frictions 

X ] 1 

( oiisnhi tlu inlcgnl of-^ - 

r- I h 


\ L 1 


I 


1 


5i Ml (i 1 1) (\ I 2) X \ ^ r + 2 


Thus 


t_tj 

1“ + Si 


dx 




2 

—7 d\ 

X I ^ 


dx 


2 log. (x h J) log, (x + 2) + C 


Integration by parts 

This IS the eonvtisc ol the luh Joi dilft if nli iluig a product, 
and IS used when tlie expiessiou consisls of llie product of two 
chffeienl types of function of ^ f s" 1‘^g 

It will lie remembered that 

f (uv) I V (where u and v are functions of x) 

dx^ ' dx dx^ ' 


f et 


. t A 

w = — , , V = \w . dx 

dx J 
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Hence u ^ w dx ^ ^ u w dx dx dx 

■ J w w dx - u ^ w dx I dx 


( 120 ) 


Expressed in AM)rds, equation 120 becomes the inttgral of 
a product equals the first tnm tiinc^ the integral of the sicond tom, 
minus the integral of [the intc gj at of the sl c ond U rm times tin diffo eniial 
of the first) 

Consider the intLgial of Jt** Ing.'i 

Since the difh rcntial coclliLinit of log^ a. is Known but the 
integral of log, \ has not yet been eucomitcred take w - and 
u = log. A, 

Henre I x^ log x dx | log, a x'^ dx 



For the complete solution a constint C nmst be addi d 


Hence X'^ log, x dx 


4 


log A - 


16 


fr 


This method in ly he used to ditirmnu the intcgial of log,r by 
letting - 

w 1 and u — log, a 

Henre j log, v log x \^ \ dx \^(^ \ \ dx ^ log, dx 

— X log, X — J A dx 

— X log, X — X 

Adding a constant for the eomplcle sohitinii gnes — 
f log, xdx — \ log, X — A + C 


Trigonometrical transformations 

Products and powers of sin and cos ma} be integrated by 
changing to the form sin nx and cos nx 

Consider the integral of sin^ x, * 



INTEGRATION BY SUBSTITUTION 

This cannot be integrated in its present form, hence apply the 
identity — 

cos 2x — 1 — 2 sin^ x 
Thus sin*^ a; = ^ (1 — cos 2x) 

Hence J sm'* x dr — f ](l — cos 2r) dx — }J(1 — cos 2x) dx 

— \ f 1 t/x — 1 J cos 2x dx 

_ X sm 2« , ^ 

■ 2 ^ ^ 


Integration by substitution 

The proLc-.s (d integration iiia> Ircqueiitly be simplified by 
making i substitution Such a sub-.titution may be either algebraic 
or trigonometric It is inipoitant to remember that i\\o'*dx'‘ 
term must be ronxirted into tcims of tlie new variable 


Algebraic substitutions Coiisulei the integral of x[4 — 2x^)^ 

This miy lie clcti ininied bv making m algebraic substitution 
Let 4 ^ 

Ihen K Jx dii 


Hence 


x[A — 2x'Yclx 


— ] i(}^ dll 


-2S+^ 
- { 4 _- 
28 


+ C 


Trigonometrical substitutions —11 the expnssion to be integrated 
contains 


(i) y/ ~ X- 

])ut % 

a sin 0 

(n) \^ct^ + X- 

]nit X 

a tan 0 

(ill) — a , 

put X 

r see 


1 

C onsider the intigi il r)f , , — 

This root can LOiuenicntly be kiuomcI l)y putting 
so that — 


a 0 


V a sin 0, 


- 

The ' dx 


\s 


'\/ sin- 0 \/«“ ( os-^ U a cos 0. 

liis to bi tuined into an i xini'^sion mvohing 0. 
X a sill 0 


dx 

do 


IJ LOS 0 


dx (I t os Olio 


(This line can bi obtaiiud A\ithoiit the inteimediatc step 


1 lence 


dx 

a cos OdO I 


a cos 0 J 
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But 

sin 6 


r dx 

Thus 

] '\/ 


0 = Sin ^ — 
a 


Example- 


P'lnd the of 

Put A - 4 ( Ob 0, 0 


siri-i - + C 
a 


. \/l6 

of - -s— 

X‘^ 

0 — c(js 


■ (i\, 4 sin 0 do. 


e - cos"' ^ 
I'jc. 62. 


In addition, fiom (32 


Hen re 


s 0 - , i.in 0 

4 

\/ I (i Id i ()S“ 0 

1(S LOS-^ 0 


4 sin OdO 


J COb^ 0 

11 ros2 0 
' l DS-^ 0 

j i,L-c=^ 0 do 1- I" 1 (iO 
Ian 0 1- 0 + C 
y/IB — x" 


C A ns. 


Area under a curve 

The aiea OMPK under the Lunejy = / (a) and bounded by the 
axes and the ordinate NP is a function of a (tliC eo-onlniate of P) 
[see Phf;. 63). Tlie area cannot be louiid at once, but its derivatives 
can. For if x is inruascd to (v -j- t^), the area A nirreases by an 
element M, which is equal tu the an a PP'N'N. To a hrst approxi¬ 
mation, this is equal to y . ^x. 

^A 

Si4 = y^x or — =y 
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y axis 



Fig. 63.—Infinitely small portion of the area under a curve. 


Lhi‘ limit as S.v tlie inaccuracy disappears and :— 
liA .. . 

or A -\J{S)dx (121) 

Hence llic area of a curve up to the point % is foniid by integrating. 


Definite integrals 

Normally, the area is retpiired between two ordinates, as at 
and X 2 in Fig. 84. This is found by r.ilculating the area up to 
and sublrarling from it the area up to x^. If A ■ 



Fig. 64.—Finite area under a rurve. 


X 

the notation used for this is [A]^^ i,c., the valiii' of A wlnm x ^ 

^ ex 

minus the value of A when v x^. This is also writti'U f (:^^) dx, 
and is known as a definite integral. ^ 

Note that as a result of subtraction the constant of integration 
disappears. 

Example. — 

Find the area under the curve y — 3.v- j Sx' + 7 from x — \ 
' i.e., J + 7) dx 



gg INTEGRAL CALCULUS 

Evaluating the definite iniegml :— 

Required area — + 4x^ + lx][ 

- (8 -h 16 + 14) - (1 + 4+ 7) =38- 12 = 26 


Substitutions in definite integrals .—Note that if the variable 
is changed in order to simplify the integration, the answer 
need not be turned back into terms of the origina] variable, provided 
that the limits are changed to correspond with tlie substitution. 


Example .— 

Find the area of the circle -]- y- - y^. 
calculate the area of one quadrant, taking y - 
X = 6 to X = r, . cr 

1 0 


i.e., 


A substitution has to be made : 


X - cix 


It is easiest to 
'\/- x'^ from 


let X — Y sin 0 


dx = r cos 6 di) 

and - x'2‘ = q ~ q 

Therefore the integral is r cos 0 . r cos d dO - r^\ cos® 0 dO 

I - 0 J t ^ 0 

The limits are in terms of '\, and must be changed to 0. 


X = r corresponds to 0 = ] -; x 0 to 0 ~ 0. 


area — r® 


cos® 0 do 


ri 


To integrate cos® 0, use the identity cos® 0 ^ 1 (1 |- cos 20) 

J ~ Ir® (1 + cos 20) do 
a Q 

sin 20 ] 


r- 




0 f-: 


H 0 - 0 - 0 




This is the area of J of the circle. Hence the total area = yir®. 

Mean height of curve .—The mean height of a curve is obtained 
by finding the area of the curve and dividing it by the length of 
the base. 
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Example .— 

Find the mean height of the curve ^ ^ sin0. If this 
curve be drawn, it is seen to extend along the 0-axis from 
— ooto + 00 . It is, however, recurrent, so that it is sufficient to 
consider the portion of the curve between 0 — 0, and 0 = 2;i ; 
outside these limits, the curv’e merely repeats the cycle of values 
it assumes witJiin them. Its mean height can therefore be found 
by finding the area over one complete cycle from 0 = 0 to 

0 = 27r, or equally, from —it to -fjF, or from —'In to 0) and dividing 
by the length of the base {2n). 

y — sin^ 0 

/. the area over one cycle is given by 


f*2in (*2 ji 

y do sin^ 0 dO 

J Q * 0 

['2jr 


= iA^^ 


(1 — cos 20) do 


^ 0 


= lA^ 

— 71A ^ 


0 


0 




i sin 20 


OJ - lA-\0 - 0] 


The mean height h of the curve is therefore :— 





This might also be expressed by saying that - — is the mean or 
average value of the quantity A “ sin^ 0. 


CIRCULAR AND HYPERBOLIC FUNCTIONS 
Maclaurin’s theorem 

Many functions of a can be expanded as a series of powers of 
(i + dc.). Maclaurin's theorem enables an 

e\j)ansion to be found for a general function of x, i.e.,y = f [x). 

Let f [x) = A^ -)- A^x + A.j\‘‘^ -[- A^x^ L ^ 4 ^^ + . . . 

Differentiating : - 

f'{x) A,-l- 2 .A 2 X A- S.AjX^ 4 .A^x + ■ ■ ■ 

/"(x) = 2.A, + 2.3.A,x + 3.4.A,x^A- • ■ • 

/"'W= 2.3.A^ h2.3.4.A,x+. .. 

/""(x)= 2.3.4.A^+... 


( 97931 ) 


G 
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This is true for all values of x, hence, when * — 0 .— 

^o-y(o) 

A, ^ f ( 0 ) 

. /"(o)^/::(o) 

^^2 <) l <> 


1 hus 


_/'"(o) r'(0) 

" “ 2.3 “ 


3 


f"" (0) _ J"" (U) 
2 3 4 


j(x) /(O) , ly'(o) , j" (0) + |3 /'"(O) 




(») 


( 122 ) 


whtu" /” (D) r/f , nil ails Uii \ iliu nl y" (\), r/c , wIumi a -0 
rills IS kiiDWii as " Madiutiui s tJuunin 


If 111 ) rlni\ali\ts cf / lln^ i \l)aiisinii will mvolvp 

an iiiliiiiU niiiiibii oi linns llii uailii shnultl \rnfy that it 
holds fni (t 1 \)" and 


Circular functions 

Aiiiinibii L)1 inijioitaiit u s i ui la oht amid fi nni tins llu ni cm 

laki loi (\ain])li, / (i) ^iii To Imd tin suns, nno niiist 
taliiilali tin siirrissiM diinatiMs andtliiii \aliii wliiii'v 0 


/(') 

sin A 


/ (0) t» 


/ (') 

i os \ 


/'('») 1 


/ (') 

sin \ 


/ (')J - l» 


/ (') 

— t os T 


t" (") 1 


f (') 

sin X 


/ '(") 


JkniLe Liu si in s is .— 









sill \ 

' LL 

1^ 

II_^ ' ■ 

(123) 

SiiuiIluIv 






\ “ 




1 n-. V 

liL 

LL 


(124) 



'i - 

l'’ 


Since L 

1 1 ^ 

la- 1 

i.r 1 • 




LL 

liL 


the expansion foi 

(•’ IS — 





i + 

IL. 

' |3 ^ ■ 



+ ■ ■ 
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llencL* 

Similarly 


. X 


^ 1 + jx - -;~+ -rr + j Is- - Ifi- 


‘L- LL li_ LL ’ 


(1 


I ^ 

LL' ■ 


— CHS A -h 7 "'in x 


c ~ cos X j sill X 


y 3 y 5 

(125) 

(126) 


This shows that the trigonometrical ratios can be treated from 
ail algebraical aspect as v/ell as from a geometrical aspect. It is 
possible to jirove trigonomi‘trical identities from these results, 
c.^., imilliplying logetlier the two equations just obtained gives;— 


1 Cl IS 2 r -|- sin- x 


Ihith cos r and sin v nniv be obtained as ex])iessinns involving 
c bv adding iUid siibliaiding ihi'se two er|natif)ns. From cos x 
ami sill A, exjircssions for sec cosf c x, tan x, and r»)t x follow. 


Thus - 


cos X 


(127) 


sill c 

Hence tan ^ 

SCI' X 


} • (,,J. I J, 


o 


(128) 

(129) 

(130) 


coser X 




r 


— JX 


(131) 


rot X 


. H 

7 - 



(132) 


Hyperbolic functions 


It lias been showai that cos \ . The ^^alue of - — 

Is also important, and this is kiinwai as “ i osh \ or the " hyperbolic 
t'osine '' of x. 


Thus : 

cosh X — 

r' |- 
2 

(133) 

Minilarly 

: sinh x -- 

c" - C-* 

2 

(134) 

^^ hence : 

cosh X + sinh ^ 

c' 

(135) 

and 

cosh X sinh x — 


(136) 


These hyperbolic functions bear ihe same relation to a hyperbola 
as sine and cosine do to a circle [sec Appendix I). 


07931 ) 
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Since :— 
and 


^2 

-X_ 1 I 

^ ^ 1^ liL^ li- 


it follows that tlu‘ series for the h^'perbolic functions arc 




coshar - 1 + 1-2 + 


(137) 


-sinli X ^ - X +1^ + ‘i^ + ■ • • 

From 11 le definitions, it can be seen that the following conversion 
rules apply :— 

Circular to hyperholic Hyperbolic to circular 


sin 1 — 

j . sinh JX 

(139) sinh y ~ — j . sin jx 

(143) 

cos X -- 

cosh jx 

(140) cosh X = cos^Y 

(142) 

sin j\ - 

j . siidi \ 

(141) sinh jx j . sin x 

(144) 

cos jx - 

cosh Y 

(142) cosh jx — cos X 

(140) 

T.inh Y 

is defined as 

sinh Y c' ~ 1 

cosh -x 1 £■-' c-2' + 1 

(145) 

therefore 

t anh X 

J , 

— - — — 7 tan IX 

cos JX J J 

(146) 

and 

1 an X - 

- — y tanh jx 

(147) 


h'ig. 65 gives the giaplis of the hy])erl)olic functions. 

Note that cosh is always greater than 1, and tliat tanh x lies 
between + 1 and - - 1 ; and that, unlike circular functions, 
h\])erbolic functions are nut periodic. 


coth X is defined as 


cosh 1 
sinli V 


1 

tanh V 





(148) 


scch X is defined as - ,— - —- 

cosh X |- c~ 

1 2 

cosech X is defined as - — — —- 

sinh Y e~^ 


(149) 

(150) 


Hyperbolic identities 

Hyperbolic identities arc similar to the corresponding circular 
nlentities, and may be readily deduced from them. As a general 
'ale, identities hold if “ — sinh-" is written instead of " sin^ ", 


aid " cosh^ " 

instead of " cos^ 


Thus 

cos^ X + sin^ Y — 1 


i^'^'comes 

cosh2 X — sinh 2 y = 1 

(151) 

'Old 

cos 2y = cos2 Y — sin2 x 

becomes 

cosh 2y = cosh^ x + sinh^ x 

(152) 


= 2 cosh^ Y — 1 

(153) 


— 1+2 sinh^ X 

(154) 
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IIYPERBOTTC 1 UNCTIONS 


It can br sliuwn that - 


siiih [A B) ~ 

sinh A Losh B -f cosh 1 sinh B 

(155) 

sinh (^1 

li) 

sinh A cosh B cosh 4 sinh B 

(156) 

cosh (A 

ID 

cosh 1 cosh/>' 1 sinh/I sinh/:? 

(157) 

cosh ( 1 

ID 

cosh J (osh/? sinh 1 sinh/f 

(158) 

Duiding c 

f]U itlOll 

155 by ci]uiti()ii 157 gi\es 


tanli ( I 

Id 

t irih 1 ^ tanh/i 

1 t inh ltanh/> 

(159) 

J)i\ithiiGj f 

fjn itioii 

ISli 1)\ ci[niti)n 15S 


tanh ( 1 

ID 

t inh 1 — t Lilli B 

1 t mil J t Lilli B 

(160) 

Ihiilinjj^ J 

h 

V in i rpi Ltion 1 55 i^iv i s 


sinh 2x 

2 sinh A 1 osh a 

a 61) 

Pulllltf, 1 

B 

A in ti[aLlion 157 j.i\ts cipi ition 152 

ibn\ L 


It will b( iii)lf (1 111 it 


t lull ^ 


SI nil -x 
(fish \ 

2 sinli- V 
2 sinh Y CDsh \ 
L osli 2x j 
siiih 2x 


(ibi) 


Ml tin abo\ L uUntitus iiii\ bi Miilutl iisiii^ ti|ii ilioiis 
in cl 124 


Differentiation oi hyperbolic iunctions 


I he (lilfuentiil imJli(uii1s of Injxibnlu functions i in c isih 
be i)blLiiuflb\ iisin Mlu i xjxnuiiti il loini of the fiiiiLtions Ihns 
foi i \ un]ilc 


f/ 

(h 


(sLllll \) 




) 



9 


(OsliT (lb3) 

Soiiir of the moH iin])oilrint cltmatiAi^ ut in 4 able III, 

wdnlc a further list is i;i\fn in Appendix I 
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Tabie III 

pifferential coefficients of some hyperbolic functions 



dy 

y 

d% 

' smh X 

cosh X 

rosh X 

sinli X 

t anil X 

sech^ X 

colli Y 

i osc Jl- X 

sfcli \ 

sech X taidi X 

cosocli X 

c osocli X ooth X 

1 

sinli~^ Y 

\ r r 

1 

CObli“^ t 

\ 1 

1 

1 Y^ 

tanli“^ ”1 


Complex hypeibobc functions 

lixpnsmons suih as tnsh (x | jP) an oft in i iiLOUiitci ed in 
tiansniissiDii tluoi\ Jluii \ilius (in bo Ldmlated fiom fust 
prim iplcs ind t ibii s 

If siiih ('X 1 7 6 ) I [ jB, out can find d and B m Icims of 
ty and H 

1 f)i d I }h sinli (a J //?) 

sinli a LUsll J jj d ( osh a sillll jP 
Midi ty ins /> t j u)sh DC sill (> 

1 (jiiiling leal and niiai^niiaiy jjiits - 
1 sinli jc ( ns l> 
iiid y> - t nsli oc sill i> 

Siinkily, it cndi (/ H J j B nnt can iind I and B in 

terms of ot and P 

A \ jB (osJi (uc t //d 

— tusli y cosh jp 1 siiiJi a iliih j 
LO'^b a cos p 1 j sinti C3C sin p 
1 ipicitmc; I cal and iinisUiaiy p.uts 
A - cosli a cos p 
lud B — sinli a sm p 

Lxample 1 —rvaliiato cosli ‘ / 

LUsh (d i ^7) ^ J^\ 1“ A 

4 4 4 

I" "T 

- LObh 3 LOS ^ I y siuli J sill ^ 

— 10 07 X 0 7071 -I y 10 02 < 0 7071 
-7 12+y 7-07 
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HYPERBOLIC FUNCTIONS 


Example 2.—Show that tanh (a + y?) = cotli a 

/ jrv 71 n 

sinh [a. + --- sinh oc cosh^“ + cosh a sinh;^ 


and 


= sinh ot cos ? + y cosh a sin ^ 
— y cosh a 


cosh l-y-) --- cosh a coshy^ sinh a sinhy^ 


= cosh a cos ^ + y sinh a sin - 
— y sinh a 


/, tanh 



(“ 1 - 4 ) 

cosh 


j t:osh a 
y sinh a 


--= coth a 


Q.E.D. 


The converse of this t3^pc of problem is less simple— i.e., given 
tanh (a | jp) -= ^4 + jB, find at and p. 

If tanli (a + jp) ^ A I JB, 

then tanh (a - jp) - A — jB, 

since if an identity is true for +y, it is also true for ~j. 


tanh [(a I jp) + (a - jp)] 


tanh (dc-) jp) + tanli (a -jp) 

1 + tanh (a \-jp) . tanh (oL—jp) 


tanh 2cx — 


A \- jB A- -1 — jB 
YTiM-jB) (A^jll) 


Also 

tanh [{oi+jp) 


2A 

I + A‘^ + 


( ^ tan h i^+jp) - tanh (oc—yjS) 

^ 1 - tanh (a \-jP) . lanh (oL~jp) 


tanh 2jp 


A + j B - A + 75 
\-(AyB)~{A jB) 

2jB 
2 __ 2^2 


— y tanh 2yi5 


tan 2p — 


2B 

1 - - A2 - B2 
2B 

1 _ ^2 _ 
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Thus 

tank 2a 

2A 

1 -1 A^ + B’^ 

(164) 

and 

tan 2/5 

2B 

1 - (A»+B’‘) 

(165) 


Thos& loot^ for fi must he ihosen for which tan p has the same sign 
as B 


If the hyperbolic funrtion of a complex number is required in 
the polar form r/0 the following identities may be used - 

sinh (a -\ jP) — 's/ siiil)-^ a -|- sin'*/9/tan”^ (coth a tan p) (166) 

cosh (a \-jp) \/sinh^(y } /tan"^ (tanh a tan p) (167) 


1 hese uUntiLiLs miv lx \ cntied as follows 


I ct sinh (jt ]- )p) c (ju il L \ t ctnr r/"0 
siiih (a jp) sinh a i osh )P tosh a siilli jP 
siiili a (OS /? 1 y LosJi cx sin p 
}- snih^ a cos- /9 ] ( osh-® a sin^ /? 

sinh-a (1 sin^ | (1 \ sinh^ a) sm^ p 
snili^ a sinh- a siti’ p sm^/S | sinh** a sin*^ 
sinh- a 7 sill- p 


\lso 0 


r \/ siiih^ a 1 sin^ 

, /cosh a sill p\ 
t in M , — ) 

\sinh a LOS />/ 

t 111“^ (( oth y t Lll [)) 


P 


'>iinilirl\ kttiiig Losli (a t jP) cquilr/fy 
i osh (a I Jp) Losh a cosii jp -| sinh a sinh 

cosh a los p \ j siiili y sm p 
;- losh-a (OS- p I sinh^ a sin- p 

(1 I siiih-a) ros-/? I sinh'* a (1 ros^ /?) 

LOS- p sinh-a i ns^ p | sinh^ a sinh^ a cos®/? 
sinh- a 1 cos- p 

r y/ sinh- a + cos- p 


and 


0 — tan 


Ainh a sin 
\( osh a cos 
— tan ^ (t uih a 


0 

tan p) 


Alternatively the following identities may be used — 

sinh (a +jp)— \/ cosh^ a cos^ p /tan~^ (coth a tan/3) (168) 

cosh (a +_ 7 / 9 ) = cosh® a - sin® //tan~^ (tanh a tan p) (169) 
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DIFFERENTIAL EQUATIONS 

A differential equation is an equation involving unknown 

quantities and their derivatives. 


and 


2 

-T = Sill X. 

ax 


A solution of tlio eequation is a function whose derivatives 
satisfy the equation. 

Kqiiatioiis Cf)i].taiiiiiig first deiivatives are knowji as “ lirst- 
order ” ('qualioiis ; LM|uations containing first and second deriva¬ 
tives are known as “second-order” equations, and so on. In 
general, theie will b(‘ one indeterminate constant in the solution 
of an equation containing only first derivatives, two for an equation 
containing second derivatives, and so on. 


Solution oi equations of the first order and first degree 

If the first Older eijualion ^containing only can 1)(‘ manipu¬ 
lated into the iorm f[\)d\ - ^(v) dy, it ina^'^ be solved by ilirccL 


integration 
Example 


2y+ 3- 


dy 


dx 

■d =4-2v 
dx 


dy 


-Tv^' 


Integrating . 

log, (y - 2) 


^ \ |- log, C (where C is a constant) 


or 


V ' 2 f r C 3 


laneai eipiations of the first order, of the general form: — 

I ty - c. (170) 

where P and () may be functions of v, may be solved by multiplying 
through by c raised to the power of the integral, with respect to x, 
of the coefficient of r, i.c. by 
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The left-hand side of the Lcjudtioii 1“^ the diffeiential coclhcicnt 
witli icspcrt to ;r of the pioducl of and y. 
d 

-f [t 

ax 


I i dx — Q ^fPdx 


Ink gi citing 


1 i 


I ix 


\\Qcf^^^^]d\ 1 C 


(171) 


Lx am pie - 
Suh L 


d^ 

d\ 


-V- 


Multiph bulli Sides t ^ mIiilIi is t i.nsed to the power of the 
]iU(f2iLil \Mtii uspicit lo a of ( 2) 

, •■(* =.) . - 
" • ■ .) .■ 


d\ 


Tidigiating 


r r \ i 

V r" OM n 


1 ns. 


Solution of linear equations having constant coefficients 

IliL c(]ii.ili()iis ( onsidf H d In 11 lu liiuai c(]iMlioiis of aiu older 
hiding loiisIlIiiI i ocIIk iliiI s ii [([udioiis ul (he fnim 




f/" V 


JILIC f\ t /i lH f oust Lints 


P, 'll] I P»v /(A) (172) 


IJn siinjilc f isewheie/(v) 0A\dl lx loiisidt nd hist eg — 
dh 


^dv 


V- 0 


-17 

d\~ rfv 

llic gi iiLi j 1 fonn t)f suili .i Inu .11 ei|uili()n i'- 

d’v t. dv, . « 

A. V., A 1 J.,, . + I Ai,, I />i,r=-0 


(173) 


It tan he sliiAMi tint tin g( lu i d sdIhIidii to this t tju ikon is 

r - I -h 1 , " (174) 

\here «/j, >;i,, , au tin si'liitnni^ of tlx tiiuation 


t pn^^ ^>1" ' I- 


I Pll 


0 


Vote that this gmtial soluUon iontains n m Inii ary ronsianis 


d'^V 

dx’^ 


dy 

dx 


Example 1 
Solve 


0 



JOO DIFFERENTIAL EQUATIONS 

m^, m^, and will be the roots of :— 

— 4m = 0 

t.e. of ni (m -- 2) [m + 2} ^ 0 

m -- 0, 2, or -- 2. 

Therefore the f^eneral solution is :— 

y — Ac^ \~ \-Cc-^ 

- A I- + Ce-^^ 

Since — cosli 2x \ sink 2x and e ^ — cosh 2x ~ sinh 2x, this 
may be written as :— 

y — A \ B (cosh 2 x + sink 2 x) \ C (cosh 2x — sinh 2 x) 
—- A -\- D cosh 2 x + E sinli 2 x Ans. 
where D = B } C, and E = B - C 
Example 2.— 

An important cxiimple in transmission tlipory is : - 

The solution as abovi‘ is : 

y - I Be ’’ 

- C cosh yx \ 1) sink yi A 71 S, 
wh(TL‘ r ^ A -| B, and D ^ A - - B 
Example 3.— 

In some rases llie loots may be imafi^inarv, as in this 
example :— 

1? + 9v - 0 

f}iy and Wg are the roots of :— 

m- 49-0 
m i /3 

Therefore the p^encral solution is : -- 

— A (cos 3 a 4 j f B (cos 3r - / sin 3 y) 

C cos 3^ I JD sill 3v A ns 
where C — 4 -| B, and D = A ^ B 

Consider now an equation of the form : 

S' ^i:i-ev-/(.) 

where P and Q arc constants. 

The complete solution to the equation may be written as :— 

y = ti ^ V 

where u is any function whatever that satisfies the equation, and 
V is the general solution to the equation 

, r.<iy . 



LINEAR EQUATIONS lOJ 

u is called the " particular integral ”, and 
iJ is called the ” complementary function ”, 

Example .— 

To find the complancntary function .—Consider the equation :— 


dx^ dx 


( 13 ^ — 0 


m- I - (1 - 0 

[m I 3) {ni - 2) =- 0 
Hence 3 ' — -f 

This is the complementary funrtion. 

To find the partiadar 'integral. - 

Let y — H [- Kx 1 be one solution to the equation. 

Then K-\ 2Lx 


and 


d^y 

dx^ 


2L 


These derivatives must satisfy the oiiginal equation ; 
2L I (A' ! 2/t) (1 (// ] Kx H Lx^) 

2L I K f 2L\ 8A - bA^ 

'Ihus equating coetfieieiits gives ; - 

1 1 ^7 

(V 18 


// — - 


lOB ’ 


Heine the paiticular integral 
'J'he complete solution is Iheiefoie . 

y - A . f-'" I B - - 


(7 C 6 a + 18.^2) 


1 

i08 


- (7 h Ba; L 18a,'- i) 


HARMONIC ANALYSIS 
Fouiier’s Theorem 

Any single-valued periodic function y f (^) ha\aiig a period 2n 
may be expressed in tin* form : - 

y -- c -\- A^ sin [ud \ 77 ^) |- Ag sin (2u)t + 

l-Hjsin + 7 . 3 ) -I . . . (175) 

Since A sin (^nl -| tp) — A sin nd cos 7 ; f A cos cd sin tp 
a sin vd + b cos vd 

where a — A cos 73 and b =- A sin ^p, 
tins expansion may be expressed as :— 

y — c -\- sin od + a.^ sin 2iot a ^ sin 3 a)t + . . . 

+ 61 cos o)t + &2 cos 2aj^ + 63 cos 3a)t (176) 
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HARMONIC ANALYSIS 


In order to use tliis expression to analyse a complex waveform, 
it is necessary to determine the coefficients r, . and 

&i, 2^2, • • • ■ This is done by multiplying both sides of equation 176 
by a suitable factor and integrating l:)etween the limits 0 and 27i. 
If the multiplying lactor is correctly chosen, all terms vanish 
except those whicli will give tlie required coethcient. The vanishing 
of the unknown terms depends f)ii certain definite integrals: — 


Integrals of harmonic functions, 

P’' if- 1 “"' I 

(a) cos ?ix dx = - sin nx — 

Jo Jo 


0-0 


^ 0 [n is any integer) 


sin nx dx 

1 

cos nx 

'In 

1 

[> '1 


n 

_ _ 

0 

n 

L J 


(c) [ M 

0 


in inx cos nx dx 


0 (n is any intcgcT) 


(177) 


(178) 


dx 


j {i sill {m-\-n) X \ J sin [m n) x) 

0 (in and n aie any integers) (179) 



('OS mx cos nx d\ 


sin }n\ sin n\ d\ 


cos- n \ d\ 



sin'^ nx dx 



[1 cos \-n) x-\-l cos [m ~n) x] dx 

0 

0 [ni and n ai e any unequal 

integers) (180) 

LOS [m—n) x — l cos [m-\-n) a) dx 


0 

0 (;;/ and n are any niK'rpial 


integei s) 

(181) 

cos 2nx hi) 


.T (;^ is any integer) 

(182) 

~ 1 cos 2nx} dx 


jt [n is any integer) 

(183) 


Determination of the coefficients 


To find c.— Integrate both sides of equation 176 with respect 
to u)t between the limits 0 and 2 t. 



c T" d(.o()+a, r 

■’ 0 J n 

+ «2 P" 

- 0 

r 

r 

•' n 


^u\u)t.d[wi) 
sin2tij/.(f(Lu/) + ... 
cosmf(^((ji;^) 
C052ujt.d{n)t) + . . 
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r2jt 

= c d[mt) + 0 

^ 0 

+ 0 + . . . 
+ 0 

+ 0 + . . . 



1 f2T 

t — I y d{(ot] 
Zti j ^ 


(184) 


It M ill be iu)tcd tlial c is the mean Viilne oi y between the limits 
0 an cl 2 jt. 


To find o„, the .seiies iniisl be nuilliplif'd by some factor sucli 
tlial oil iiilef^ial between the limits t) tincl 2t, all terms vanisli 
except that conlaiiiiiig a,^. This ma\ bi' ac» oinjilishecl by multiplying 
the series by sin iudI and integifilint^ with lespeet to loi between 
limit s 0 and 2t. 


r 


y sm nwC 


Hence 


. — r sin ihof . d(o)i) 

0 

H- sin sin 'll tot. d(fot) 


+ 


0 


sin 2['f/ sin fiwt . c/(ujI) 

+ sin- Jiiot . d(ojt) -j- . . . 

J 0 


cos i’)t sin nv)t . d{int) 


0 


P^ 

+ 1)2 cos 2ojt sin mot . d[f)t) + , 

' 0 

0 + 0 + 0 , . . + a,,.71 + 0 . . . 
+ 0 + 0 + 0 . . . 


= 0 


= a,, .n 

1 


J ^n 

y sin n\ot . d[iot) 
u 


(185) 


where n is any positive integer. 
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In this case, it will be noticed that is twice the mean value 
of y sin nmt between the limits of 0 and 27i. 

To find the series is multiplied and integrated in a similar 
manner, the necessary factor being cos nc*)t. The series then 
becomes :— 


r27i 

I y cos . d{mt) = ^ cos nojl. d((ot) 
Jo Jo 


r27i 

a, I ! 
0 


sin co^ cos mot . d{cot) 



sin 2{ot cos n^t. d[u}i) + . . . 


'.f 

0 


+ cos tot cos mot . d{tjot) 


/: 


+ &2 COS 2mI cos nuit. d(a>() -j- . 


+ (>. 


r cos= 

J 0 


flout . d{(A}i) + . . . 


= 0 

+ 0 + 0 + 0 . . . 

+ 0 4 0 + 0 . . . + b,.7z 0 . . . 


1 j 

= — I y cos mot. d(o)t) (186) 

^ J 0 

where n is any ])Osilivc integer. 

Thus h„ is twice the mean value ol y cos nwt between the limits 
0 and 2k. 


Analysis of a square waveform 

Fig. 66 show.s a square waveform ; this is a single-valued 
periodic function of wt, having a period 2rr, and it may therefore 
be analysed by Fourier's Theorem. 

From coi = 0 io (ot = tt, the equation to the function is y ^ d 

From (ot ^ n to cot -- 27i, the equation to the function isy — 0 

Let the function, expressed as a harmonic scries, be ;— 
y = r + sin 0.4 + sin 2tot + sin Scot + . . . 

+ cos tot 4" &2 cos Scot + . . . 

To find c .— 

1 p- 1 r .. . 1 p- 
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SQUARE WAVEFORM ANALYSIS 




From inspection of Fig. 66, it can be verified that the mean 
. d 

/alue of jv IS 



To find a ,,.— 
1 


y sin noit. d (to/) 

= 1 dsin nmt . d(o}t) -|- |^ 0 . sin ntot , d[u)t) J 

_1 r — d cos nvat 
Til n Jo 


nji 


(1 - cos nn) 


When n is odd, (1 — cos htt) 2 
When n is even, (1 - cos uti) =~ 0 
Thus :— 

fl, — —, a, - 0 

7T 

' 3^’ ^ 

To find 6„.— 

1 r2ji 


1 f2n 

— — y cos mot . d[fot) 

71J 0 

= - d cos nmt. d[u)t) + 0. cos nmt . 

_I r d sin nmt "I " 

71 [_ n Jo 


= 0 

All cosine terms are thus zero. 


')793I) 


H 
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Ttie required equation to the function is therefore :— 

d 2df 1 • o . I 1 / 

>/=-+— sin u)t + -i^in 3 iol +- sin 5 rat 

71 I d S 

+ y sin 7 ujt . j (187) 

A curve frequently encountered in communications engineering 
is that shown in Fig. 67. This is similar in general form to the one 



shown in Fig. 66, :iiid rej)i eseiit(‘fl by equation 1S7, but it is sym¬ 
metrical about tlie time axis {O-iof) ; tl)e first term 
therefore does noi njqiear in its (‘quation, which is :— 


2d/ . 1 . J . 

[ sin tot |- - sin H ud |- sin 5 mf 
7T \ 3 5 


...) 


(188) 


Graphical application 

Equations 184, 185 and 186 give the cnelhcients r, and in 
the F'ouriei series repr(‘senli‘d by iM|uatiou 176 for any single-valued 
function. They ran be applied, liowe\er, only wdieii tlie function 
is known analytically—^as, for example :— 


from 

0 to f,, y 

/i (/) 

from 

^ y 

AW 

from 

2.T 

to - , y 

-A(0 


Sometimes the function to be expressed as a Fourier series is 
known grapliirally but not analytically, and in such rases an 
ajiproxiinate graphical metliod of analysis must be applied. Any 

2jt 

number k of ordinates at intervals of are drawn, and the heights 

fC 

>'o- Yv 3^2' ■ • ■ > 3'jt—1 each ordinate measured. The larger 
the number of ordinates drawn, the closer wall the approximation 
be; Ihc order n of the highest harmonic that can be calculated with 
reasonable accuracy by means of a ^-ordinate analysis is given by :— 

h-2 
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Equation 184 can then be rewritten as ;— 

1 

c (yo +yi +y2 + ■ • • 


j —1 

C = ™ 2 ym 

^ m-U 

and equation 185 can be written as : 
fl,, — _ y sm nvot . d[mt) 

7TJ n 


— 2 X avcrafjc oidinate nt tlic curve y bin mot 
2 

r X sum of k ordinates 
k 

. 271. {)n . 27r An . 2-t . 2n 

- yfe t —k - ' ~k ' “T~ 


-^%-j i>iu 


271 [k 1; n 


1 -") 


2 

= ^ h y™ ‘’in mn 'I" 

^ m- 0 « 


bimilarly 


2 271 

li :y,n cos 7nn 
k A* 


12-ordinate analysis .— 

If twelve ordinates arc taken, (A 12), as in Fig. 68, they must 


/ Vn H, Yi 

y. 

Y. Is IXy. 


/ J'lz -yo 

0 


Yb 

>9 



Fig. 68 .— 12 -Drdinate analysis. 


"'Paced at nr 30°. Then : 


«n ~ 1^0 On - + yi sin In “ + y^ sin 2n - 

+ yii sin lln" 


lOS 
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Pi-ATE 2.—Oscillu^^rams showinj^ component sine waves 
and resultant wave lorms. 


and 


1 Jb JL 71 

<>" ^ I J'o COS 0» - + y’l ros «- 4- cos 'In - + 


-\-yii cos 11«- 


(193) 


Hence llie early coefficients in the series of eiiuatioii 176 
become ;— 


c = ^ {.Vo -I -.vi -I .Vz + .y* + y* + 3-5 + y6 

-f-yr KyaH-yo+yiD+.yn} 

*1=4 {(.V.a y») I 0-86G (y, ^-yl -Va -yio) 

) ••■s (.Vi I ys -yi -yii)} 

«2 =%—((.Vi I-.>'2 1 y7 -t-y8) -(y4-1-yi+yio l yui) 
{{yi + y® + y») - (ya -I- y, + yu)) 


(194) 

(195) 

(196) 

(197) 







Plate 2 —Oscillograms showing component sine waves 
and resultant wave forms 


0 ■ 86G 

4 =—^ {b'l -i yi-\ yi»)-(yi \ y^ \ y» l-3'ii)} 

*s = ^{ba-Vg) I U 86 fi( 3 /„ I r,„ Va- V 4 ) 

^ I 0-5 (j, ( Vs - y^ ><, 1 )] 

^ = 4 - {(>-0 3'6) I 0 86fi (.v, I 3 'n - y, - 3',) 

^ f o-s(>'2+j’io y*-y»)] 

^2 = 4 - {(.To Vt I Vs-Ir)+ 0-5(>', i y., 1-3',-I y„) 

” 0-5 (3/.^-I-3/4 I 3 'g l- 3 'ia)} 

'3 = { (yo + ^4 H- Vs) (Va I- rg -t 3'i„) } 

'4 = 4{(yn4y3 lye i-y») <>-5(y]+y2 

+y4+y5 i-y? ^ys+yio+yu)} 

'5 = 4 {(yo -ye) + 0-866(3-5 4-y7 -yi -yn) 

0 + 0-5 ( 3 /,-|-3/,„-3'4-Vg)) 


(198) 

(199) 

( 200 ) 

1201) 

( 202 ) 

(203) 


( 204 ) 
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HARMONIC ANALYSIS 


Example .— 

Express as a Fourier series the curve shown in Fig. 69fl. 
Applying a 12-orclinate analysis :— 


.ro = 

- 3 


3^ 

- 

Vi - 

- 2 


Vh 


yi ' 

- 1 


V 9 

- 0 

3':i 

- 0 


.Vin 

= 1 

Vl 

- - 

1 

yu 

2 

V 5 ' 


2 

yi2 

^3^9 

Vg 

- 

3 




y 



(fO 

Fig. 69.—Example of Fourier analysis. 


Then, from equations 194 to 204 :— 

C -4{3 1-2+1 I 0- 1 -2 -3-2 - 1+0 

+ 1 + 2 } ^ 0 

flj -- {(0 - 0 ) + 0 - 8 G 6 (1 -- 1 + 1 - 1 ) 

® + 0-5 (2 - 2 + 2 - 2)} = 0 

a , = —{(2 ^ 1 - 2 - 1 ) - (- 1 - 2 + 1 + 2 ) } = 0 
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«3 = l{(2-2 + 0) - (0-2 t-2)} =0 

1-24 1) (1-2-11-2)) =0 

= -J {(0 - 0) I 0 866 ( 1 I 1 - 1 -f- 1) 

-t 0 5 (2 - 2 4 2 - 2)} - 0 

- -^ {(3 4 3) 1 0 866 (2 4- 2 4 2 -h 2) + 0 5 (H 1 

11-1-1)} J {6 1 6 93 I 2} - 2-49 

&2 4 {(3-3) ) 0 5 (2 2 2 J 2) 

0 5 (1 - 1 - 1 ) 1)} - 0 

-J {(3 - 1 - 1) (1 3-^1)) - 0 333 

I'i ^{(3 4 0- 3 ) 0) 0 S (24 1 1 

2 2 1 h 1 I 2)} 0 

- ((3 I 3) 4 0 S66(-2 2-2 2) | 0 5 (1 

1 1 I 1 I 1)}_ ' {6 - 6 93 4 2} - 0 178 
h 

lliLis Iht LUiVL IS iLpK Stilled d])])!oMiiiiilt ly by a sents, the fiist 
liiiiL ternib of which au (str 1 1 ^^ 

V 2 49cos^-( U dddiosdx ^ 0 l78t()sS^ h 

Input-output curves 

Many pieces of e qiiipmf lit used m t oiuinunication engineLniig 
iM a iion-liiitai cliaiactcnstir , tliat is to say, the output is not 
j)i01)01 tiojial to till iiii)iit so that tlu wavcfoim of the 
Ml put difteis fiuni tliat of tlu input 

J lu input-uiiti)ut chaiacti iistu of many ittins of crpiipmcnt can 
^ upiLspiited by a lint PQ (sil 1 ig 70) such that, if any input, 
jpiseiitul b} a distaiut Ou along one a\is Ox be piojccted on to 
d V the piojLction Oh of V on to Oy lepiisents the output 
P{) IS a straight line the output will be identical in wa\cforin 
tlu input but if P() IS iui\td the output wavcfoim will differ 
ni the input waxifoim This dilhicnci m wa\cfonn coiiesponds 
iIiL generation of harnioincs of the fundamental input fiequcncy, 

I can be analysed b} considering the output wa\Eform produccci 
n a sinusoidal input is applied 

I ig 71 shows a sme wi\L so applied to a eur\e PQ that the 
j{ rlion of the peats of tlu wave coincide with the ends P and Q 
he cur^ e The axis of the sine wav e is extended to meet PQ at 0, 

I a line AOB drawn at right angles to this axis with OA - OB 
iplitudc of sine wave If 12 ordinates ^2 ■ ■ ■ ^.rc shown on 
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2^ 

the sine wave at intervals of —, it can be seen that ■— 


?0 ~ ~ ^12 

~ = OA sin 30“ 

?z ^ ~ sin 60“ 

73 

7i = ^11 ^ sill 210“ 

= ^10 = sin 270“ 


- 0 
- 0 5 0^ 

- 0 866 OA 

- OA 

= - 0 5 0^ 

- - 0 866 OA 
^ - OA 


(205) 


An input-output cui\ c PQ can thus be andlysed by marking otf, 
along the input axis distances equal to ^ 0 5, i 0 866, and ± 1 
times the amplitude of the input under consideration, and b^ 
measuring the heights Aj etc , of the rurve at these points. 
If desired, tlie hoiizontal line AB may be taken not througli 0 , but 
lower, so that all the heights h appe ar positiv t the mean value term 
(c in equation 176) is thin intrLasid by h', wlnie 7/' is the distance 
fiom 0 to AB, but the otlui terms m tin sdns arc unaffLcteii 


Q 



Ffc 72 —12 point analysis, of input output curve 


The coeihcients of tin turns in equation 176 tan be found from 
qudtions 194 to 204 lln notation of Fig 72 gives — 


yi^y-i =«4 

yi = Vi = ^'5 

V* ^ As 

3'7=:vii 

ya = yio =Ai 

yt = Ao 


(206) 
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With this notation, these coefficients are :— 

c =-j^ {(^0 -f ^h) + 2 (Ai + /h + fh + K + h)} (207) 

<*i =-g {(^4 + fie) — (A|) T fh) + ^ ‘732 (A 5 Aj)} (208) 

«3=| {(/^n -Ae) [-2(^4 -/' 2 )} (209) 

= I {(K - K) f U‘4 - K) -I 1-732 [h, - A,)} (210) 

h =4 {{K + Ih - >h - /'.) + 2/0) (211) 

^ ={ {{K I 2A3 + K) - (A, 4 h, + A, H- As)} (212) 

an - «4 -= by 63 = ^ 0 (213) 



In cirUiin ca'^es, the injmt-outimt iclatirinsliip must be repre¬ 
sented not by a sinijle Vinv Pi), but by a closed loop. In such cases, 
ccniations ' 2 tlti (and, theielore, 207 to 213) do not liuld, but eejuations 
194 to 204 may be applied, where y,, Vn, etc., have tlie meanings 
indicated in Fif;. 73. 

Particular cases oE symmetry 

In inany cases, examination of tlie symmetrical piopeities of 
a cuive may avoid the necessity for calculating the values of all 
the coefficients, since some of these may be seen, from inspection 
of the ciir\e, to be zero. Fig. 74 gives the most important cases 
of stannic try. 











7*^ —Particular cases of 53 mmetry m Fcarie’- analysis. 
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A curve is said to be symmetrical about a line (at — k if its 
shape to the left of that line is a " mirror image ” of its shape to 
the right of it ; while it is skew-symmetrical about that line if its 
shape to the left of it is the same as that to the right, but inverted 
about the horizontal (w/) axis. If the curve is symmetrical about 
y = 0 (as it is, of necessity, in cases (a), (c) and (e)), then the 
constant ag is zero. In other cases it may be necessary to subtract 
the component y = before the above conditions of skew- 
symmetry can be lealised. 

If a curve f*xliibits symmetry about two points, each of these 
will impose a limitation on the coefficients that may be present. The 

71 

square waveform (Fig. fi7) exliibits symmetry about (at=^~ 

and skew-symmrtiy about mi = 0. Its series therefore contains 
only odd sine terms. 


Analysis of typical waveforms 
(ix) 5ow-toothed.— 



Fig. 75 —Analysis of saw-tootlictl waveform. 


(b) Modified saw-toothed .—• 


d 2d I 

y - - - - jros A- -1 


cos 3x 


cos Sa: 




, ^ f ■ sin 2x , .sin 3x 

-I- ,s„. . - ^ H _. 




Fig. 76.—Analysi.s of modified saw-toothed waveform. 
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(c) Triangular .— 


Self 


, COS 3x , cos 5x 
cos a; + + 


32 


52 




(d) Half-wave rectifier output.— 


y 


^ u 

T 12 


JT . 1 

sin.r— — cos 2 -y 

-T J .lJ 


7 - CDS 4x 
0.3 


— COS ~ . 

3. / 




(e) Full-wave rectifier output .— 


y 


^ (1 

71 \2 


J_ 

o 


— - cos 4x 

*j.u 


2_ 

5J 


cos 6 a; — 





CHAPTER 3 


DIRECT CURRENTS 


This chapti'i sumiiidTisfs snirn- of the impDilant 
piinciples hi elLMTiintdiy elniliiLiU anrl maf^nctism 
that aj e a]ijiliLahle Id hnt‘ Lhinmuiucalion, anil is 
mil iilIclI 1l)1 revisiuii 


pplectrir currents aie intimately conr eiiiecl with tlie structure 
^ of matter, and tlie answei tu the ciuesLion “ What is electricity ? " 
camiut be ^i\ eii without some knowledge ol tliis structure. A very 
brief description of the nndiaides and atoms from which all matter 
is Iniill up will theiclf)ie be gueii. 

The snitdlest particle of any substance that can exist indepen¬ 
dently and still retain the characteristics of that substance is 
called a " molecule " of that substance. Each molecule is Inhlt up 
from a number of chemical elements, the smallest particle of each 
element being known as an atom of that element. Table IV gives 
a list of most of the known elements. The existence of molecules 
and atoms as the fundamental particles of mattei has been accepted 
since the eighti'cnth lentury, but it was not until the piesent 
centurv tliat a salislactory picture of the structure ol the atom was 
pro^aded, 

Atomic structure 

Tbe atom of any jiarticular clement is now believed to consist 
of a positiveU-I haigi il “nucleus'’ surrounded l)y a number of 
" ])lanetLiiy elections”. These planetary electrons beliave as 
extremely small Tiegati\c charges rotating m oiliils of vaiioiis si/es 
around the i eiilral luuleiis which constitutes almost the entire 
mass of the alum 'fhe epithets “ j)ositivelv-and “ negalively- 
cliarged ” weie niiginallv used to exjiress the fact that two similarly 
“charged” bodies (r^, both positit e) repel each oilier, whereas 
two bodies ol opposite charge (one positive, one negative) attract 
each other. The election ronsidered to bp the fundamental 
drctiic iliaige, a negati\el\ charged body being one having a 
surplus ol electrons, and a positively charged body being one 
having a deficit of them. 

The charge of the eleition is extremely small; the practical 
unit of electrical iliaige or “ quantity ol electricity ”, the coulomb, 
is equivalent to a definite, very large, number of electrons (actually 
about 6-28 X 
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Table IV 


Atomic weights and numbers 


El finent 

Symbol j 

Atomic 
number ' 

Atomic 

weight 

Element 

Symbol 

Atomic ' 
number 

Atomic 

weight 

Artiniuin 

Ac 

1 

' 89 

r.227 

Nrodymiiiiu . . 

Nd 

80 

144-27 

Aluminium 

A1 

13 

28-97 

Neon 

No 

10 

20-18 

Antimony 

Sb 

51 

121-78 

Nickel . . 

Ni 

28 

58-69 

Argon .. 

A 

18 

39-94 

Ninbiiim 

No 

41 

92-91 

Arsenic 

As 

33 

74-91 

Nitrogen 

N 

7 

14-01 

Barium 

]hi 

58 

137-38 

Osmium 

Os 

78 

190-2 

Bervlhum 

Be 

4 

9-02 

Oxygen 

O 

8 

16-00 

Bismuth 

Bi 

83 

209■00 

Palladium 

Pd 

48 

106-7 

Huron .. 

B 

5 

10-82 

Phosphurus . . 

1* 

ICf 

31-02 

Binminc 

Br 

35 

79 - 92 

Platinum 

PI 

78 

195-23 

t'ailminm 

Cd 

48 

112-41 

l^olomum 

Po 

84 

210 

1 iicsinm 

Cs 

55 

132-91 

Potassium 

K 

19 

39-10 

( .liemm 

Ca 

20 

40-08 

Piaeseodymiuin 

Id 

59 

140 92 

L aiboii 

C 

8 

12 00 

Piotoactinium 

Pa 

91 

TH 

( Cl mill 

L e 

58 

140-13 

Radium 

Ra 

88 

228-05 

C'lilouno 

('I 

17 

35-48 

Radon 

Rn 

88 

222 

Ihiumiiim 

('i 

24 

52-01 

Khemum 

Re 

75 

186-31 

( ub.ilt 

C'u 

27 

58 94 

Rhodium 

Rli 

45 

102-91 

C ()]ipf'i 

Cii 

29 

83-57 

Riibidiiiin 

Rl) 

37 

85-48 

l) 3 ’^s])i usiiiin .. 

i>y 

88 

182-48 

Ruth'‘mum . 

Rii 

44 

101-7 

Ft billm 

El 

8H 

187 20 

Samanuiu 

Sin 

82 

150-43 

1 111 u]Dmm 

Bu 

83 

152 0 

SLaiidium 

Sc 

21 

45-10 

1 liioniie 

1 

9 

19 00 

Selenium 

Se 

34 

78-96 

iFiiIulimuin 

(ill 

84 

158-9 

Silicon 

vSl 

14 

28-06 


till 

31 

89-72 

Silver. . 

Ag 

47 

107-88 

Ucimcinium 

He 

32 

72 • 80 

'^oilium 

Na 

11 

23 - 00 

(uilll 

Au 

79 

197-2 

Sliontium 

Si 

38 

87-63 

Hafnmin 

lit 

72 

178-8 

Sulphiii 

s 

t8 

32-06 

Hi 1mm 

He 

2 

4-00 

Taut a linn 

la 

73 

180-88 

Ilolmiuni 

lb) 

87 

183 5 

reUiinum 

le 

52 

127-81 

ITvdiogcn 

11 

1 

1 -008 

iVibiuin 

rb 

85 

159-2 

Indium 

Tu 

49 

114 78 

rhallium 

11 

HI 

204-39 

luiliiic 

T 

53 

128-92 

Tlifirmm 

Th 

90 

232 12 

liiiiium 

Ir 

77 

193 ■ 1 

Thulmin 

'tm 

89 

189-4 

lion 

h'e 

28 

55-84 

Till . . 

Sii 

50 

118-70 

Kiyplon 

Kr 

38 

83-7 

Tilauiinn 

I'l 

22 

47 ■ 90 

f ..iiitli anuni 

La 

57 

138-92 

Tiingsleii 

W' 

71 

183-92 

head .. 

IM) 

82 

207-22 

nraiiium 

U 

92 

238-07 

I hlimm 

Li 

3 

8-94 

Vanadium 


23 

50 ■ 95 

1 uluciiim 

Lu 

1 71 

175-0 

Xenon 

Xe 

54 

131-3 

Magnesium 

Mg 

12 

24 32 

Vtterbiiiin 

^ 1) 

70 

173-04 

M.uigrinrsc 

Mu 

25 

54 • 93 

^'ttriiim 

Y 

39 

88 - 92 

Mercury . . 


80 

21)0-8] 

Zinc . . 

Zii 

30 

85-38 

^hilybileiium . . 

Mu 

42 

95-95 

Ziiconmin 

Zi 

40 

\ 

91 -22 


The number of planetary electrons, in each atom varies with the 
^Jeinent; hydrogen, the lightest, has rjiily one; helium has two ; 
ihium tluee ; and so on up to uranium, which has 92, Elements 
‘‘cavier than uranium arc known to exist, and arc classified under 
ae general heading of " trans-ufanic " elements. Thus according to 
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the element considered, the atom will contain between 1 and 90-odd 
units of negative charge. A complete atom, however, is electrically 
neutral, these negative charges being counteracted by equal positive 
charges in the nucleus. The number of such charges is known as 
the “ atomic number of the element [see Table IV). 

The nucleus contains a number of particles called “ protons ; 
a proton has a weight roughly 1,840 times that of the electron, 
and has a charge equal to that of the electron but opposite in sign. 
But in all atoms (except hydrogen) the weight of the planetary 
electrons together with tliat of the (equal number of) protons in 
the nucleus does not account for the whole weight of the atom. 
The weight of an atom (t.e., atomic weight) is normally measured 
with reference to the atom of oxygen, which is assumed to have a 
weight of 16 -00. The original theory assumed that the additional 
mass was due to equal number of protons and electrons added 
to the nucleus ; the charge of each additional electron would 
balance that of each additional proton, and the net charge on the 
atom would still be zero. This theory was modified, however, in 
1932 by tlic discovery of the " neutron ; this is a particle of mass 
roughly equal to that of the proton, but with zero charge. On the 
new theory, each additional proton with its associated electron 
is believed to be replaced by a neutron. 

In the ordinary state, many elements consist of a mixture of 
" isotopes These are atoms having the same atomic number but 
different atomic weights, and they are caused by different numbers 
of neutrons in the nucleus. The various isotopes of an element 
have identical chemical, but differing phy.sical, properties. 

Thus an atom is now assumed to consist of a nucleus of protons 
and ncutions, with planetary electrons (equal in number to the 
protons in the nucleus, and to the atomic numt)er of tlie clement) 
rotating in orbits around it. 

Other particles arc also known to exist, such as the positron 
and the mesotron, but these ai e less important. 

It lias been seen that an atom is nonnally electrieally iieutral. 
When an atom or molecule contains a surplus nr deficiency of 
electrons, it is said to have been ionised. If an excess of electrons 
occurs, the atom or molecule will exhibit the properties of a nega¬ 
tively-charged particle ; in sucli a state it is known as a “ negative 
ion If, however, a deficiency of electrons occurs, the atom or 
molecule will exhibit the properties of a positively-charged particle, 
and is known as a “ positive ion 

The electric current 

It has been seen that the electrons rotate in orbits around the 
nucleus, and these orbits are maintained by the electrostatic 
attraction between the electrons and the nucleus. Electrons in 
the outer orbits, being further from the nucleus, are held more 
loosely ; in fact, in certain substances, such as metals, transfer of 
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these outer electrons between adjacent atoms is continually taking 
place. Such substances are called “conductors". If electrons 
are removed, by external means, from one end of a conductor, 
these loosely held electrons will be attracted towards that end, 
and a resultant motion of electrons will ensue. This flow of electrons 
constitutes an electric current. Substances in which the electrons 
arc tightly bound to their parent nuclei will not permit such a 
flow of electrons; these substances are called “insulators". 

To take a spccitic case, a simple cell consists of a copper rod 
or “ electrode “ and a zinc electrode inserted in dilute sulphuric 
acid. When the electrodes aie connected externally by a metallic 
wire, it is found that an electric current flows due to chemical action 



between the electrodes and the acid. Consider the curient flowing 
through this wire. It was originally assumed that “ electricity " 
Howed from the coppei electrode to the zinc ; lor this reason, the 
copjjer electrode was called the “ positive", and the zinc the 
“ negative Thus “ conventional current " flows from the positive 
► lectrode (copper) to the negative (zinc), although it is now known 
that what is actually happening is that a movement of the loosely 
*ield orbital electrons in the wire is taking place in the direction of 
^mc to copper. Thus one may say that electrons are flowing from 
Ibc zinc to the copper. It is important to note that nearly all the 
^ iws of electricity are worded on the basis of “ conventional current 
' as they were slated before electrons had been discovered. 

The practical unit of current is the “ ampere ", wliicli is equal 
' a rate of movement of electric charge of one coulomb per second 
L flow of 6-28 X 10^® electrons per second). 

More exactly, any movement of electric charge constitutes an 
^ iectric current. In addition to a movement of electrons, a current 

‘J7831) I 
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may be produced by a movement of positively and negatively 
charged ions 

By convention, the diiection of flow of an electric current is 
determined by consirleriiig the flow to be due to positively charged 
particles Thus, although a flow of clcrLricity from point A to 
point B may be due to j)osjti\ely rhaiged ions moving from A to B, 
it may also be due to lugatively charged particles such as electrons 
or negative ions flowing from B to A [i^ee Fig 81) 

DIRECTION OF FLOW 

OF POSITIVE IONS 
-^ B 


^ _ DIRECTIOM OF FLOVJ 

DIRECTION OF FLOW OF NEGATIVE IONS 

OF ELECTRONS 

Fig ill —Uircctirjn of flow of clcLlions or ions to gi\c flow of current. 

The passage of clectiicity may occur — 

(а) throng]i a condiutor such as a metal due to the move- 
niLiil of the loosLly held outer electrons of the atoms , 

(б) thiough a Tacuum oi gis due to the movement of 
electrons , 

(c) through a gas due to a moviintnl tif tlit ionised gas 
moleruUs , 

{d) tliiuugh a liquid dm. to the ionisation of lertam 
mohtuUs pailiculaily those of acitls and sdts m solution, and 
the movimcnt of tin icsiiltmg ions 


CONVENTIONAL 
CURRENT FLOW 

A 

X- 


Electro-motive force and potential difference 

It IS convuiiLiit to ugaid an ‘ eleitiu pressme as being set up 
between tlu ileetroLhs oi a cell, this pressure is kiumn as ‘ electro- 
motivt ioue'" (LMh). It is dependent solely upon the clumiral 
constitution of Liu cell audit cxists eveii v^hen tlu l onnerting wire 
IS umovtd t t when no eiiiient is flowing In the example given 
above, till loppti ileetrodt is said to be at a " highei potential” 
than tlu zim, so that a ‘'potential difference ' (FB) exists between 
the two euids of the witl joining the ilectiodLS It is this PD 
whieh causes tlu eiinciit to flow Ihiough the win from the point 
of higher to tlu point of lower potential, and it is the FMF of 
the cell whuh pioduces this PD Thepiaitieal unit used both 


foi LMF and foi PD is the ‘ volt”, whuh is fbe EMF of 

1 Ulob 


a standaid Wi ston radmiiim cell at a lempeiature of 20° C A more 
rigid definition of this and othei elertncal units is given on page 131 


Conductors and insulators 

It has been seen that conductors arc those substances that 
permit the movement of electron^ from atom to atom through them 
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when a potential difference is applied; the ease with which 
electrons can be removed from their orbits by such a PD 
varies as from substance to substance. An insulator or non¬ 
conductor, on the other hand, is a substance in which the outer 
orbital electrons are tightly held to the atomic nuclei and will not 
break away on the application of a potential difference. If a PD is 
maintained between the ends of an insulator, the orbital electrons 
will be pulled over towards the* point of higher potential, and the 
result will be a distortion of the electron orbits. This hypothesis 
will be used later to explain certain phenomena in connection with 
dielectric materials. 


RESISTANCE 

The distinction between conductors and insulators is not well 
defined, and there arc many substances that may be regarded 
either as poor conductors or as poor insulators. In fact, all 
substances offfT some " resistance ” to the movement of electrons 
through them, and the magniturle of this resistance varies from a 
very low value in tlie rase of a good conductor, through inter¬ 
mediate values for poor conductors and poor insulators, to a high 
value in the case f)f good insulators. The precise meaning of 
electrical resistance, and the unit in which it is measured, are 
explained in the next paragraph. 


Ohm’s Law 

As a result of piactical nieasuiement, it was found by Ohm 
that :— 

In any"^ conductor, the ratio between the potential difference across 
it and the current flowing ihroitf^h it is a constant, provided that the 
physical conditions of the conductor, such as temperature, remain 
unchanged. 

This constant is termed the resistance of the conductor, and 
the practical unit is the " Ohm This is defined as follows :—- 

If a PD of I volt across a conductor causes a current of 1 ampere 
1 flow through it, then the resistance of that conductor is 1 ohm. 

ITsing this definition, it follows that :— 

E 

( 1 ) 


^'here 

E is potential difference in volts. 


I is the current in amperes. 

'rid 

R is the resistance in ohms. 


•Thpre are a few exceptions which are dealt with in Chapter 6, but which 
not be considered at this stage. The statement made here is true for 
1 pure metals and alloys. 

97981) 


12 
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RESIStANCE 

It IS this mathematical expression which is usually known as 
" Ohm’s Law ”, and it is often quoted in the equivalent forms ‘ 


E^IR 



( 2 ) 

(3) 


Resutances m senes 

With resistances in scius the rurrciit will be Ihe same in each 
Applying Ohm’s law to t ith in turn — 

1 , 7A’. 

I . /A, 

1 3 /A, 


Ri 

-VWW\A- 




Rj 

■WWW- 


I ir 82 -Kr sist me I s 111 sprips 


TJil potcntnl diffircncL is 

^ 1 I ^ 2 t 

IR, I IR, \ IR, 

But if R IS losultiint resist xnn thin by Ohm s liw — 

L- IR 

IR IR^ \ IR, f IR, 

or R R, f R^ ] R, (4) 

Resistances m parallel 

The potcntn.1 dilftiniLc tuioss all thieo usist intcs is the same 
v%z , the PD 7 \olts between A and 11 llu lut 0 nirrcnt I is 
giv cn hy — 

^ ~ I ^2 I -^3 



Appl\nig Ohm s lav\ to e ich rtsistance in turn — 

/ ^ I ^ I ^ 

Aj ' Aa ' A, 

But if R IS the resultant risistance then by Ohm’s law — 




SPECIFIC RESISTANCE 


( 5 ) 


+JL+.> 

■ ■ 13 r> I r> r 


R Ri R 2 


R. 


When two resistances are in parallel it will be noted that ■— 


since 


R 

R 


R, R, 

\~K 


( 6 ) 


The reciprocal of resistaiue is often termed the " conductance", 
and is mcasuied in mhos (sometimes called reciprocal ohms) ; 
that is ;— 


G (m mhos) - 


R (m ohms) 

Then for conductaniLS m paiallcl, the total londiictanct G is :— 


(7 ('tj ^ ^ i t 


(7) 


Specific resistance 

The resisLanc(‘ of a condutloi depends hoLli on its dimensions 
and on the mateiial of whu h it is niiide, and ills desii able to c ompare 
the lesistive pioperties ol matenals 111 some way that is independent 
of the dimi'iisions of tin* conductor Tlie "specific resistance" 
of a material (also known as iisistivity) is dclmc d as ihc resistance 
between the opposite fans oj a 1 ini iiibe of the material, and is 
measuied m " dims pei ini cube Then the lesistance R of a 
conductor ot tlial mateiial is b\ 

« -4 ( 8 ) 

where I is the length ol the c onduLtoi (111 un ), 

A is the area of the Lonductoi (m sej cm ). 
and p IS the specific iesi^ltUire of the materiLd 

The reciprocal of spetifn lesistaini^ or resistivity is specific 
conductance or conductivity, mIucIi is measuied in mhos pei cm. 
cube. 

Temperature Coefficient of resistance 

As a general rule the specific lesistaiice of a melallic conductor 
increases witli rise 111 temperature The folhiwnig equation gives 
the lelationship between the resistance, at TC and the resistance 
at 0^" C , foi a \eiy wide lange of temperature 

R,^R,(l I oit + pr-) (9) 

where a and p are constants for the metal (oncerned Over a 
moderate range of temperature, say 0° to 100° C , the constant p, 
which is very small, has negligible effect, and the equation :— 

R, = RA\ + ^t) ( 10 ) 
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IS sufficiently accurate, oc is called the temperature coefficient of 
resistance Table V gives average values of p and a. 

Jabif ^ 

SpLClflL TLSlSt HILLS Alld timpcratUTE CDcfflClLIltS 


Metal 


SpLcific TLsistaiirL p 1 emperature LOcfliciLiir of 

(ohms per cm tube] resistaiiLC a 


Coppei 

Iron 

Mangaruii 


1 6 ^ 10 « 
9 8 X !()-« 
44 0 V J0-« 


0 004 
0 006 
0 00002 


Kirchhoff’s laws 

7Ji(S( tuf) livvs rLiL (u miiitisal appliratn)!! ni tlie treatment of 
ck'ttiH l 1 mlworks I nr the puipf)SL of this stftnin a network 
will b( iktiiif cl as any iiunibtr of resistant cs iiid bittciifs conncLted 
togottur to fonii an tht tried ciiruit 

Law \ lilt almhrait ^um oj emnnts niechn^ at any point in a 
fuiis ink IS ^tfo 

Lau 2 1 he algtbiiuc sum of iJu pioducts of ciDxnt and resi^tamc 

'in lach {ondudot of a doi^td cDciiit is equal to flu algthait 
sum of tht I Ml s m that tucuit 

dill fust li\\ mnil\ sides tint tin ciirient entering a point 
is equal to tin (iiriiiit It iving d Tins is equivalent to siting that 
then IS no acr iimiil ition of thiigi at the point The sceond law 
ran bi vinfiid b\ ipplication of Ohm’s law tht teim algebraic 
mcrcK sigiulvm, Ihd if i lot kwisc currents oi FMFs are considtrcd 
as positive tlun inti-dof kwise ones must be tieatcd is negative 
The law tlieicfoi t st iti s tli it the algebraic sum of IvMhs and PDs in 
any closed ciiniit is /tio 

Example — 



The network shown in Fig 84t7 has a potential of lOv applied 
to it from a battery that has no internal resistance Find the 
current m the centre arm (6 ohms) 
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Fip 846 shows the circnil with ttie turrents iiuhcatecl as 

h to A 

But bv Kirchhoff's first law Hit Liirunis k,i\iii(f the point A 
are equal to the cuirciits entrunc^, 

A - - h 

vSirrularly at B /g 1^-1^ 

/i-A ^ 

ail d. at C / 2 i~ 3 

To check these results, the current leuing I) 

I. 1 /n 

-h-Iz /3 I ' T, 

= h 

This must be correct, since /j was oiiginally the ruirent in this 
circuit. 



Using tJicse results [sco hig 84c), tliL unknrjwn quantities are 
now reduced to three—namely 7,, and —and it will be 
nccessaiy to obtain three eeiUcitions by application of Kirchhoff’s 
second law to the netM^ork At Ic ast one of these equations must 
f ontam the battery KMb 

Consider ACB This is a closed network, and theiefore 
Kirchhoff's second law may be applied to it — 

3/2 - 6/3 - 5 (/i - /.) = 0 , 
there being no apphed EMF. 



m 
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On simplifying this, 

5/, - Sh + 6/3 0 

Consider BCD :— 

6/3 I 2 ( I ^-\ 73) 5 (/, - h - h ) = 0 


(i) 


Simplifying, 5/j — 11^ I 3/3 - 0 (ii) 

Consider Diiloi neUvoik, ACD and battery;— 

3/2 + 12 (/a 4 U ) 10 

Simplifying, J 21 ^ — 10 (iii) 

Frtan erpiatiijim (i) and ( 11 ) — 

7^- 19/3 - 0 

7. 197, 

Substitute foi in e(|iiahr)ii ( 111 ) 

5 (1973) I 2/3 - 10 


-- 0 103 amps Ans 

Measurement of resistance 

Thcie are three simple methods of measuring resistanco, namely, 
by voltmeter and ammeter, by substitution, and by Wheatstone's 
bridge. 

1. Voltmeter and ammeter —A suitable \()ltage is ax-)plied to 
either of the networks shown in big 85ri and SF*h Fiom the 
readings of the twai meters, the value of R ran be calculated by 


-(Sy- 


— — 

—0-TWW^- 


C*v) 


— © — 
Cb) 


Fig - I\liMsurL*mt;iit nf rcMbtante by VLiltinetir ami ammeter method. 


Ohm’s law. Errors are introduced in both methods, since in [a) the 
ammeter reading includes the ciuient through the voltmeter, and 
in (&) the voltmeter leading includes the voltage drop across the 
ammeter. If the resistam es of the meters are known, correction 
can, however, be made. The resistance of a voltmeter is usually 
known more arciiratety than that of an ammeter, and also it is 
usually high compared WTth the resistance to be measured; 
method {a) is theiefore piefcrable in most cases. 

2. By substitution. —Connect the resistance R to be measured 
in series with a galvanometer and battery. Note the deflection 
obtained. Replace R by a calibrated resistance r and vary it until 


WKtEATStONe'S BRIDGE 


I2» 



IIG 8b—Ml afaiiiemc lit of 1 tbist'iiiLt by substitution 

the galvanometer gives the same deflection is bLloie , the value 
of r IS then equal to 7? 


Wheatstone’s bridge 

The budge method for coTiipiring uul nuasuiiiig lesistances 
IS \pry widely used and though it Mill 1)l LonsidtiLd hire only 
from the IX asput, its applu ilion is of gnat iiiipuitanLe in AC 
work as well 



Fig 87 IMDasuiemtiiL of icsislantL hy \\ Imtstom s budge 


Considci the condition of the network illusti ited that will give 
no deflection ii the galvanoiniter 2 t no ciiriLiit in BD Fins 
means that B and D arc at the same potiiilnl or m other words, 
the PD across AB — the IT) across AD 

h _ ^2 

h J?. 

Since there is no rurient in BD then b\ J-pplying Kirchhoff's 
first law to the point B the current in BC must he Similarly, 
the current in DC is 

As before, the PD across BC - the PD acioss DC 


Hence 


I,R, = I,R, 

Ri R. 


This gives the condition that the bridge shall be balanced. 
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Therefore, if this condition can be reached, a simple relationship 

is set up between all four resistances ; if the ratio ^ and the 

value of A\ are known, it is easy to calculate A^. This system is 
used in the metre bridge and in the J^ost-Othcc box. In the former, 
the kii[)WJi resistance is hxed and the ratio is varied ; in the latter, 
the ratio is fixed and the known resistance is varied. Each gives 
a high dcgiee of accurarv- 

ELECTBICAL UNITS 

In addition to the " practicalsystem of units, which is used 
for everyday electrical work and of which some examples have 
alreaily ])een givmi, there exist three other systems of units. Two 
of these, tlu' " elt'cliostatir and the " electrfimagnetic ", are 
" absolute ' systems based mi Lhefirelical considerations ; while 
not used for prai tical nicasnremenls, they are none the less important 
to a study of (dectrical tlieory. The other sysliin of units is the 
"international", wIikIi forms a standard against which the 
practical units can be (.onipared. 

Electrostatic units (ESU) 

The " electrostatic unit of charge " is dL tined as that c^hnrge which, 
when placed 1 on, distant from an exactly similar charge in a vacuum, 
repels it with a force of 1 dyne. Measnrenienl oJ charge is simply 
a measurement of the number of elections. 11 the electron had been 
discovered before Ibc ESU of charge was detined, the electron 
might etpially well have been made the basic unit f)f charge in 
theoretical considerations. 

1 ESU of charge —2-09 X in® electrons. 

Electric current is measured as a rale of flow of charge (or 
electrons). The " electrostatic unit of ( urreiit "is di'fined as a rate of 
flow of one ESU of charge per second. 

Electric potential is a measure of the potential energy at a 
point due to its position in an electrostatic field. The actual value 
of the potential at a point, like eill potential energies, is purely 
relative, and only the potential difference between two points is 
completely determinabli'. Tlie " elccLiostalif' unit uf potential " is 
detined as the potential difference that exists hetiveen two points when 
the ivork done in faking one ESU (f charge from one point to the 
other is one erg [1 erg - 1 dyne-cm.^. 

Electromagnetic units (EMU) 

For completeness, the principal electromagnetic units will now 
be detined, although these will not be roferretl to again until later 
in the cliapter. I'he basis of the elcctroinagnelic system of units 
is tlie force between magnetic poles, just as the basis of the electro¬ 
static system is the force between electric charges. 
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^ PRACTI6AL AND INTERNATIONAL UNITS 

Current is measured in terms of the electromagnetic held it 
produces. The " electromagnetic unit of curre nt " is defined as that 
current which, when flowing in a circular loop nf wire of radius 1 cm., 
produces at the centre a magnetic field of 2 ji dynes per nmt pole. 

The " electromagnetic unit of electric charge " is defined as that 
charge which is transferred past a point of a conductor when 
a current of one EMU flows for one second. 

The " electromagnetic unit of potential ” is defined as that 
potential difference which exists between two points when the work done 
in taking one PJMU of charge from one point to the other is one erg. 


Practical units 

Neither the electrostatic system nor the electromagnetic 
system oi units is completely satisfactorv as a means of expressing 
practical tdectrical measureniciUs, since certain of these units are 
incoTivTiiiently large, (jfhers much lot) small. I'lie fundamental 
practical units are rigidly defined as follows - 

1 Ampere — lO'^EMU of current [—11 < 10® ESU of current] 

1 VoU = 10+« EMU of pulcnlial ESIT of potential] (12) 

1 Cuuh)nib — 10"’ EMU of charge [^3 :< 10® EwSU of charge] (1^1) 

These definitions were resolved in 19(^8 by an International 
Conference, which der itled that the fniiflamental juactical units 
should be t)ase(l on the electroiiiagiu'tic rather than on the 
electrostatic system. Tlu' coniu'ctiuns quoti d above between the 
practical units and the ESU are sufficiently accurate for almost 
all purposes. 

International units 

The international units were ilefined at the conference, previously 
mentioned, in leriiis of the measurable physical fjiiaiitities of mass, 
distance, and lime. They are used as a basis of comparison and 
legislation. At the same time, their values correspond very closely 
with the fiiiidameJital practical units. 

The “ international ohm '' is deiined as the resistance offered to 
an unvarying electric current by a column of mercury at (E C., 
14-4521 grammes in mass, of a constant cross-scciivn, and of length 
106'300 cms. 

The advantage of such a uiiil lies in the fact that it has a definite 
physical interpret at icn. 

The international ampere is defined in terms of an electro¬ 
chemical phenomenon, namely that if two electrodes are immersed 
in a solution of silver nitrate and a potential difference is maintained 
between them, a current will flow and silver will be deposited on 
the negative (lower potential) electrode. The rate of deposit of 
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silver is proportional to the current flowing. The definition is 
framed as follows :— 

The “ international ampere " is that unvarying electric current 
which, when passed through an aqueous solution of silver nitrate, 
in accordance with an authorised specification, deposits silver at 
the rate of 0 0011180 grammes per second. 

The “ intei national volt ” is that potential difference which must 
be applied aiross a conductor whose resistance is one international 
ohm in order to produce a cw > ent of one international ampere. 

POWER 

Consiilei a ( uncluctur liaviiig a pnieiitial difference of c ESU 
between its two ends The statement that the PD has this value is, 
by delinilioii, valent to saying that the work done in passing 
one ESI* oi cliaige from one end of tJie conductor to the other is 
e ergs, llu work done in passing a charge of q Ji^SU will therefore 
be qe eigs Hut if this pioiess takes a lime t secs, then 


1 

ti wheie i IS the (urrent in ESU 


VWnk done 

eit ergs. 

(14) 

Now let till' PD b( 

; E volts and the cm rent I amps 

Then for 

all practical piiipnsi'S i 



The woik done - 

EJt ■< 10’ergs 

(15) 

Hut 10’ I'lgs 1 j 

oiile (praetical unit of woik) 


and Woik done Fit 

joulbs 


Powei IS till late of doing work, i e *— 


Powei 

hi jouh s pel sei ond 

(16) 

The unit of i^owei 

is tailed the " wall 


1 uall 

1 joule/sccoiid 

(17) 

1 Kilowatt 

1,000 joules/second 

(18) 

1 kW-hoiir 

1,000 ^ 3,600 joules 

(19) 

1 Hoise power - 74G watts 

(20) 


550 it.-lb./sor. 

(21) 

4-18 joules 

1 Ciiloiie of lic'dt,energy. 

(22) 

The formula foi poAvei may be adapted as lenuiicd, by using 

Ohm’s law. 



i.e., Powei -Ex / watts 

(23) 


E- 

-- -jj watts 

(24) 


^ I watts 

(25) 


Maximum power transfer theorem (DC case) 

Consider a battery or generator of EMF E and internal resistance 
f, supplying current to a load R, 
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MAXIMUM POWER TRAKSFER THEOREM 


By Ohm's law *— 


R J r 

Thereftne the power P supplied to the load R is 



7v* 

{R 1 


It IS required to find the \aluc of R Ih it will lu iblc nhiximum 
power to be taken fiom the gencratoi Ihrufoic in the expression 



lit, 88—Maxiimini pr 11 trinsfri (Df lasr) 


abo\c, h and r vvill be considiicd const ml md ibt 
differentiated with respect to R — 


P- 
dP 


dR 


= 


R 

(R f fV 

'{R 1 27i* (7v>-f ;)- 

(R I 0^ 




■ t R 


i 


( \ pi L SSI on 


h or a maximnm or mininnini \ dm 


dP 

dR 


0 


R r (26) 


It may be verified bv a seeond diffcientialion that R r 
gives a maxnnum \alu( of P this therefore gnes tin theorem 
Maximum power is iransfDitd fjom a ij^tinuiior io tht load when the 
resistance of the load is equal io the icsistancc of the i^tnerator 


ELECTROSTATICS AND CAPACITY 

In order to study the piobhni of capieity it is nettssaiy first 
of all to consider electrostatics in a little moic detail The basis 
of electrostatics is ' foiilomb’s law" ronce ruing the force of 
repulsion between two like charges of and ^2 ESU respectively 
at a distance d ems apart .— 

^ ( 27 ) 

where k is the " dielectnc constant ” of the medium separating 
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ELECTROSTATICS 


the charges. This constant is unity for a vacuum (and approxi¬ 
mately so for air) and this law is the basis on which the ESU 
of charge was defined. 

Field stren^h, potential difference, and potential 

The “ fu‘ld strength " F at a point force in dynes that 

would aii on a positive unit charge plaicd at that point. Field 
strength is measured in dynis per unit cliarge. 

The " potential diffenmee ” between twf) points is the work 
done (in ergs) in moving a unit positive charge from one point to 
the other. 

The '■ ])olc*ntird " at a jioint is the work done [in ergs) in moving 
a unit positive iharge from infinity to the point. That is to .say, 
it is the potential difference between the particular point and .some 
reference point remote from the field. 

Potential at a point distant r cm. from a point charge 

The potintial at lh(‘ point />, distant r rni Irom a charge q ESU 
[see Fig. 89), is Uie work done in moving a unit jiositive charge from 


A 

% E5U 


+ itsu 

p 


I'lG 


X Cm 

8*^) --Poieiitial at a distam n frnin a pfiint iliarc'r. 


infiiiitv In the point B. Suppose that tlu* unit charge has been 
moved io a point 7* dislnul x cm. from A. Tlu' fa hl strength at Pis 

F ^ 1 . ^ dvnes per unit rhaigt' 

A V “ 

Tf llie unit charge is moved a small distanre towards B it will 
experience a force lesLsting this motion, and tlie force may be taken 

as constant and enual to dvnes ovit iJic small distance 

kx^ 


The woik done in tin's short distance i^ , 

k\ 


fJv ergs. 


The work clone in bringing the unit cdiarge from infinity to the 
])oint B, r cm. from q, is the summation of this work over the total 
distance, and this is equal to :— 

I ^ ^ ■— 

J r kx^ 



£ = ^ ESU 


(28) 
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Since the field strength at B is :— 


kr^ 

it is seen that in this particular case :— 



i.e., Field strcngtli potential gradient. 


(29) 


This is a completely general resull, true for any clecirostatic 
Ccld. 


Potential of an isolated conducting sphere carrying a charge 

Consider a metal sphere carrying a charge of q ESI I and of radius 
a cnis. This sphere is to be imagined as completely isolated ; that 
is, infinitely remote from any distorting fields Under these 
conditions the charge will be ilistrilnited eipially over the whole 
siirfaee of the sphere, and it i:an be shown that, at an external point 
such as l\ this distributed charge will have exactly the same eJfe I 
as a charge q ICSU concentrated at the rentie of the sphere. 

P 

xTnn-^ 


I’lG, f)0 P dibliUita' cm liom ihari’CLl .sjilic'ie. 

The potential at the siirhn e of tin' splieie is tlu'ii the potential 
at a point distant a cms. from a point eh.irge q IvSU, 

i.e., - -r 

ka 

kA (30) 

The inteqjretation of this result is that in the case of an isolated 
charged sphere the ratio of chaige to potential is a constant 
depending only on the dimensions of tlie sphere and nature of the 
surrounding medium. Tin’s ermstant is called the " Capacity of 
the sphere, and in a vacuum [k ^1) is miincrically crjual to the 
radius of the sphere in centimetres. 

In general, for any insulated conductor, the ratio of charge to 
potential is a constant, depending only on the shape and dimensions 
of the conductor and on the nature of the surrounding medium. This 
ratio is called the capacity of the conductor, and denoting it by C :— 

c = | (31) 
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electrostatics 

Capacity has the dimensions of a length, and the electrostatic 
unit oi capacity is the centimetre. If Q is measured in coulombs 
and E in volts, then the capacity C in farads is :— 

C (farads) = Q (coulombs) ^^2) 

' ' E (volts) 

Thus a conductor is said to have a capacity of one farad if a charge 
of one coulomb raises its potential by one volt. 

1 farad ^9 x 10^^ ESU of capacity. (33) 

One faiad is therefore the capacity oi an isolated spliere of radius 
9 X 10^^ mis. in a vacuum, i.c., 5-6 X 10® miles radius. Clearly 
such a unit is nuuh too large fiir practical purposes and the unit 
usually employed is the ‘'micro-farad" (h-E). 

IjiF — 10^® farads - 9 X 10® ESU of capacity. (34) 

Smaller capacities are sometimes expressed in " micro-micro¬ 
farads " (ii.[^E') or pica-farads (pf"). 

l[x[iE - 10“®jiF =10~^^ farads — 0-9 ESU of capacity. (35) 


Capacity of a parallel plate condenser 

Consider an isolated spheie of tadius r cms. cairying a charge q 

ESU (Fig. 91). It has lieen seen that the potential is ESU and 
the capacity is kr ESU. 



Fin, 91 rdL])a.iily ln‘tA\L*iii two LinicrnliiL sphiMes. 


Now suppose that tlie sphere is surrounded by another concentric 
Londneting sphere of ladius R cms. The potential of the outer 

splieie will be ESU. If now the outer sidierc is earthed it takes 

on an induced chaige - q and its potential falls to zero ; that is to 

say, its potential is 1 due to tlie chaige on the inner sphere, and 

— ^ due to its own induced cliarge. But the potential inside a 
rK 

hollow conductor due to a charge on its surface is everywhere the 
same as the potential of the surface. Therefore due to the induced 

cliarge, the potential of tlie inner sphere is — The effect ot the 

two charges together is to give the outer sphere zero potential and 
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'\af7 

the inner sphere a potential , the first term being due 

lo the original charge, and the second term due to tlie induced 
charge on the outer sphere. 

The potential difference between tlic spheres is :— 


E = 


kr 


kK 




The capacity of the system is :— 




E5U 


C -- ESIJ 

K ~ r 


(36) 


The capacity per unit area of the inner splicre is Iheiefure 

- —-ESU 

[K - /) 4 nr 

From tin's result can be deduced the cap.iiity of a flal parallel 
plate condenser. For suppose that r and R aie both ijifinitely large 
but that their diffcTcnce R - r ^ d is iiiiite. 

The capacity per unit area of the inner sphere l)ecnnies 
Limit kR _ Limit ft (r + d) 
r ^oo(R — r)47ir r -^ao d47ir 
ft 

47id 


This is the capacity of a parallel plate t ondenser pr'r unit area. 
If A sq. cms. is the area of the plates, 

C-|;^ESU (37) 

In air ft — 1 



This result may be obtained more easily itCoulignb's Theorem " 
is assumed. This theorem is a basic thenrem ol ehxtrostatics. 
It states that the field sirjust viitsidc the surface of a conductor 


• 4 ^ ff 

ts F = —— where a is the charge density at that point of the surface 


[charge per unit area) and ft is the dielectric C07istant of the surrounding 
7nedhm. Moreover, the direction of the field is 7iormal to the surface. 


Let the area of each plate be ^ sq. cms. It will be assumed 
that the area of the plates is large compared with the distance 
d cms. between them, so that there is everywhere between the plates 
a uniform normal electric field of strength F, say. 


(97M1) 


K 



]J8 


ELECTROSTATICS 


If Ej, is the potential at a point such as P (Fig 92) and the 
field strength is h , 

then h ^ 

ax 


and the PD between the plitcs is — 


rdx 


] 

J d 


rd\ Id 



1IG 92 —Lai^aLity between two fl it i)arallLl pi iLls 

But 1 IS cvtiywlicre constant and by Coulomb s Tlieuiem, near 
the surface, F - 

It 


J 


Airnd 

IT 


1 su 


But the total charge on each plate is nununcall} 


q = nA 
r = <J 

h 47id 


tsu 

LbU 


Capacity between two co-axial cylinders 

Ir) find an txpression foi the capaeit} of a condenser whose 
plates lu CO i\ial cylinders, ( Stt. Fig 9d), of radii r and i?, (tj g the 
eapiLity of a co axial eabh) 

It IS ncccssir> fust to i oiisidcr the cUctiOijtatic field at a distance 
X ems horn i uniformly disliibuted line charge of >. LSU per cm 

Consider the field due to a length ds of the chaige — 


kx^ see- 0 


and the componriit perpendieular to the line charge is — 

X ds . 


ds — d (x . Ian 0) ^ x sec^ OdO 


But 
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X . cos 0 . do 


dF^ = 


kx 


and Ihc total field due to a line of infinite length having a chaigc 
; per cm is :— 


X 

Kx 

2X 




cos 0 do 


kx 


A ^ 2 

[sm 0] 


^ ~ dynes per unit rharge. 


kx 

Nf)w consider a long lyhnder of ladius r cnis , and carrying 
a I h.irge X KSU pei cm of its length. At points outside the cylinder, 




lie —C cipdcity Ijctwrc 11 i\\ o c fiiivial lin(lcr=.. 


the charge will behave like a line ihaige X per cm. along tlie axis 
□f the c^dinder, and tlie Jield at a point distant x ems from tJie axis 
2x 

will be — ESU. The potential at siuh a point is therefoie 

fix 

^ 1 . . r 1 ^ 2x 

2x 

Ihe potential at the inner plate is theieiore-^.-log* i, 

k 

2X 

md the potential at the outer plate is-^log, R. 

/c 


2X /R\ 

The potential different e is therefore “logJ ^ ) ; but the charge 

per unit length is X ESU, therefore the capacity per unit length is :— 

k 

C — 71^ ESU per cm. (38) 

2log.(;) 


(97931) 


Kz 





140 


CAPACITY 



PLArr 3 — Mica and paper condensers showing construction 






Dielectric constant 
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Capacity between two parallel wires 

If two wires both have radius and their centres are separated 
by a distance c {see Fig. 94), it can be shown that the capacity 



luGi. 94.— L'apaiity biilwi^cn luu par.illi‘l wires. 


between the wires is given by ;— 


( 



ESl^ per cm. 


provided that a <^c. 


(b(n941^v’ 

C) 


[xF per mill* 


ld9) 


Dielectric constant 

The *' dielectric constant " k of a mat trial may hr didiiud as the 
ratio of the capacity of a condenser employing that material as dielectric 
to the capacity of an exactly similar iondenscr but employing a vacitnm 
as the dielectric. 

Some typical values of dielet trie constants aie given in Table VI:— 

Iablf Vi. 

DidtiliiL Luiistaiiis. 


Ml*cIiuiii 

l)ii‘letliic coQslant 

Paxolin 

5 to 8 

Ebonite 

2-7 to 2*9 

Mica 

5-7 to 7 

Polythene . . 

2-2 to 2-4 

Paraffin wax 

2 to 2-:3 

Air. 

1 0006 

Vacuum 

1 


From the formula tor the capacity of a parallel plate condenser 
it will be seen that to give a large value of capacity the conditions 
a-re : large area plates, small separation between plates, and a high 
dielectric constant. 
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Dielectrics 

It has already been mentioned that when an electrostatic field 
is applied to a dielectric there is a distortion of the electron orbits 
due to the interaction of the field and the orbital electrons. This 
results in a mechanical stress being set up in the dielectric, and a 
dielectric in this condition is said to be " polarised This hypo¬ 
thesis explains all the phenomena associated with dielectrics. 

If a condenser is charged and then discharged, and is then left 
for a short time with the plates open-circuited, it is found that it 
again becomes charged to a small extent. This charge, which is of 
the same polarity as the original charge, is called the “ residual 
charge ", and is due to the slow return of tJie polarised dielectric 
to its ntumal unpolariscd condition. 

Wlien a dielectric is polarised, there is a nett traush*r of electrons 
in the direction opposite to that of the applied field. This transfer 
of electrons gives rise to a " displacement current ", and the mechan¬ 
ical stress produces heat in the dielectric. This heat produced 
indicates a power loss known as '' dielectric loss 

If a condenser is subjected to a very high voltage. " dielectric 
breakdown " may occur. This is due to the large field overcoming 
the forces holding the (dectrons in their orbits ; the electrons 
break away, and the dielectric becomes a conductor. With solid 
dielectrics the damage caused is permanent, and the condenser 
becomes useless. In the case of lic|uid and gaseous dielectrics, 
sparking occurs, but as soon as the peak voltage has passed, 
the dielectric "heals up" and recovers its normal properties. 
The ability of a material to resist breakdown is known as its 
" dielectric strength", and is measured in 1 erms of the voltage at which 
breakdown occurs. Such figures are useful only for rough 
comparison, since they dejKind on the thickness of the sample 
and on the conditions under which the test is made. Considerations 
of dielectric strength are mainly the concern ot the power engineer. 

The type of condenser used for any particular purpose depends 
largely on two factors : the capacity required, and the maximum 
voltage to wliich the condenser will be subject<‘d. Air condensers 
can be used for capacities up to 0*001 [xF (FOOOfj-tiF), but they are 
bulky and are used only wliere a variabh' coiuleiiser is required. 
Ceramic condensers cover a similar range, Sti^xF to l,000[i.[xF, for 
fixed condensers. Mica condensers are normally used over a 
range from 50|i|aF to O-OljiC. Paper condensers cover the range 
from 0 0001|iF to 8|iF. Where possible, paper condensers are 
used for economic reasons ; but since the dielectric strength of 
mica is approximately ten times that of paper, a paper condenser 
of say 0 01[j.F for 1,000 V. working might be larger and more 
expensive than a similarly rated mica condenser. 

Electrolytic condensers 

If two aluminium plates are immersed in a, suitable electrolyte 
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such as a borax solution, the application of a direct voltage will 
rause a current to flow. This current rapidly diminishes to a 
(imall value due to the formation of a thin insulating film of alu¬ 
minium oxide on the positive electrode. Owing to the extreme 
thinness of this film (0-01 to 0-05 X 10”^ cm.), a high capacity 
will exist between the positive electrode and the solution. This 
arrangement forms the basis of electrolytic condensers enabling 



PLAIL, 4—Ph'Ltrulytic r onilcnser. 


laigc values of raparit}' to be obtained in a small volume and at 
low cost. 

Most electrolytic condensers require the presence of a polarising 
direct current to maintain the film, and such condensers can be 
used only in circuits where the peak value of the alternating voltage 
is less than that of the superimposed direct voltage. 

The dielectric strength of the oxide film is high, and condensers 
ftin be made to withstand \oltages up to 500-700 V. The rated 
voltage of a condenser is always slightly less than that of the forming 
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voltage. Above this voltage, the leakage current becomes excessive, 
and perforations of the film may occur. 

A film of electrolyte is always present, so that any perforation 
that may occur can be immediately resealed. The nature of the 
electrolyte may vary, giving three different types : — 

[a) The " wet ” electrolytic condenser. In this type, the 
anode is suspended in the centre of a cylindrical container 
which forms the cathode, and a liquid electrolyte is used. The 
shape of the anode is designed to give a large surface area, 
thus increasing tlie capacity, while the liquid electrolyte gives 
the advanlage of quick resealing after a breakdown. 

(ft) Tile *' semi-diy electrolytic condenser. The electrodes 
take tlie form of long strips ot aluminium foil, the dielectric 
him liii\ iiig been formed f)n the anode. These ai e i oiled together, 
})eiiig separated usually by a cotton gauze impregnated with 
tile c lertiolyte. Tlie roll is mounted in an aluminium or bakclite 
crjniainer. 

(r) The " dry " electrolytic condenser. The construction is 
similar to that of the semi-dry type, but a material is added 
to the electrolyte to make it solid at normal temperatures. 
This is the most common type used in this country. 

Reversible clocliolytic (ondensers consist of f)rdinary electrolytic 
condensers with an oxide /dm formed on both electrodes. They 
are Urns equivalent to two condenseis in series, and have half the 
capacity of an ordinary condenser of tlie snme size. 

Condensers in parallel 

Wlien condensers are connected in parallel, Ihcv have a common 
voltage, but each has its own charge. 


c, Cz C., 






II II II 


_ ^1 
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El Ej. Ei 
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E. 
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Imlj 05 - CnnclLiisc^r'^ in parallel, T'ig. 0(S - Conilenseis m senes. 


Tlie total chaige Q --- -\ + Pa 

E E ^ E E 

C = Cj -|- Cg + C 3 (40) 

Condensers in series 

A charge -|- Q on the left-hand plate of will induce — Q on 
the second plate, this causes + ^ on C^, and so on. Thus all the 
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condensers have the same charge, which is equal to the total 
charge ;— 

(? = 01 = P 2 = ^3 
But E — El “j- ^2 H“ ^3 

0 _ 01 , 02 I 03 


. -L I- 

(' r, ^ ■ c 


2 

c 


1 




' r, ' C 3 


(41) 


Charge and discharge of a condenser 

Consider a series circuit of battery, rondenser, resistance and 
key as shown in Fig. 97. The left-hand plate of the condenser will 


Hr 


■4 


■WVW—1 


Fi(j 97 Ciiiuit fi)i Lhtii^iii^ a lothIl'iisi’i C a lesistance R. 


be at the same pott'ulial as the negative plate of the battery, and 
on closing the key the whoh‘ of the FMF will drive a current 
through R to charge the condenser. The magnitude of this current 
is dependent on 7^. 

Immediately C commences to acquire a charge, the charging 
current will drop, and therefore the VD across R will fall. This process 
continues so that, as the charge in the ermdenser approaches its full 
value, the charging current becomes less and less. By continuation 
of this argument it may be shown that, in tlieorv, the condenser 
will take an infinite time to become fully charged. This deduction 
is proved mathematically below. 

At any instant, t seconds after closing the key, 
let V be the PD across the condenser, 
i be the charging current, 
q be the charge on the condenser. 

, _ dq 


Then 


But 


dt 

d (Cv) 
dt 

PD across R 
R 

E-v 

R 
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is dilfm'ntial coefficient 
of V. so that this equation can be written as :— 



L 


VOLTAGE 

ACROSS 

CONDENSER 


TIME 

1 ii;, 9H.—Grapli sliOAving charging of condenser. 



dt 


E — V 

dv 

• R 

dt 

dv , 1 

E 

dt ‘ CR ^ 

CR 

e 

■_ 


, V — 

E 


CR 


The left-lianil side of this equation 


Integrating :— 

V . -- E . + K, where K is a constant, 

V = E \- K . c 

But when t - 0, v — 0, hence K may he delennined :— 

-- - E 

Thus V - E (42) 

From this formula ii will be seen that, as t increases, v becomes 
nearer and nearer to E but >\ill not reach it until, t being infinite, 

the factor e becomes zero. A graph showing the voltage across 
the condenser increasing exponentially with time is given in Fig. 98 
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Fig. 99.—Ciniiit for di.scliarfi[inK a condenser C througli a rcsisiauce i? 


If the battery is now removed and the key again closed, the 
condenser starts tc discharge. At first, tlic PD across the condenser 
driving the discharge current through R is equal to E ; but as soon 
as the condenser partly discharges, this PD drops, and the current 
(i.e. the rate of discharge) drops. The curve of the discharge 
is again exponential, and theoretically the condenser never fully 
discharges, 

Tlie current i is now decreasing, so that : — 


Also 




dq 

It 



i = 


PD across R 
R 


V 

R 


V 

R 


C 


dv 

dt 


dv 

It 



II — 0 



Fig. 100.—Graph showing discharge of condenser. 
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TIMfi CONSTANT 


dv \ -i- 

iG ‘“) ■ “ 

I 

71 K, wheie K is a constant 

_^ 

V ^ K . c 

When / 0, 7 1 lieiuc K may bi ili lernimcd — 

K h 

t 

Thus vie (43) 

The graph of this fiuu linn gi\LS tJuiLfure thi distliarge curve 
of tlic y riTulLiisoi, .md is shown in iMg 100 

Time constant 

In the design rif electiiuil appualus it is often required to 
produce a 1 esistancc capacity Liicint with a di fiiiili lime of diseliarge 
01 (haigc. It has b( en shown tliat theoi ttu ally tins time is infinite. 


I AHI VIJ 

CimiliiisLi Jiavi and <lisi liar u,i 


total i li ii^L 

; iiti from 

01 disLh ii^i 

limt nl 

C liart^L or Discharge 

1 


4 

(R 

SL [ S 

3 

1% 

3 

5 CR 

SI c s 

5 

<*% 

3 

( R 

SCI s 

8 


2 

5 CR 

sc C 

13 


*y 

( R 

sees 

37 

L) 

n 

T 

CR 

secs 

but the practictd aspect will now 

be consideu d 

Fiom equations 42 


and 43 for v, it is notiied that the late of cJiaige or discharge is 
dependent on the product tli Tins product is therefore teimed 
the " time constant of the ciitmt 

[а) Charge ‘ When t - CR secs 

v = E{l - e-^) 

- S3%E. 

(б) Discharge . When i = CR secs. 

V = E . 

= 37% E 
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That is, wlien C and R are in farads and ohms respectively, the 
product CR gives the time in seconds for the condenser (a) to charge 
up to 63 per cent, of full charge, or (6) to discharge from full charge 
to 37 per cent, of full charge. Table VII shows how this time 
constant is utilised in designing practical circuits when a certain 
maigin is permissible between the total chaige or discharge and 
that actually reached after a given time. 

Example .—A condenser-resistance circuit is requued to have 
discharge time of 150 milliseconds. A 5 per cent, margin is allow¬ 
able. (Condenser must be at least 95 per cent, discharged in the 
150 milliseconds ) 

Fiom table, for a 5 per cent, miiigin, 

3 CR -- 0-150 secs. 

— 0 ■ 050 secs 

Choosing C — 0-1|jF as a suitable condenser, 

R ^ Q I ^^ 1 0 ^ ohms = 0 -5 Megohm. Ans. 


MAGNETISM 

Certain specimens of magnetite, an ore ol iron mined in various 
parts of the world, aie railed natural magnets or loclesinnes, and 
possess the following pioperties •— 

[а) the^ attract small fragments of iron and steel; 

(б) when suitably suspended they come to rest in a definite 
position relative to the points of the compass ; 

(f) they are able to confer both these properties on certain 
otliLi niateiials, not.ibly iion, stei 1, nickel and cobalt. 

These pioperties Inue been known from the cMrliest times, but 
it was not until \eiv much later that it was found that thej^e 
propi'ilies could be arlitiiicdlv inqiarled to steel and iron liy means 
of an electric ruiient. 

Magnets may be classified as permanent magnets and electro¬ 
magnets. rernianent magnets aie made of steel or sucli alloys as 
cobalt steel, and onre magnetised they retain theii magnetic pro¬ 
perties for a long period under normal conditions. Flectroniaguets are 
made with a core of soft iron or of iron alloys such as permalloy 
(iron-nickel), and have the property that, although more easily 
magnetised, they lose their magnetic properties almost immediately 
when the magnetising influence is removed. 

Permanent magnets 

Fig. 101 represents a rectangular bar magnet that will attract 
Iragments of iron brought near either end, and will exert a force of 
either repulsion or attraction on other magnets in the vicinity. 
The influeiiee of the magnet may be detected in the surrounding 
space in various ways, and it is found to vary inversely with the 
square of the distance from the magnet. To account for this 
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phenomenon, the magnet is said to establish a ma^etic field, 
which is represented by the curved lines (lines of force) in Fig. 101. 
This method of representing the magnetic field is merely a convention 
adopted to give a simple pictorial representation of the influence 
of the magnet in the surrounding space. 

Ewing has shown that the behaviour of permanent magnets and 
magnetic materials may be explained on the assumption that they 
are made up of a very large number of small cuboids, each of which 
has the properties of a permanent magnet. In the unmagnetised 
material, these small magnets have a random orientation, and the 
specimen .shows no rcsultatit magnetic properties. Magnetisation 
has the effect of onentating the small magnets along an axis, called 
the magnetic axis, which joins those two points near the ends of the 



magnet where the effect of the magnetic field apjiears to be con¬ 
centrated ; these points are known as poles. Every magnet is 
as.sumed to possess two poles, a north-seeking pole, wliich experiences 
a force of attraction tow'ards the Earth's north magnetic pole, 
and a south-seeking pole, which is attracted to the Earth’s south 
magnetic pole. These poles cannot, of course, be isolated, since 
two unlike poles comprise a magnet and an isolated pole has no 
physical meaning. It is possible, however, to visualise an isolated 
pole by coll.sidering a magnet that is so long, that the influence of 
the unw^anted pole is negligible in the vicinity of the pole being 
examined. On this basis, careful experiment has shown that the 
force between two such poles is Erectly proportional to the 
strength " m of each pole, and inversely proportional to the 
square of the distance d between the poles (see Fig. 102), 
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d 



Fig, 102.—Force between two magnetic poles distant d apart. 


t.e.. Force x 

In this connection, the strenp;th of a mag^netic pole is merely a 
theoretical idea, but it can be given a physical meaning by defining 
a unit magnetic pole as follows. 

A " unit magnetic pole ” is that pole which, when separated hy one 
centimetre (in vacuo) from an exactly similar pole, repels it with a 
force of one dyne. 

The law for the force of repulsion then becomes :— 


Force = 


mni^ 


dyjies 


(44) 


where d is the distance between the poles in centimetres, and jj. is 
a property of the surrounding medium, known as its permeability 
(fx = \ for a vacuum, and is approximately e([ual to 1 for air). 
For convenience, north-socking poles arc assumed to have a positive 
pole strength, and soulh-si‘eking poles a negative pole strength. 
Thus, for unlike poles, the lorc(‘ is a negative repulsion, i.e., an 
attraction. 


The field strength at a point is the force that would he 
experienced hy a unit north-seeking pole placed at that point. It is 
a vector, denoted by H, and its magnitude is measured in dynes 
per unit pole, gauss, or occasionally oersteds. 

The force experienced by a pole of strength m will be Hm dyjies. 
A magnet of pole strength m and length I cms. set at right angles 



Fig. 103.—^Magnetic moment. 
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to a uniform magnetic field of strength H gauss will therefore 
experience a turning moment Hnd centimetre-dynes tending to 
align it with the magnetic field. Wlicn the magnet makes an 
angle 6 with the field [see Fig. 103), the turning moment is reduced 
to Hml sin 6>, which vanishes when 0^0. 

The product ml is known as the " magnetic momt'iit " of the 
magnet, and is the turning moment that is experienced by the magnet 
when placed at right angles to a uniform magnetic field of unit strength. 


MAgnetic flux and lines of induction 

From equation 44, the force between two poles, one a unit 
pole, the other of strength m, at a distance d cms. apai t, is :— 


Force ^ ^2 

Tliis, by definition, is the field strength at a point d cms. from 
an isolated pole of strength w, 

7n 

t.e. H — —gauss. 



Fig. 104.—Spheie of radius c/ surrounding isolated polii m. 


Thus, the field strength in this simple case depends oji the 
permeability of the medium, and this is true in the general case, 
for a complex magnetic field may be built up of fields due to simple 
poles. It is convenient to have a notation for expressing magnetic 
effects that is independent of the penncability of the medium. 
This is done by using a theoretical concept, lines of induction, 
defined as follows :— 

4jr lines of induction leave every unit north-seeking pole and enter 
every unit south-seeking pole. 

The total number of lines of induction in a magnetic system is 
called the " flux", represented by the letter The flux density 
B is the flux per unit area, and is expressed in lines per square 
centimetre Thus = B.A^ when' A is the cross-sectional area 
normal to the lines of induction. 

The fact that B, like 0 , is a vector may be seen from the 
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fact that it is the number of lines per square cm. crossing a 
surface that is orientated in a particular way i it may therefore be 
regarded as having direction as well as magnitude. 

Consider an imaginary spherical surface of radius d cms. having 
an isolated pole of strength m at its centre (Fig. 104). Then since 
by definition 4nm lines of induction leave this pole, and can only 
terminate in an unlike pole (assumed very remote), all these lines 
must cross the imaginary surface. Since the pole is isolated, it may 
be assumed that the lines will be symmetrically distributed, giving 
a flux density of :— 

„ 47im „ w w 

B = -^^ 2 . square cm., t.e., B = * 

Thus in the particular case of an isolated pole, B = fiH. This 
is true in the general case, since a complex field may be regarded 
as being built up of simple poles. 

Hence flux, flux density, and field strength are connected by 
the relationship :— 

^ = A.B =A/jlH (45) 

Note that in a vacuum (/u = 1) B and H are vectors of equal 
magnitude ; they have always the same direction, and the lines of 
induction and lines of force may he considered to be identical. This is 
approximately true for air. 

X 


V 

Fig. 105.—Bar magnet cut in half along X Y. 

Suppose that a bar magnet of pole strength m is divided by 
a cut XY [see Fig. 105) at right angles to its magnetic axis. The 
result will be two bar magnets of pole strength m. That is tr) say, 
the left-hand face of the gap will be a south pole and the right-hand 
face a north pole. The “ intensity of magnetisation " I of the 
magnet in the region of this gap is defined as the pole strength of 
either face divided by the area of the face / is a vector, since it is 
associated with direction, the imaginary cut having been made 
at right angles to the magnetic axis. The magnitude of I is 
measured in unit poles per square cm. 

Behaviour o! soft iron in a magnetic field 

Consider a bar of soft iron of permeability // placed in a uniform 
magnetic field of strength H gauss ; for simplicity, the bar is placed 
with its length in the direction of the field. It is observed in 
practice that the soft iron becomes magnetised, with north and 
south poles as shown in Fig. 106, the axis of the resultant magnet 
being in the direction of the magnetising field. 

(97991) L 
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FiCf 10b —Soft lion bai in raai^netiL fiLUl 


The field iii the vKiiuty ol iJie soft iron may be picdii ted by 
considering lines of mdiution Ihe Inns of indintion due to the 
uniform field II may be upresented hy sliaight parallel lines, those 
due to the induced magnetism of tlie soft iron will be as shown 
dotted in big lOG 

The resultant lines of mdiution aie as shown m big 107, and 
uifiy be found by LCDUSidiiing the two fields of big 106 siipciposed 
Clearly .it the ends of fin magiu t the indiutuni cine to the two 
component fields is additive, whilst at the sicks they ai tin opposition 
The soft iron is thcretoie seen to have the chett of Loiuenliating 
the lines of induction so that they pass thiuiigh the soft iron in 
jirefeiiMiLc to passing thiough the an 

Now suppose that a minute gap is rut at light angles to the 
magnetic axis and that the mtensit'v of magnefisation m this it*gioii 
IS 1. Let the pole stiength of the faces ot the gap be m and the 



Fig. 107.—^Magnetic field around soft iron bar. 
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area a sq rms Then by definition, I — but 4^ lines of induction 

leave every unit north pole on the left side of the gap and enter every 
mill south pole on ihe right-hand side The total flux in the gap 
ilut to the niduLcd n agnetisni of the soft iron is 4-Tm and the*flu\ 

densit}^ due to the induced magnetism is 4 ^/ 

The total flux density Jii the g ip how’’( \ ei c oiitams a component 
clue to the original rn ignetising held H and numerically equal to H 
lluis till total flux dtnsily is given by 

B -- H I 4t/ (46) 


Jin': iLsult Ills In 1 11 fibtaiiud 111 tlic special case of a bar of 
soft non in a uiiiforni niagiu tic fit Id il may, howc\Li, be extended 
tfj any sliapcd pint of non 111 anv type rif In Id sini c the non may 
be Ttgaidcd is niadt up ot i huge iiunibLr of \cry sin ill bais, for 
cadi of whirli tin hi Id ma\ lie 11 glided as uiiifoim 
Dividing iriuitioii 4b by II — 


1=' 


f An — 


tt 1 H Ank (47) 

whin k is dtliiiid as tin ‘ siisreptibility ol tin iron and gives a 
mrasurc of tin cast, with wliiih it ni i> In niagntli'.cd by induction 
Lquatioii 47 shows that susi cptibility and piimeabihty are related 


Hysteresis 

1 ]g 108 shows till cyik followed by the magiii tic flux (5) 
pioduuid by a bai as the magnetising field (H) n varied Starting 


B 



^uUi zero Jicld and the iron demagnetised (point 0), the field is 
gradually imrcased in the positive direction At first the magneti¬ 
sation IS slow, then increases rapidly until, having almost reached 



Ca) Sofllron Stftl 

F'ig 109 —B-H or hystoresis curves for soft iron and stcol. 
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saturation point, the rate of change of flux drops. 

The magnetising field is now reduced; the flux, however, does not 
follow the original curve, but decreases far more slowly until, when 
the field is fully removed, the iron has an amount of residual 
magnetism represented by Ob. Reversing the magnetising field 
eventually removes all the magnetism (point c) and then remagnetises 
the iron in the reverse direction, until another saturation point is 
reached at d. Returning the field to zero and then increasing it in 
the original direction will complete the cycle. The outer curve 
(a h c d e f a) so traced will be followed for all future magnetising 
cycles. 

It will be observed from the diagram that, after the initial 
magnetisation, the flux may be considered as lagging behind the 
field ; this phenomenon is termed '* hysteresis 

The distance Oh on the curve is a measure of the " retentivity " 
of the iron, while the distance Oc, i.e., the field required to demag¬ 
netise, is a measure of the “ coercivity These two qualities 
vary for different magnetic materials ; curves for soft iron and s^eel 
are shown in Fig. 109. 

Fig. 110 shows hysteresis curves for a .spet imen using different 
degrees of magnetisation. 


Hysteresis power loss 

The hysteresis loop has a further quantitative interest since 
it can be shown, as below, that the energy expended in performing 
one cycle of magnetisation is represented by the area enclosed by 
the curve. Thus it can be seen that more work is done in the case 
of steel than in the case of soft iron. This is what would be expected 
Irom the known qualities of these two metals. 

This work is of importance m such apparatus as the transformer, 
where repeated cycles are made, for the power loss caused by 
hysteresis is wasted as heat. 

The most convenient method of producing the reversals of 
magnetic field is the use of the solenoid. The hysteresis loss in a 
sample of magnetic material placed at the centre of a solenoid will 
therefore be considered. 

The field (H) at the centre of the solenoid is given by the formula:— 
4^ 'T ^ 

H = 47 iNi = —— (This result is verified on page 163.) 


Where T is the total number of turns, 

iV is the number of turns per unit length, 
i is the current in the solenoid (in EMU), 
and I is the length (in cm.). 


% = 


I 

4nT 


X H 
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The total flux 0 through the solenoid is B . A, where A is the 
cross-sectional area, and the EMF induced {see p 1B7) is :— 

C-^ -T '' (in EMU) 

The work done to complete the liystcresis cycle is done against 
this EMF, 

instantaneous powei — — c X i 




M ,,dB 

- 

The work dW done m a small time is; — 

dW = — y. Il-j- . dt 
4n dt 


Total woik done IF is IE = — X \ H dB (48) 

4n J 

and it will be noticed that the intcgiril included in tlie last equation 
is the aiea of the hysteresis loop Ihis is illustiated m hjg. 111. 



1 iLi 111—CalLulaiioii ol puwin loss lImi to livslciLi>ii>. 


Furthermoie, A/ is the volume of the sample, 


the work done pi’i c r. 


Area of loop 
4ji 


(49) 


If B and H aic m the innls of lines pei sq. cm , this expression will 
give the work m ergs per c.c per cycle. 


Now, as already stated, tins work done against hysteresis is, 
in practice, a loss of po\\er and therefore of much importance. If 
the shape of the loop is known, then the area will give a value for 
this loss. This method is not suitable for use on macliines and an 
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approximate method devised by Steinmetz is preferable. Steinmetz 
discovered that the hysteresis loss per c.c. per cycle was very 
closely given by the formula Pb — where rj is a constant 

called the “ hysteresis coefficient ” and whose value depends upon 
the material, and is the maximum flux density during the 
(\cle. Hence the loss in a core of volume V c.c. over / cycles 
IS given by :— 

Work done = . V ./ergs 

= ri,V X 10-7 joules. 

If / cycles per second is the frequency, then this loss occurs each 
second, and : — 

Hysteresis power loss = . F ./. X 10“’ watts (50) 


Dia- and para-magnetism 

The type of magnetism already dealt with, which is the most 
important, is c'dWod ferromagnetism. Tliere arc, however, two other 
classifications which deserve brief mention here. They are dia¬ 
magnetism and paramagnetism. 

If a material has a permeability of less than 1, it is said to be 
diamagnetic ; if the permeability is greater than 1, the material is 
said to be paramagnetic. Examples of each are shown in 
Table VIIl. 

Table VIII 


Diamagnetic anil paramagnetic substances 


Diamagnetic substances 


Bismuth 

Water 

Quartz 

Lead 

Copper 

Hydrogen 


Paramagnetic substances 


Liquid Oxygen 
Air 

Palladium 

Platinum 

Aluminium 

Oxygen 


The permeability of all these substances is very near unity, 
however ; for example, fx for platinum is 1 -000017, and for bismuth 
0 -99996. To the paramagnetic substances may be added a class of 
rertain ions that show far stronger paramagnetism when in the 
form of salts or in solution. Thus some copper salts have values 
of ^ around 1 -75. 

The ferromagnetic substances (nickel, cobalt and iron) have far 
higher permeabilities, from 250 up to many thousands, and may be 
considered as extreme cases of paramagnetism. 



ELECTJlO^CiJtfETlSM 

Fig. 112 shows B^H and i$—H curves for a typical ferro¬ 
magnetic material. It will be seen that /i is by no means constant. 



Fig 112 —Typical fi-H and B-H curves 


ELECTROMAGNETISM AND INDUCTANCE 

The magnetir field due to a current in a stiAight wire is circular 
around the wire, and its direction is clockwise when viewed in the 
direction in which the current is flowing The field strength at P 



I’lG 113 —Field distant r from a wiic carrying current. 


due to a short section of wire ds carrying a current i (Fig. 113) 
is given by Laplace's Law — 


% . ds . sin 0 
H = -- gauss 


(51) 


Where i is the current, 


ds is the length of the segment of wire, 

0 is the angle between segment of wire and line to P, 
r is the distance from segment to P. 



1^1 


MAOIIETIC FIELD AT CENTRE OF COIL 

Field at centre ol oofl 

By Laplace's Law, the force on a unit pole at the centre of a 
coil in vacuo due to current i flowing through a small segment is 
□f that coil (see Fig. 114) is given by :— 

/ = 

The total force on the unit pole due to the whole coil is :— 

F = S/ 

ids 

^Jo ^ 

27t i - 

— d3mes 


i 



Fig. 114.—Field at CLntre of a coil. 


Thus, if i is the current in EMU (defined on page 131), the field 
strength is , 

H = ^ gauss 

Since 1 EMU of cuirent = 10 amps, 

where I is in amperes. 

For a coil of T turns, 

„ 2711 T 

H = gauss (531 


The flux at the centre of the coil is therefore given by :— 
showing that the flux is directly proportional to the current. 


(54) 
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Field at centre of solenoid 

Consider the case of a solenoid. Referring to Fig. 115, P is a 
point on the axis of a long solenoid, and AB is one turn of that 
solenoid. 



ft 


Fig. 115.—P'orcc on unit pole at lentie of solenoul, cUie to one turn 


Then the force / on a unit pole at P due to a segment ds of AB 
is :— 

^ 

But this force can lie resolved inio two loinponenis, and/g, 
in tlie directions shown, .so that ; - 


h = ^ 


_ i .ds 
/a ^ cos 0 

To find the held at P due to tlie turn AP>, the f()rr(‘s f must be 
summed over tlie complete turn. The components f, will clearly 
have a zero lesiiltant, but :— 

r- 

2jzr .i . sin 0 

y2 _|_ ^2 

r 


dynes 


But 

lienee 


sin 0 — 


-h 


Inr , 1 . sin 0 

2jJ, — - 

\-X- 


2.Tr2 { 


dynes 


(55) 


|. ,2). 

This is the force at P due to one turn ; the summation for the 
whole solenoid is now^ required. 

The held strength at P due to a small segment of solenoid dx 

long i.s :— , 2jTr . i . sin 0 ,, , 

h ~ - - —^ . Ndx gauss 

where N is number of turns per unit length, i.e., per centimetre. 
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But 


dx^AC = 


AE 
sin 0 


Eis dO-^O 


y/r^ + 

sin 0 


do 


h = 


2m 


^ N do 


\/i^ I X‘‘ 

— ‘InNt bin 0 . do gauss 


(56) 


1 I( 



11b ~1 oiLt oil unit ])o1l tit Liiilii of solt iioul cIul to whole win ling 


II i soUiiDiil IS considuttl lliiMi tlu limits ul 0 ait 0 and n, 
SI) I hat 

Kisultaiit lit Id sirLiiglh at P is 

H — I 2^Nv X sin OdO 

’ 0 

2^Ni [— cos 0\^ 
u 

4-cNt gauss 

this IS witli 7 in EMb Witli / in ainjiircs, the field strength 
at the CLiitiL of the soli non! is 

4-rNl 

U gauss (57) 

Noti To r)btam tins result it was ]uccssai\ to assumt a long 
solenoid le long tumpautl with Hs radius II, in jiractire, this 
(ould not be assumed, tlun Hit limits of 0 would need to be applied 
afresh to ecpiation 56 

Force on a conductor 

So far the force on a magnetic pok due to a current has been 
(nnsidercd , but if the ronducLnr extits a foite on the magnet, 
then the magnet must f\eit an equal but opposite force on the 
tondiutor The dnection of this force is shown in Fig 117, and 
IS given by Flemings lift-hand rule — 

Extend the thumb and first two fingers of the left hand mutually 
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Fig. 117.—Force on current-carrying conductor in magnetic field. 


at right angles. Plaee first finger in direction offield, second finger 
in direction of current ; the thumb then gives the direction of the 
force acting on the conductor [see Fig. 118). The strength of this 
force can be calculated by applying Laplace's Law. 



Consider a magnetic pole of strength m, r cm. from a small 
segment of wire dl long, and carrying a current i EMU [see Fig. 119). 
The force on a pole m due to a current i is given by :— 

_ m . i . dl 
F = -dynes. 

The reaction on the conductor due to the magnetic pole must 
m . i . dl 

also be equal to —— d 3 mes. 




FD^eCE ON A CONDUCTOR 


m 


But is the fitld strength at the conductor. 

Therefore the force on a conductor of length dl in a field of 
strength His H .i . dl dynes. 


dl 




I 


Fig. 119.—Pole distant r from current-carrying conductor. 


If the field is uniform over the whole length I of the conductor, 
then :— 


Force = 


HI I 
10 


dynes 


(58) 


where I is in amperes. 


Force on a coil in a magnetic field 

Now consider a rectangular coil suspended in a uniform field, 
and carrying a current of I amps. 

With the field into the paper tlie forces acting on the sides of 
the rectangle are as shown. 



Fig. 120.—Rectangular coil in uniform magnetic field. 


elevation 
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If the coil is now rotated through an angle 6 about its vertical 
axis the two horizontal forces will form a couple which will tend 
to turn it back to its original position. 

Hlh , 

- — dynes. 

Hlh b sin 0 
--dyiic-rm. 

But hb ^ area, A, of cinl 

Couple on roil of T turns dyne-cin. (59) 

Electromagnetic induction 

Two convenient laws state the the[)ry of electromagnetic 
induction very roncisely :— 

Faraday's Law.~[Vhen the magnelic flux ihrough a circuit 
is changing, an induced EMF is set 'ii/y, and its magnitude is 
proporiinnat to the rate of change of flux. 

Lenz's Law.- The EMF induced in any circuit is always 
in such a direction that its effect tends to oppose the motion or 
change producing it. 


Force on one conductor 
Couple on coil 



.1 


p_ 


r 

1 



E 

1 

1 




r 

1 

1 


( 

f 


1 

f _ 






"q 


MOTION 


FIELD OF FLUX-DENSITY B 

(rising perpendicularly 
from paper) 


Fju 121 -Bar mcivin<j^ in Tiidi^nrtic ficUl 


Consider the circuit shown in Idg. 121, composed of hcav'y-gauge 
conductors of negligible resistance, with a magnetic held having 
a flux-density B acting at light angles to the page. 

Due to the force produced by tlie magnetic flux and the current i 
EMU through Piff, the bar PiJ will be pulled along the parallel bars 
towards the left. 

Let it move a distance dx in time dt. 

Then the rate of change of flux-linkages is B . Z. ^ 

Now in moving the conductor, work is done. 

The force ^ Bit dynes 
/. the work done = Bit . dx ergs. 
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This work'is done by energy from the cell necessary to overcome 
the back EMF caused by motion. 

Let the back EMF ~ e EMU 
Then the work done ^ — ei di ergs 

Bit dx — — ci dt 

or 

the induced EMF in EMU = — Rate of change of flux- 
linkages. 

Hence the induced EMF in volts - Rate of chajige of 
flux-linkages x 10“®. 

T'hmings right-hand rule 

The direction of the indined EMF in such a case may be 
deduced by Lenz's Law. A convenient method of determining the 
ifireclion of motion is given by Fleming’s riglit-liand rule - 

Extend the thumb and first two fingers of the right hand 
mutually at right angles. Plate first finger in direction of field, 
thumb in direction of motion ; the second finger will then give 
the direction of the induced EMF, and oj the resulting current in 
ii closed circuit (5cc Fig. 122). 

forefinger thuj^b 
Fie 


middle FI n^e 
recurrent 


Fig. 122 - rk'miug's iight-liaiul rule. 

flotation of a coil in a uniform field 

Consider a rectangular coil rotating at angular velocity w radians 
'LT second, as shown in Fig. 123. 

Then the velocity of one side of the coil is w - as shown. 

Velocity at right angles to field — cousin 0 where 0 — tut, i.e. the 
iigle turned through after time L 
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<»1L ROTATOB IN MAGNETIC FIELD 



Fig. 123 —Coil rotating in uniform magnetic field. 

Rate of change of flux-linkages = — 2 ^ siii 0^ hB 

= — uiBA sin B 

where h is the height of tiic coil 
B is the flux density 
A IS the coil area = bh. 

Induced EMF m 1 turn = — Rate of change of liux-linkapes x 
10^ volts 

= + wBA sin 0.10“^ volts. 

Induced EMF in coil of T turns 

= mBAT sin 0.10“® volts. (61) 

Thus it is seen that the EMF varies with sin 0. It will be 
zero, therefore, when 0 =- 0, i,e. when the coil is at right angles 
to the field ; and a maximum when 0 is 90°, i e. when the coil 
is parallel to the field. The value of the EMF at the different 
positions is shown in Fig. 124 by a sine wave of amplitude 
mBA T . 10 ® volts. 



tic 124.—Sinusoidal FMr induced into coil of Pig 123. 


The instantaneous value of the EMF is seen from equation 61 
to be <? = uiBA T sin . 10“* volts. This is of the form 

c = sin mt (62) 

where = mBAT . 10“® volts. (63) 

The ^coil described above is the simplest form of " alternating 
current generator, and equation 62 will be seen in Chapter 4 
to be of fundamental importance in the study of AC. 



inductance 


m 


Inductance 

In the preceding sections induced EMFs due to change of flux 
ill a coil have been considered. In each case the flux considered 
\v.is due to some external field. WIilmi a current flows through a 
toll, however, it sets up a field of its own, and any change in this 
( 111 rent alters this held. So without external aid a changing flux 
H obtained in the coil, and an induced EMF is therefore set up in 
such a direction as to tend to maintain the flux at its original 
density. This is termed "self-induction”. 

A coil has a self-inductance (L) of 1 henry when a change of 
current of 1 ampere per sccona induces a hack EMF of 1 volt. 
Hence it follows that the back EMF is;— 

c (in volts) = — Z, (in henries) X ^ (in amps/sec.) (64) 

The negative sign is introduced because, when ^ is positive. 


7 c , wlien the current is increasing, the induced EMF e will be 
opposing the applu'd IcMh. 


From (64) : 


From (60) : 

- 7-" ro 


L = T ' 10 -» 

dl 


d0 

dl 

L 


2n AfJi 0 .. .. 

fy,. ^ r 

f X 10“® henries (65) 


i.e., sclf-inductaure — flux-turns per aiiiptMC X 10 

Again, the field in the centre of a long solenoid is given by :— 

""-iw- 

AtiTI fiA ,. 

Flux — hues 

and L ^ —^ 7 — X henries ( 66 ) 


This last expression shows that the inductance of along solenoid 
'll be calculated fioni the puiely physical dimensions:— 
Number of turns, T 

Length, I 

Permeability of core material, fi 
and Cross-sectional area, A 


Mutual inductance 

In the case of self-induction, the change of flux was caused by 
‘’irrent variation in the same coil. This change of flux may, 


111793 ] 


M 
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however, be caused by current variations in a second coil that is 
linked with the first magnetically. The induced EMF is then due 
to " mutual induction 


7'uo coils have a mutual inductance (M) of 1 henry when a change 
of 1 ampere per second in one produces an EMF of I volt in the other. 
Hence it follows that the induced EMF is : — 


^2 (in volts) — M (in henries) x (amps/scc.). 


As before, it can be shown that:— 

Mutual inductance — Flux-turns in secondary per ampere in 
primary X 10“® 

and M = ^ henries 

For tliis to be true, however, the two coils must be fully linked 

T1 

magnetically. Otherwise the field, i primary, may 

not link with the whole o£ the secondary, and the dujivaLion of the 
formula would be false. 


Inductance of two parallel wires 

The inductance of two parallel wires, radius a, distance between 
centres c, is given by :— 

T --()■ 1G09 + 1-481 lugm- -mil per mile loop (68) 


Construction of inductiances 

For air-cored iiiductances, foniiulae can be used to determine 
the number of turns T re(|uire[l, but it is usually simpler in practice 
to use trial and erior methods. Turns ran be added or lemoved 
to alter the inductanie L, remembering that /. vaiies as 2'^. The 
same methods apply to iron-cored inductanc('s, althougli in this 
case the inductance can also be varied by adjusting the air-gap 
in the core. 


Example.- Using a former 1 inch square, length of winding 
\ inch, hnd how many turns are required for an inductance ot 
1 mH (air cored). 


^ 471TM , 

L = henries 


where I is tlic length in cm. 


= 2-54 


10« . V 


mil 


where I' is the length in ins., and A' is the area in sq. ins. 
In this case, A' — \,l' = \, L = 1. 

2-54 X 471 X r* X i 

10®. i 


Hence, 
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1^1 


= 


lQg.4 

2 X 2-54 X An 


= 2512 


251 turns are therefore required. 

Such an inductance was constructed and found to have an 
inductance of l-002mH. 


Circuits containing inductance and resistance 

When the key is depressed in a circuit as shown in Fig. 125, 

E 

the battery tries to drive a current of strength — through the 
ciicuit, but owing to the inductance L the current is initially 


L R 


- ^U00(P - 

-vww- 


Ej 

___ 2 

_ 

'1 


Fig. 125.- AiJpln at ion ol LMF to iuduLtaiu' anil iDsistancc in .series. 


zeio and slowly builds up to this value. I'lie giowlh of current 
IS romparable witli the rdiaiging of a rondensei discussed earlier. 


Let the rate of ehaiigt* of cuireiit be 

The back EMF - L% 

at 


But 


E + Cfl 
* ” 7v* 

Cu = — E tE 


Equating the two values of e„ :— 


- E iR --= 



di , .R E 

di^^L~L 


Multiply by e' 


di ^ . R 

7r'+’-L 



IVf 


.47.Mn 
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III 


Hi 

i\ o'- 

(wliere if is a constant) 


7 - ^ H if . e 
R 


Jtl 

~L 


When i — [), i =- 0, hence K may be determined .— 

A'- ^ 

^ ■ A 



(69) 


Ihis, then, is the equation for the graph shown m 12G 




ric» 126 friaj)!! slinwinR growth Piu 127 —Cjti aph shnuin^ tlccay 
of lurrLiit in L-K mil ml of Liiiicnt in I -K Lirmit 


If the key in the above cin uit is now released, the current tends 
to cease, but it is partially maintained \)y the back EMF, so that 
it dies away exponentially 

Again 


Blit 


di 

t 


R 

iR 


I- 

'dt 



log. t = + K 


Integrating 
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or 

Wlien I = 0, 


Thus ‘‘‘ 

and this is tlic equation Jor llie ^i.qdi oj 127 showing the 

giadual decrease of curreiii. 



Time constant 

The tinie-coiislant of a cirruiL containing iiidiictanee and 

resistance is equal to--,, if L is expressed in henries and R in ohms, 

L ^ 

is ctpial to the time in seconds for the ciirient to reach Gd per cent. 
K 

of its final value when the ciiniit is dosed ; or for the current to 
fall to 37 per cent, of its initial value wlien the ciienit is broken. 
(Compare this willi the time-t oiislaiit CR foi a circuit containing 
inductance eiiid capacity, (7v! being the time ior the on the 

condenser to reach 33 pi*r leiit. of its final value, or fall to 37 per 
rent, of its maximum value.) 

DC METERS 

Meters may be roughly divided into two classes :—- 

(1) Voltmeters, 

(2) Ammeters. 

A voltmeter i.s always jilared in parallel with the circuit, being 
ronnccted to the two points between wliich the potential difference 
is to be measured. Therefore, to prevent disliirbanre of cur lent 
distribution in the ciri uit, the voltmeter must have a high resistanre. 
Ammeters, on the other hand, are placed in series with the circuit, 
find, for a similar reason, must liave a low resistance. 

Most meters are designed as sensitive milliammeter.s, and 
adapted as voltmeters and ammeters by the inclusion of series 
resistances or parallel shunts. 

Moving coil meters 

The principle underlying the operation of' this type of meter 
‘' that expounded in the la.st section. A coil is suspended in a 
^liong magnetic field, and, when a current I flows, it is turned by a 
' ouplc of strength 

HI AT sin 0 

dyne-cm. 


10 
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Plate 5 . —^Moving coil meter 
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The field is supplied by a large permanent magnet as shown in 
pig. 128, and, by placing a soft iron cylinder between the pole pieces, 
wliich arc themselves shaped, this field is made radial. This 
jiaans that whatever the position of the coil, sin 0^1, and the 

turning couple is always constant and of value equal to —dyne- 
r m. 

A restoring couple is supplied by a phosphor-bronze suspension 
or a spring. The latter is the more common in the normal portable 



type of meter. This resLoriiig couple is directly proportional to the 
dellertion, i.c. — hO, wheie k is a constant. Therefore at 
equilibrium position 

, HI A T 

* 0 = 


I - 


10 . k 


HAT 
= K .6 


0 


The deflection is thus proportional to the current, so giving a 
inear scale. 

The coil gains momentuin as it swings towards tliis position 
>nd, to prevent this momentum causing unwanted oscillation 
bout the equilibrium point, damping " is introduced by winding 
^Iie coil on a metal former. As the coil rotatc.s, eddy currents are 
nduced into this former, u.sing up the kinetic energy of the system. 
ATen the coil readies its equilibrium position it has no energy 
o swing further, and the turning and restoring couples are balanced, 
> that efficient damping is obtained. 




Plate 6 —Moving iron meter—repulsion type. 
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mdVikg iron meters 

" Ballistic " meters discard this damping and the coil is wound 
on a light non-metallic former They are used to measure discharge 
oT Similar short-duration currents, when the initial swing of the 
meter is proportional to the quantity of electricity passed 

The mo\ing coil milliammeter may be used as a voltmeter 
wlien a senes resistance is count cted For use as an ammeter 
i shunt must be connected in parallel with the meter 

The passage of turrent lliiougli tlu roil raises its temperature 
ind alters its lesistancc It is iiomiil therefore to ht a "swamp” 
rtsistancL in senes with tin i oil The re^staiire being of a metal 
having a low tempcratuic roLfhLiint sulIi as manganin varies 
little and thus ic dints the tifett of tcinpLiaturc on the meter as 
a vhok 

In the case of in timmetei the miter and swamp are connected 
in senes, and the shunt is connected in parallel across both 

Moving iron meters 

Tins t^pe of mrtcr is usu dly m ide in out ol two designs , the 
first is illustrated in big 129 The cmient to be measured is 
passed through the toil ind sits up a migmtii field This 
mignetisis the soft non and di iws it into tin itiilre of the coil. 




Tig 129 —Attraction t>pe 1 tq lan —Repulsion type 

moving non mi Ur moving iron meter 

J he font acting on the iron is dijiciidcnt on the magnetism of the 
iron and on Hit field of the eoil both of winch are proportional 
R) the current so that it is not din t ily proportional to the current 
1 nt IS piopoitional to tht squaic of the current Therefore, unlike 
liat of the moving roil meter the sede is not linear, but an 
pproximately linear scale tan be produced by careful shaping of 
he iron 

Ihe restoring couple is supplied by a spring or sometimes by 
lavity The damping is almost invariably obtained by the use 
1 an air piston or ‘ dashpot ” 

The second type, illustrated m Fig 130, is often known as the 
repulsion ” type meter. 
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Two iron bars are situated axially in a short solenoid. One 
is fixed, while the other is movable and attached to a pivot that 
also carries the pointer. When current flows thiougli the coil the 
liars are equally magnetised and repel each other. The repulsion 
gives a deflection on the scale which is calibraled for direct reading. 
I'he repulsion is proportional to the product of the pole strengths 
of each magnet and therefore to giving again a non-linear scale. 

Similar restoring 'cUid damping systems are used as in the 
previous type. 

By varying the type of wire used in the roil the resistance of 
the meter can be varied, and so both voltmeters and ammeters can 
be made without need for any shunt or swamp l esistances. 

Both types of moving iron meters arc susceplible to stray 
magnetic fields, and, since these would naturally cause deflection, 
good screening is necessary. Hysteresis also affects the leadings, 
ill that a higher reading will be given for dern'asing currents than 
for increeising currents, while the reteiitivity will give a small 
deflection when no current is flowing. These delects arc .a»w 
reduced by the use of the alloy '‘ninmetar’, which has a hysteresis 
loss small enough to be neglectcfl. By these means the moving 
iron meter can be made very accurate , and, owing to its robustness, 
it is more suitable for certain purposes than the moving coil meter. 
A further advantage is that the deflection is j)ro])ortional to the 
square of the current, and this fact imables it to be used for AC 
as well as DC [see Chapter 6). 

Hot-wire meters 

Passage of current through a resistance wire eaiises generation 
□f heat, and the wire expands with the resultant temperature rise. 



it can be shown that the expansion is proportional to the square 
d the current flowing, and tliis is the principle adopted in hot-wire 
’neters, though clue to practical factors the increase in length is 
■ot exactly proportional to /^. Bach meter must therefore be 
mdividually calibrated. 

Fig. 131 shows the essential features. The current to be 
Jueasured passes through the hot-wire from A io B. The hot-wire 




Plate 8 —^Thenno-couple meter. 






THERMO-COUPLE METERS |8I 

IS usually made of manganin, since the resistance of this metal 
vanes little over the temperature range employed The resultant 
sig in the hot-wire is taken up by tension applied from a phosphor- 
bronze spring 5", through a silk thiead that passes round pulley P 
iiid IS attached to the top of 5 Movement of the silk thread, due 
to change in the hngtli of the hot-wire, rotates the pulley, and the 
scale IS calibrated to read the current directly 

Damping is provided by a light alumiumm plate, attached to 
the pointer, passing between the poles of a permanent magnet D. 
Contraction of the wiie shouli ictiirn the meter to zero after use, 
but m practice this is not always the case and adjustments to the 
liot-wire have to be made This fait, together with its high power 
consumption, its mechanical fiailness and its liability to damage 
fiom overload rentiers its use uiisuiUible in many case** but, like 
the moving non miter, it has the advantige tliat it can be used 
for both DC and AC measuicmeiits 

Thermo-couple meters 

The basic fart iisifl in the construction of these meters was 
distovered as far back as 1806 and is known aftci the discoverer 
as the Seebi ck effect 

II a circuit comprised of difhrcnt metals is at one temperature 
throughout there is no iisultaiit LMF Tf however, one junction 
between two dissimilai nutals is at a different temperature from 



Mie remainder of the ciicuit an EMF is set up and a current will 
How, this EMF IS known as a “ thcimo-electric EMF This 
phenomenon can easily 1 )l demonstrated, using two dissimilar 
uctals such as copper and iron, but the usual " thermo-electric 
ouple ”, as it IS called used m smh meters consists of bismuth and 
ntiinony, as this combination gives a large EMF, although 
numerous other combinations may be used 

As the temperature of the thermo-couple is increased, the EMF 
d first increases ; but, after a certain rise m temperature, it ceases 
^0 increase and, finally, decreases until it reaches zero and starts 
to build up again with reversed polarity. It follows that only the 
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DC METERS 


first portion (that of EMF increasing with temperature) can be 
used for thermo-electric meters 

The construction of tlie meter is shown diagrammatirally in 
Fig 132 

The current to be measuied passes betwr en 1 and B, raising 
the tempcratuie of the lifatrr wiie Altai lied to tlie rentre of AB 
is the thermo-jiinction and, as tJu tempLiature of this junction 
incieases so Iho hMF across tlie couple rises , the resultant current 
IS passed through an oidiiiai\ DC nictci usiiLilly of moving coil 
type riu mild is cahhiatcd to read dncctlv the current flowing 
in the external ciicuiL of vvliieh the heatd \\irt \B forms a part 

This type of mctir is suit iblc foi both \( and DC It is so 
built thxl tJu ( un])lc is lu.ilh eiirascd in tin ammeter rase, and 
it often lescinblcs an oTdni.Liv inoMiig toil mitii though as it 
deperifls fui npeiatmn on luating clfect its se lU is non-linear 


Shunt and series resistances 

If a meter has been clcsigmd as a sensitive milhammcter the 
use of shunts (in parallel) and sciies rLsistaiici s is essential if the 
midci IS to be usofi as an animitir oi xoltmotei 

Thi jinneiple is as fnllems if a nutei reads up to 100mA 
and it IS leiiinied to use it lor ini asunments up to 1 ampere, then 
the inftnnc( is tliat, wlun 1 amiJiie j)assis thiougli the ciicuit, 
only 100 niA must jdss thioiigh tin mctii This will give full- 
scale diflietioii, and if ( alibiation will ( nabli din rt reading of 
thf' euinnts to tin luglier limit Onh 100 niA pass thiough the 
miter, tlunfon 000mA must pass tliiinigh shunt Jhus, the 

reqnin d shunt = ^ir, whin f/ is tlie nsistance of tin rnetei. 

The principle of voltmi ter aiiel sciii s lesistanec is similar, and is 
illustrated in the iollowing ixaniple — 

Q A metf r of n sislaiuc 40 ohms gives a deflect inn of one scale 
division foi a cuirent of 1 mdhampeie hind tin scries resistance 
rcquire'd In ihange it into a voltmeter leading 1 volt per seale 
division 

40 

A Voltage across meter for 1 scale division elc flee turn — 


But this must bi the voltage across the mitei when 1 volt is 
applied across tin meter and senes resistance, 


Senes I LSI Stan u 


voltage aiross series resistance , 

40-- ^ ,--- ohms 

voltage across meter 


-- 40 X ^ ohms = 900 ohms. 

40 


Some ineleis are provided with lx set of shunts and senes 
resistances so that their ranges and uses can be varied. As an 



SHUNT AND SERIES RESISTANCES 


example, consider the meter shown in Fig. 133a, having an internal 
resistance of 200 13, and giving lull-scale deflection when the 
current flowing through it is 0 • 75 niA ; this corresponds to a 
voltage of 150 mV across the meter. 


fd)0-075mr 0“lSOmV 


IDOji ZZZji IOSji 5 I3jl 

(b) 0-1 5mA CL)0-75mA Id) O 15mA (e)0-30fr)A 


I99,800a 


(f) 0-l5v (g) 0-150 V 

Jig. in —Mulli-purpo e nicLcr. 

The range may be extended as follows 
0—1 5 inA using a shunt o( 200 Q 
0—7-5 inA using a shunt of 22 2 I? 

0—15 mA using a sluint of 10 5 I? 

0 —30 m\ using a si unit ol 5-13 

0 —15 V using a s( 111 s 11 sislain e uf 10 800 U 

0 -150 V Using a seiu s resistance of 190,800 13. 

CIRCUITS CONTAINING INDUCTANCE, CAPACITY AND 
RESISTANCE 

It is inteiesting to i ousider the btJhivirmr of the uirient in the 
ciicuit of Fig. 134 aftci the ke^ is clobL'd. It will be seen that 
there are tliiee distinct cases, dipending on tlie lelatuT values of 
R, L and C. A differential equation is olitainerl by wilting down an 
equation for the current t seconds aftci closing the key. 

The voltage across f is ^, and has polarity as shown. 

At ^=0, 7=0, since the condenscT is initially dischaiged, and 
V=0. 


The voltage across L is — measured m the direction of i, 
and therefore Kirchhoff’s Law gives :— 

E-L%--L.in 


(71) 
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L, C AND RtCIRCUITS 



To eliminate the variable q from the equation, diffei eiitiale both 
sides with respect to i and put ^ i, giving 




or 


dh Rdi i 
7^ Ldt “*■ LC 


0 


(72) 


The solution of this equation is :— 

fit I TJI t 

I — Ae -I- Be 

where and are the roots of the etjuation :— 

The roots are :— 


m 


2L-^ ^ 4LJ LC 


That is, 7)1 


R 


a ^ v\lieic a and ? ^ 

V 4L2 


Hence, llie general snlutioii to equation 72 i^ ; — 
i Ai^ f 

Case 1.— 

R- ^ J_ 

4L2''' LC 


b is real. 


1 

LC 


(73) 


Equation 73 gives :— 

/ - [Ae^ f Bl~^) 

~ {F cosh ht + G sinh ht) 
To determine the value of F and G, put t = 0. 


(74) 






(76) 


(97931) 



tm) t, a jfWCiaJTO 

This curve is of similar shape to those in Fig. 135 

Case 3.— 

^ ^ IS imaginary 

Let b = jii), so that uj = 

Equation 73 gives :— 

{ — 6~^ (F cos o)t G sin od) 

and, as before, by considering / = 0, F and G may be evaluated, 
giving 

F 

i — —r sin ijr 

u)L 




Tliis siiovvs tliat i lias an exponentially decaying sinusoidal 
waveform, as shown in Fig. 13G. Damped oscillations occur in tliis 
circuit at a fretiuency / given by :— 

jTZW 

■ 2n\j LC 41J 

This is known as the “ natural resonant frequency " of the circuit. 
The rale of damping is proportional to a, i.e., and will be least 
when R is small. 



CHAPTER 4 


ALTERNATING CURRENTS 

"TNC theory deals with the behaviour of cuiients and voUaf^es 
^ that are consiant in magnitude and direction ; AC theory deals 
with currents and voltages that are not constant, but that vary 
through some particular cycle of values which is repeated con¬ 
tinuously at some fixed lalc. The rate of repetition is called the 
" frequency ” and is measured in cycles per second. Fig. VM shows 
the graph of such a wavefonii ; the vertical axis represents voltage, 
and the horizontal axis, time 

It can be seen that the complete voltage cycle extends from 
A to B, where it is repeated. The duration of each cycle in this 
case is x^ir^h sec., and hence there are 100 cycles in one second, 
i.e., the " frequency ” is 100 cycles/sccond. The frequency may 


VOLTS'*- 



Fig. VM — 'CviJiial allrmatniij Luiieiit waveform. 


have any value up to infinity. For coiwenieiu'e this I'ange can be 
roughly divided up intf) b.uuls. J^'reqiiencies below 100 cycles/second 
are normally used for commenial power di.stribution ; for example, 
in this' countr)^ the supply fi(‘quency is usually 50 cycles/second. 
The next band is the “ audio " frequency band, i.c., the range of 
the human ear. The exact limits of this vary with individuals, but 
lie between 20 c/s and 20 kc/s (20,000 cycles/second) ; many people 
cannot hear above 10 kc/s. The frequency detiTmines the '' pitch " 
of a ntite ; for example, middle “ (' im a piano is taken, using 
the scientific scale, as 256 cycles/second. An increase in pitch of 
one octave is equivalent to doubling the frequency. Faithful 
reproduction of speech or music would demand a system that could 
work from 20 cycles/second to 20 kc/s ; it is possible, however, to 
obtain satisfactory intelligibility of speech if frequencies between 
300 and 2,000 cycles/second are reproduced. Above this range are 

187 

<l^l) K2 
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Fig, 138 - AULiiialin^ \iilU.,(s Ut) nm )i 1U sqiuiu, 

(f) lij lu^ul 11 \ i \ I 1 ims 




and 


Flow 139 —Addition of lundaineiital sine wave, with third and fifth 
harmonics, to give an approximation to a squaie waveform. 



FOtlRlEfiTS THEOREM m 

the frequencies used for earner telephony and wireless—up to 

several thousand megacycles ^-and these are further sub-divided 

The shape nr ' wavcfoini " of an alternating voltage or current 
is ]ust as important as tin luqiiLurv Fig IdS shu^\s three voltages 
that have tin saint. fioqueiiLy but Jiul different wivcfonns 

Since my ictuinnt \^ utloiin in ly hue It) be dealt with, the 
pitjbkm IS to diMlop l d tlnoiy Ih it ran be applied to any 

pLiituulai Lise uul 1 oniiri s tliLOiLin pioMrlcs the solution 

Fourier’s theorem 

riu niithiinitud ispu t ol loniiii s tluouin li is been dealt 
with 111 Clnipttr 2 In woids I Ins Liu on in st ites tint auy )ecm7ent 
uavefofm oj fiKjitcmy f can h it sol td ^nfo the sion of a number of 
sinusoidal i^an foim'i hn fi jiunni s f If d/, I he number 

of sine naois 7nay hi. finiii or infiniti 

An dUtndiM u oi si diu lln llnriiLin is to slate that any 
sleuh note c in hr s[)lit ii]> in o i Iniirl inn nt rl nid li iimunics ” 
Ihf luiulinni Id hi fu pu lu \ / tin siroiirl li irmonir lias 
fnijuinr^ If tin tinni liiiinonir Ills fTiriiumy lud so on 
'^uuntls piodurtrl h\ tin 1 un in \ on i oi niiisiLal msliumcnts 
in ul\ ih\ i\ nnilun iliit^L lunnln i of li iiinonu s 

I Ins Mil 01 nil thus u dm r s iiu \^ urfoiin li> i numbt i of sine 
w LM s Jin st[uiif vv u t loi <\iin])h r insists of i fundnntntal 
and ill the r;/r/li itmonii s 11 ]) I intnnlv supjiosethr iinplitude of the 
fund imciiLal IS 1 then tin un])litinlt ol tin tJmd liaimonic will be 
til it of (In fifth will In ’ incl s i on I i^ 1 sliows tin nsult of 
taking up to tin Sth hiiiuonii it will hi snn tint this gives 
a good ippi oMin ilinii to i sjiim wur 

1 hi ^(7i(}(il III r>n d h pi i i) this ihapl > mil thtrefon be based 
on tin ass tniplion that Ih u / / nn is sinnsnaal llic behaviour of 

other t^pcs of w urfoiiii r in 1)C iin esligitf d by ipplying hourier's 
thcoicm aud tin ^iijn! position lln on in (sd C haplcr 5) 


SraUSOIDAL WAVEFORMS 

Tig HO slinws tilt giaph of i L sin 2-rfi Ihis is knowoi 
as a siniiso rid w ui foiiii oi siiu w ut and iL has been shown ill 



Fig 14Q—Giaph of c = Cmax sm 27Tfl 
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Chapter 3 that it is the form of voltage prodiired in a loop of wire 
rotated with a conslaiit speed of rotcituii in a uniform magnetic 
field (tlie simple altcin it or) 

I loni tlu (([iitlion it r in lx ‘'icn tli il the first cytli ends when 
‘lift (i nil ms; 

that IS allri l Iiiik I ' ‘-iinrid 

Hiiur tin “piiiodit tnix * of orii (\tlt i'i ' suuiids ainl tlu rf fort 
thu f .111 jx T -ill 011(1 i( y i". tlu fiM|iiin(\ 

It ( ni dsi) In < n IK nu nihi 11 ih i 1 tlu in iMiinnn \ due ol 

sin 0 !■- 1 ) 1 ]) il llu ni ixiini oi \ ilin ol f is / Htiut 

I / , ^ sin Z-rlf 

IS tlu (fjllUlOn of L MIIII^OkI ll 1 Ml wliosf jlL ik lllU IS 
aiul w lin^i li ( i|ni 111 \ 1 ^ ^ i 11 ])!(^( 111 ^ llu \ (111 n 1 ilic J Ml' at 
any linu / u i*- known llu in i ml mi i n^ v iliu SinuLLrlv 
i ~ jTy/ K T» t ^ I inns lid il I ui It 111 Jit iuiu I loii lu f d 

not lu 11 ss n il\ 1)1 sill 2 )// 111(1 insd)// a si l (Jt// (f) 

01 ‘ y] ■>u\ 2 i]l dl/(|)iis(jn '>nnisi)i 1 il uimI nils 


Angular velocity 

1 Ju xollift ])iodn(i(i l)\ 1 I oil il win n j iii^^ m a lini ii 
mu^iutn 111 Id li is ludi ^liown lo lx J ,^siiidy/ wlnn J is 
llu •'jx i d oi 1 ut itinii 111 K \olnli Ills (( ond 11 llu mL,ml n \ tloiily 

fi) (in r uh ill SI ( ) Is lik<n d di I(inniiin Min Npi ( d iJu t(|iiation 

bf I OT 1 U s [ / , in ( / Il 1 llu u ii ( J r 1 nil n s t oiu i ex nliilioii 

and land / i (\ oliitions doiuliiin jioiuls t( *li ^lulimsscc 

I 1j it Is \t ( 1 ) 

Ill M ])i ( lildiis it IS olli n n I u Lonx 11 lull li d with ^ ili in 
witli / ])iiiui])iM\ lx( msi llu llin f s\inl) I l<f t m lx ujdittd 
)jv tlu sijis\ndiol r) 

\t tins slid 11 Is woitli ininliomig (iil in ijipi o\im dions 
til il 111 lx 11 idi in ( dull 111 »ns wii u i In lu n i in u \ is not 
iii]niHd 11 wiJj h( ionnd tli i / SO(l i ims u S 025 
r uh ms St r mid md tin i m noun ill\ h» t iki ii i s 000 llu iiroi 
Ixiiu; mils ' ]) 1 iini ‘siniiliilx / 1 hOO i i\is 10 000 

ladi UN St d)jid md sn on llusi ijipi )^ m umi will be made 

in tins t Idpi IJ ml in woi Ih u nu mix ii ig 

Mean and RMS values 

llu iiu in \ dm ol m\ 4\pussU)ii of llu k im 7 rSinr)/ is 
ZLio t\ii 111 iiuhlunti ]nii)d ol I nu It wdl In Nsunit d when 
dr aling wiili w LX (loim tJi ii tlu ini m x ilni is/un otliuwise 
it van lx ic^iidtLl is muiI iinii^ i 1)( d)Tn])oiunt vvliuli must be 

d( dt XM I ll s( p IT ll I l\ 

It w IS sliovMi in Loniuilion with DC (( hapli i d) th d tlu powei 
ui lu ating (fleet of i x ult igc oi (uiitiU dcpcndul upon its square 
This applies also to AL, but the square of a sine wave will vary from 
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instant to instant; it is, in fact, not the instantaneous value of the 
square that is important, but its mean value. It can be seen at 
once that this mean value will not be zero, fni a square is always 
p'j^ilive. This mean \’alne is most I'onvonitMitlv evpresserl in the 
loim of a voltage Jl such (hat is etjual to the mean value of 

C-. In this rase h is llie squaie loot of tin* me.iii value nt c-, 
aiul is therefore ealhal 1hf‘ I\o(tf ^han Square xahie of the 

aJ^einating vohage ; it is that stc'adv vohac;i‘ wlinli would give 
r]i(‘ same mean jiowei (dler( the aheinating voltagi'. A similar 
detinition ajii^lies to RMS values loi alteinating <uiiienis. The^e 
valines are writtiui a.^ 7:d,.,,s’and I This is to distinguish these 
values fiom nraximuin values (A„,„ and ami instantaiUMUis 

values [c and i). 

The value of Fi,ms ’^^ill now he laleulrdi-f] in teiius of Tlio 

fii.st step is to cahulati the me,m \aliu ol / - ; this laii h(‘ doi e by 
ralculus, or mtni' sim[)ly as t»)llows • - 

f sin (ni 

sin“ (')/ 


The mean v,due ot sin-r-*/ is not ohMoiis. hut a us(dul trigonoiiuM i le 
formula gives : -- 

sin - 0 I (I I ('s '10) 


Applying this formula 

7- Mltl 1 
" ,7“ 


]. (I eos lirit)r) 


Considering the right-hand sidr, the* Inst ttiin is (oiNtanl and its 
niciaii valu(‘ is equal to ^ 1 hi second lerni has a ane wavi'- 


form, and its mean v,dm^ ov'ei a jieiiocl o( time is /mo. 
The iiKMii valm nf (,-) 


Now — V \aiur nt e- 

. r- Fjjijy 

. - •*- J{M S / ' 

which givc.s the RMS vahu' in tiani-. of tin' pt^ak value. 


Similarly Tnus =—^ 


( 2 ) 

(3) 


Alternating voltages and cmicuts are usually measured by their 
RMS values; it is important to lunember this, as all insulation 
must bo able lo wiihsiand ilie ptak vcjhage. h'or example, the 
normal 230 volt mains supjdy has a peak voltage of \/2 x 230 
— 325*3 volts. 
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AC + DC—If botli AC dnci DC flovv Ihiough a mcuit at the 
Scime time the RMS \ iliu f)r thn usuliint is \/1j “ h Irms"^ 
when luo IS llif ])( cmiipoiHiit liuI /; ,/s is tin RMS \ line of 
tlu AC cfunpDiK Jil Hk ])ic) i iij il it H it {^ivli ibovc 

Aieon and overage values Di m i i ilii )f in ( \pn ssion of 
the fotni e = } sin : / (win h h l 1 i f i s n i 1 i /(io ov 11 an 
mdelnnli |)iiioil ul him) i n nil^ ill rl 1' ^uini \aluc 
of £* Jlu 1 nil rn in \ ilii ol t i li ]ii iit I\ n I In i l pi i sc iit 
the iiu in \ ilui nl |i | , w n li i i tli l i I i in w n l in bt‘ 

shown to b » ciiiil In ^ 7 — 0 bw 7 ^ 

t 


Form faetjt IJn i iln (ill RM's \ 1 i 
A (untnl 01 \< It i^( IS ( II 1 lb i jin 1 i 
in fjm stii n 1 ii tin l i >1 i sn u i \i 

1 . ' 7 ( y / 

I 01 in i u 1 1 

n (> >y 7 


if in II \ lint of 
(Mb w i\ i foini 


I 11 


Phase 

Iwo wi\( ioiin ol liic mil iu | i i \ i i n Ii innl n 

points of iL\il (r^ ]) ij \ 1 ( It ' ( II 111 1 lu Lim lint 

b\ will! li tin \ 111 out f sic ]) 1 i II ill hi 11 in ])b isi 
and is ]iisl isimjiitiiil isiIkhi ^ ii i wh i b ^Iwiwivr- 
ioiiTis rii L ( cliff III (i 1 II in i’\ ] i 1 il II winch 

oiu v\a\ i Is die ul ol ( I be linul ilic hi I i 1 i 1 1 1 h i c \ niifik 


Current 



I 




\ 


s n- 

>L 


xt 


1 II HI I \^ 1 l ‘•10 il 1 I i ( 

tlie lii^ir eur\f ‘^D (>i luli iis) ilu 1 c^ tlu '-riidlci one 

Ihis ( in be sc c n boin till f Mhillbc I r lu s mill il]\ /irn 
but the sill iIIlj oiii is/ii > in I j \ \ lmiIw, m tli Mine (Incction 90° 

later 


The clillennce in phist bitwccn two \oll i^^is oi enurnts can 
easdy be sun fioin Ilu tqiulion^ 

1 ui example, c - 1 nax sni ( I y' iqinsmt^ iwa\t that is tp 
radians aliead of the w i\l t, 1 „ m v)f 
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Note thdt tlu \Ljlr ic^( f sin vA 90° biOiind the voltage 

^ f, IX ^ ^ Mine slll(f)^ I 90) 


Sum ot two sme v/aves of same tiequency 

///( \u})i ij i ^ ui t\ I 1 1 ! 1 t ;/;/s 1 / li][ wiDii /;n///t;ir\ 7S a 
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lUfS I f1 
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; jf qjf )i \ 


111 L m 1) 

pi 


L 1 1 

n\ 

» \ n 






(( ) D’ 

1\\ 


1 1 

ill 

► ill l\ 


md 1 Id up point 1)\ point 

1 llL U sllil lilt 

\\lll 1 

i 1 

11 ( 

\V 1\ o 

11 

1 s nu 

ti 1 pn 111 \ 


(/ In 

.1 

II 

1 < 

111 

< ns 





1 1 t \ 

oil m ‘'ll 



/ 

1 






md 




/ 

t 

^1 

i 

i 

1 / ' 

/ 

/ 1 

S y si 1 

!>/ 


(■ 1 



il , 


/ 


in / 

I 

SI 1 / f f>s f 

\o \ 

m\ 1 \pi 

1 

1 

1 1 

i I 

1 1 


/ / 

S f / L 11] 

1 hi W ) it ^ Tl 

1 s 











1 S]|1 

^ I [ 



f 

\ 


1 



/ 

A 


\ 

[ 



1 / 

111 

\ 

1 

1 l>s t i! 1 


V 

1 

/ 


1 

1 

ft 




1 

\\llLU 

1 m 

sil 



i 


111 0 

" V' 



1 



V 

» i 




ll( . 

1 

\ (1 , 


/ 



/ 


in 7 

Sill fr / 



\ I 


7 



'1 1 1 


/ 

sin d >/ 

II] (4) 

win 1 ( 

') 1 111 

1 

f 

f 

I 

1 <! 









> s ) 





1 \\l^ !■> L sill 

\\ 

i 

( 1 

iln 

m In 

iiii 

im IS 

11 d 



Representation bv lolalmg sector 

Nii'lui tin i> 111 1 » llii In III nil 11 il iiiitlnnl of itprt- 

sfiilnu \( 1 I ilinh si il i [Miti ilnl uIku tlIlIim pliase 
or fldiliDii 11 IS 1 I M h \ il 1 \ I L sliiAvti IliLl any 

sjiiiisoiil il illf n Llm ( I jn lit oi \ 1 i m ih n }jii si iiO d i-. ])irL 

ol i r )1 il iii^ \ I 

C oiisidu llii (\j) 11 / sni r / IkiiliiiliU i fiom 

lint i)iinriplr lIk \ di )l sin i >t it li)\ nist ml li n to he 
fo’ind I Ills IS doiH ^ 111 <iiu,rtiionu li \ l)\ ill LWiiig tin angle 

wi anti ilofkvnt lioni \ I irli ig Inu md (hopping a perpcndiculdr 
(ir<; Fig 142j ' 



m BXNVSOTDAL WAVMFOnjm 

NP 

The angle / PON — mt Then = sin <ot 

To calculate r J ni ike OP I 

rjitn P\ i , j: sin 
P\ f 

A mrmcnl Ijicr of vmJI li i i ilUitd Inil 7,,^ is l oust ant and 
thertforf 07^ 11 in iiii llii ^ inn Iniqlli I Ins is npit senterl by 

Fig 1 

In all ( LS( s ( 1 (tjinl io7'’\' if P f ilU 1 lIou tin lioii/ontal 
axis e IS Ilf g itn t 

If the figuit IS (li iwii for snii-.si\i nist ints tin line OP will 
rotate abunt 0 at a lonstani ingnl it Miotit^ d 4«. both the 
length and iht dnutunL of OP m ini]>oit nit it iniisL be ifgarded 

♦ P 


P 




1IG 142 - Kline SC nt ition cl 1 ig til Ki pi cntation of 

sinusoi 1 il VI It 1 ( l)\ sums )i 1 il v by 

luliliii Mil r ()I 1 1 itin \ (L toi ()}- 

as a vt( tor mil i is t ijn l 1 tents \ 11 tn d eonipfincnt Note that e is 
only of till \i(im in pi u lit i i i isui in lU il with a 
Lomphti vutoi til in \mIIi m> pi ti iil ii ii I mil it is for this 
leason tint Mitois in s) nnjioil ml in \t iJiton din reason 
lb easy to sLL I n^iil is i aiMii (]iiiiti1> l>m llu complete 
vecLoi his consfan/ in ])hlndi mil ( ingul ii ^llmlly 

Tin T( pn sent ilioii ol \( b\ \utois in i\ bi siiinniuistd as 
follows an\ smiisnidd iltunitiiig 1 M\ of jii ik \ due 7 and 
angular \ilniit\ n in i\ bi iLpu uited 1)\ thi ^tllull i ninpoiTLiit 
of a lot iting Ml loi whose lingtli is n]uil to 7 uni whobe ingular 
veloiiU IS iipid to M It I in bi sun tint llu irtipuncy of the 
alternating ^f)lt igi is iijuil to the spud nl lot ilimi of tin vector 
measurul in uu)liiiums piy s ecu/7 

A similir definition iirplii s to luiients 

Note th it the hot] ontul eoiiipoinnl eoiild i qinall^ well have 
been taken 

Illustration of phase difference 

foiisidoi the voltage —sm (e>/ d yp) This is the 
veitical part of a vector whose leiiglh is and whose angle 



JPHASfi t>TFi^KENCE 


Idj' 


P 



1 IG 144 iv( piLst Ill'll 1 n f luis ilil \ 1(| | \ ] i iliii \ Ltii OP 


IS ut i lo clr i\v (hi VC i till lli r vvoii'd hf cliawji ds 

befoK and till const mt in^^lc / iddi It it s in 1 144 

If this virtor iiid tin vliIoi uinisLiihii^ (^ J ^ ^ sin tot 
are drawn con tlit sum dni^i iin loi (iillmnL i ilui s oj r / I 145 
IS obtaiiiLcl 

NoU tint indy ^iiiiiiii m tJi( s nm nittfiu position, 

rotating togctini at llu sum s])u 1 I i M j*n iblmi it is siilliLunt 
to fonsulci vcLtois ill fiiiL posiiimi oiil\ ind to sini])lil\ c diiililion 
a position is nsii ill\ clu i n in wIm li om ot llu \ 111 ois is hoii/oiital 
Thus tlic two \ olt igi s would ii l in 1 ig 14b 

It IS impoituit lo unui iliei wlun dt diiiL; with Ihr^c vcUor 
diagi nns s l}n\ lu c illi iL tint dllinngli dr iwn in oiu li\od 
position tliLVLCtois LiLroldiiig d i i onsi uit ingiil li ^ t lor il v w , 
and till! Ihi inst int uu oils \ illigis m llu Acitu d coinpomiits 
of tlio vLctois at an^ inst uit I he dm clion ot lotition is anti- 



Fig. 14S —Kcpreseiitatioii of t\v o sinusoidal v olt it,Lb and by rolatiug \ evtors# 




]'F(i I 4 h \ ( ( tuj iLplf illilifiii III lli( 1 v\ u I It i>.i r 1 illlfl t2 


clockwisi, IS slumn m 14(S It will hi iiolid (IliI .1 \ t rtor 

diagram is Mu lx si w.iy oi showiii!.’ I Ik j)!i ililhitju' btlwaiai 
two wavt lui rijs 


Addition of volta^e^ 

Till' pioblrin oi atldilioii and sub j almii aliia<lv solved by 
two inuLliods is niiu h sin)])liln tl hv iisii ^ v r. 1 im ^ 1 o laid Hit' sum 

of hln,nx f IT h 'J iL 1" l.llLSSai\ lO 

find Ihf s/f;;/u////^ (U i (iiitl if'nip hi (>i ! , > i if( Im oMuiiisr, 

is ctjUdl to till n final (otfil^iffu iil i>l ll, s/o// u/ i o lULlths in 

otliCT woi rls, if till 1 vs o \ (*[ 1 01 s ai ( diiwh.i.d fill it llii iiMillaiit 

vert 01 Will It ])ri stud tin* siiiii ol (1 k two \ oil u t s 

This IS shown in 1 if( 147 



Siiiro and lotau toefrllitr will mt dr at tlii' same 

speed ami the ti/^uu will not tliini^e its shapi , lit iin / has the 
same fiequeiirv as and / 

Applying tlie losim* toinuila to the tiian^Ie 0 1C . - 

or -= X -I 2 .oJ 7 a(' LOS (ISO" -^ff) 

i.C- ^max ~ ! ^''Irnax^ “1“ ^^'Xtnax ^^max *P 


( 5 ) 
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Dropping a peipendiculai CD on to OA, 


tan 0 


CD _ 
04 , ID 


0 1 111“ J ^ 


^ _ u '^•11 

U- 1- / 2 LD" 7 


( 6 ) 


It will l>c sc (II Jioni tins iJi it tin use ol \LLt()is piox idt s an easy 
wa> oi tie liinniiiiij; till of two die initii ^ \ oil s Subtrartioii 
IS doiu I)} suhlj II tin^ tin vtilois It is most important to note 
that (unit ss tJu\ Jiippcii to be ni ])li isi ) ilbiiiitnig voltages 
cannot ht addid tli d is the })( ik or J^MS a dues cannot be 

added \ddilioji oi siibirnlion must Ik don< vectoiially 


AC CIRCUITS 

lire lit \t piobliin is in i ui adi liit biliivioni of allcinating 
mil Cl Is mil \ lit igt sill \ 11 in Is 111 ( ml ( oiisisimg of t oiiibinations 
ot mil Klimt I ip lid \ 11(1 I'sisliiHf Jl will bi shown that in 

tlirsf cniiiits i iiiii Didd Aollij^i ])inrliius i simisoiilal cuircnt 

ol the Mine ti i (ju ii(\ iiul ill isd lilt iiiinnt and\oltage 

will not 111 u,( 111 1 d Ik 1 i ])h i i lit jiliisi indmigiiitiidiicliLion- 

ships loi pn tie 111 11 cii (nils will now b d tiimiiud 

Resistance capacity and inductance 

Resistance lit i \ ll gc 1 ^ sm d/ bi ipidii il to a 

11 sist mil A' ( M 1 ig 1 IS) 



I iTx 14S MlfiJuLin A :>ll L t 1 j 11’ ( mu jil u sisUncp 

It isl 111 111 ] ll LS Witll lllL ippllt l\olla^L 

Ohm s Jaw applies it un ms nit limti / ( in bi deli mum d from 
the eepidioii f ?A Ol i mi 

Heine z is a mnsoald illnndmg (mu id in ph ise wdh e and 

having the seine lufpiinc\ Jlu peak \ dm ot ? is l,nax^ 

lh(* two 11 latioiisliij)s aic tlunloii — 

(c?) e and i u e m ph ise 

(6)^ - R (7) 

■* max 

The vector diagram is theiefore as shown in Fig 149, where the two 
vectors have been separated for clanty. 



bs ' AC ClItCtJITS 

/nductonce,—Let e — bin mi be applied to an inductance t 
(ffe- Fif; 150) Tlie nsist mcc of tht iiuluclame is taken as zero. 



1 1 1 Sf) \ll 1 n I Lin \ It i I 

1])] liL ’ 1 111 in In 1 mil 


i rru/ 

1 


ImAX 


lie 1 SI ( nil Lnt Lliion^li 
11 kii 1 iiui I *^0° 

belniii ipplu ij \i)lla^^L, 


di 

Tin 1 MI iiiflufed uu) s lilt inflniliini i' — L—. 

dt 

'Xppl^iTig Kiiihhofl^- (iiiiulliw 
r W 0 

■■■ ‘ 


dt t _ r , 
dt L L 
Integrating with iLsprct to t 


' sin uit 


( os f>/ 


rills r in Ik \MilLLn i 

wliidi shows Ihil 

(ir) 7 IS 90° l)t hind < 

I")'- 

riu \ I Ltoi di«igi iin is shown in 1 ij ISl 


D 




Capacity let < — sin <>/ be qijilii cl to a condenser of 
c ii)icU\ ( (sti l ^ 152) 


Q 


Im&x 


Eirv_j( 

I iLi 152 \Ut?inaliii^ I ig 15J — Cnr^Lnt Ihi nuf^li condenser 

appluil to tundtnser Itadin^ the applied voltage 

by 90® 



' CUKRENT-VOLTA0E RELATIOl^HIPS m 

Measured in the direction of i, e' = — ^ — 

(Note the minus sign : if i is positive, c' is in opposition to ^.) 
Appl5nng Kirclihoff's second law:- — 
e e — 0 

0 = I j^dt 

I itit — sin tot 



Differentiating with respect to t, 

i vA ros (A 
This may be wrilten as :— 


i — ujCE„ 


. sin 




showing that :— 

{a) i is 90 ° ahead ol r. 

^max ^ j9) 

The vector diagram is shown in hn;. 153 

Current-voltage relationships in AC circuits 

All DC thcoiy, iiuhuhng, in jicirticiiLu, Kit ( hlioiCs law^, is based 
upon the fact that E 7 is a ( onstant and is iMpial to the resistance 
K. A similar relationship 1^ reiiiniI'd J01 \C if tlie same methods 
are to appdy. Ihit, taking instantaneons values, r -■ i will vary 
from 0 to ioo it tlu' two aie not in so the law does not hold 

111 its original foim. 

Consider, howevTr, the it suit of dividing tin* vedors re])resenling 
e and i. Denoting these' \ ectoi 5 by A and T, then j will be a vet tor; 

let it be the vector Z \Z\ To divide the“^e vectois, divich'the 
lengths and subtract the angles; 

1^1 Y:\ . 

1^1 '* majr 

wdiich is constant. Also, the angle 7 will be eijii.d to the angle 
between E and 1 , that is, the phasi angle, whit h is also constant. 
Provided, then, that vecton-. aie usi'd Ihrougliont, the ledationship 
E A' 

j = Z holds for AC, just as ^ R applies to DC. The vector Z 

is called the impedance vector, impedance being, in a sense, the AC 
equivalent of resistance, since it represents, the tolal opposition 
of the circuit to curient. Note that although E aiuT/ are rotating 
vectors, Z is fixed. 

Since, in jiractical problems, alternating voltages and cuin'nts 
are measured by their RMS values, it is convenient to Jet the 
magnitudes of the vectors employed correspond to these RMS 
Values. 

Hence let \E\ E^ms 

3Jld I /| = Irmb 
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AC CIRCUITS 


By so doing, the vector approach will yield an RMS answer 
This convention will be usid througJiout tins book Wlicn no 
ambiguity is JikcJy to arise between the veitoi and its modulus, 
the modulus sign m iv b( oiiiittid ind the RMS \oltagLS and 
cuircnts lejiiescnUd by J ind I 

llie piocifline ba \( juobliins is fust to laid an cvpnssion 
for 7 flu dcj// 1 -^ f)l no use cvri])! is i menus tt) in end its 
modulus liow[\ei ^i\isthi i dio be Lwe e n ])« ek (or RMS) vdues 

|/| tii^lt givf ^ tlic pli ese iiigle by which 

I max * /f 1/ T 

the ooUu^ Inuls tin tin int It tlie angle is ne itni tlie eiiuent 
is die id oi Uk V nil iu,i 

llie A du of |/| IS the nil]) iliiiie ol tin i lu ml in onms /, 
being I \(<t r fin ni e X()i i sse d in tli ; not ti mi i 7 v » 

then 7v IS llu usistue ])itI id tbi nn])i d me e liuI \ llie uactivc 

part, f dlid tin icaelaiLL lire L\pii i m ^ i> i died the 

“adnuttuiee inel in be ele noli din 1 It 1^5 ) m i tor 
llu iin])edini( / of ui\ eiuiiit i in bt t dr e I lee' ])! ovide el th it 
the iini)i (1 UK c ol Lirli ol the tliiee iinidinn ii d eoinpoiients R, 
L and C is known, these Hiul e ises uill neiw be ele dt wdh 



Resistance (sit 1 ig 1 ISj 

I / I ^ iiiKle 7 0'=, 

/ /v’ (10) 

Hcrue the \eetoi niiprilniie eif i lesi^Liu is i ii il number 
equal to its lesisl uui mil floes iiol \ v\iih tierjiuiny 

Inductance (sci Tig 150 ) — 

I / I ^ angle f \ 90° 

ma 

Z = wL / 90 ° = jtoL — jl-ifL. 


( 11 ) 
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Hence the vector impedance of an inductance is a pure imaginary 
quantity, whose mag-iiitudc increases with fn queiiry I in ic ictance 
Xl- ioL ^ 27 ifL and varus with fiequincy as in Fip 154 


Capacity (see hi^ 

|/| = 


1S2) — 

^mnr _ 


1 

r )C 


I )C — 


f jC / c 


an^le tp — — 90 ° 


( 12 ) 


llit'ie I wo ixpussiuiii 11L c qui\ dt ul 1 in i/ mUht found a 
iult that Hu first is th nun / s jitl ;/ Hu cindcnsir I'i in a 
st)its ciruiit ami ihi stcomi if H is in i fuali / (iicnit 

It will be scin tli it llu mcI )i im]n(liii i nl i c ipuity is a 
purr imat^ni qii 111til’y wli in i^iiiUi II d i il isi bwiliifiequeiiey 


riu iLLctanec = 

(it 



1 1 -^ 1 55 ^ 


llu tliriL 11 suits ]ust 1)1)1 mil • in imp)ilLiit Lstlu\ form the 
b ISIS of ill AC llu 01 \ ll n po ibli lioni llu in to i ileiilate the 
impidiiiu L)i III) ULlw k ( I wluiifli diii^^ \\ itli \ L L tin s (he same 
nutliods I 111 bt inij)lo\ul is m DC If Jor nisi iiuc iinpudaiices 
lit Lomuitirl 111 <'Ciu^ llu t i il iinjuduui is louiiil b\ idding 
the I idol iinj)t d uu is It is in )^t iinj) iil iiit to noli tli it iinpedaiii es 
L innnt bt idled uiihss lh y “i jii \iitoi ioiin Sniiil irly if 
impedaiuis in eoniiK 1 1 d in ] iidhl tin tot il nn])( d mu maybe 
fuimd by ddcLin^^ Llu doi adinilLiii s 


Calculation of impedance o£ simple circuits 

Ihe siTiiphst t^])L )1 pi hli ii i th iiliuJiliou )f (he imptdinre 
ot i p;i\tn tneint it sonu In j ii ii \ I\v) iiiswin in f^Liuially 
icquind tlie iinpi d in in Inn ind ilit ph isi uiglt between 
cuiient infl\ollag^c tli il is | / | iiid thi nule 7 llu ingh gp is 
noimally assumed to he 111 iilhn lu lii 1 01 ihe Jourth quidrant 
The sti ps ill this l\pi o1 ]U( bhiii in is I >11 )\\s 

(f?) Driw llu ciniiil insi tm^ llu impidnius as \Letors 
If immciied ^ dm s in ^ivlii simplify t uii inq^fclinci as fir 
as possible It is usn dl\ lust n f In elnnmitL Jiaetions 

(&) ] ind totd vllIoi iiiqinlinci h) qiplyinp the s imc 
methods as foi DC [noblmis Simj)hf> the iiiswri if possible 

(c) I iiid I / I hiom this if the ijiplu d RMS voltage is 
given the RMS emnnt may lu loiiiid 01 vice versa, by 

remembering th it | ^ | \ t 

^ -* max 

(d) bind the angle 7? Iltiue the phase lelatioiisliip between 
e and t is deternimcd Renicmbei that it ip is negative the 
current is ahead of the voltage. 

0 


f979*in 
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Two examples will illustrate this method. 

Example 1 — A ^uKial pioblcm willioul iiumuical values. An 
indue lance and icMslanie aif Cfiiiiiei led in seius, find the 
mpedduev dt din hequiii{\ and the p^id<^o diii^lc 

^WVV- 

Ik 1"»(i IiiJiuliTiii insiijL with resist iiu i 

Si(p a —C onsidi i 1 i-,^ 156 

Nfjti IJiat the jjii])i fl nu i of IIk indudaufL Jus hun wiilUii in 

\ ( Ctoi fuilll IS J {)/ 

h lliL two inipidiiiits as vtilnis lit R and 

Till} au 111 sLius so till tol il nn])Lil UH L is found h) .idiling - 

/ R I yr)L 

btftps I and d* 

JTimi I / I \/R- t ‘ (') 

ami I 111 (j * \ns (//) 

Since ?7ispusili\c lJu cniitnl lif^s on llu \ olt i^u 

lilt answers ]usl olilainid an jumal and Lould be a]i])liLd to 
a partHulai tasc li\ subslilutiiu nuintiu d \ahiLs Vs, liowtvci, 
tlieu aie so nianv ])nssd)lt i oinhin ilimis ol R I intl ( it is 
impossihlt 1o]( nil mini ill iJu mci \i\ loi milu ind it is lit Itei 
to woik out i i(lM\ain[d( lioniJiisl ]>iinu]<Jis 

ExiWiph 2- 1 ind lilt iiiiunl Jlownu" lli iiiLun oJ 1 ip[ 157, 
and UdlculatL iLs ])1 iisl wuli usput to llu \o1mu 


50cr A 

- VA// 


I dh 1 

' 0 0 i‘ 

t 

' If'! 

\t> i 


1 _ ^ _ I 

dt '> y 

i IL.. 157- ' Ml lilt I 111 IIMIII II IsllllLL IJl ( LI ill 1 UlLll ij I 1 \ in SMILS 
Willi nil lllLl isl illl I 


S/ Z' Il Illl inijuilmiL nl lilt > iiiidt list 1 nuisi Iil wiitlcn as 

a \iiioi IJu iwi tMi^'Siiili ixpiissimis in — ^ aiul \ , and 

t ( jf )C 

since this is i piialUl cifLUit tin snond exjiusbioii will be used 


* bet louvirsion liom netiaii^uUi tu polar vector notation, p 5S. 



IMPEDANCE EXAMPLES 

here. Numerical values are now inscrib'd, remembering^ that 
f -- SOO gives 0 ) — 5,000. Then, 

1 100 X 10« IQS 10^ 

j(oC j X 5 : li)'^ . 2 ^ • JO'* ] •' 

Step b.—To iintl llio total Jiiij)L‘(l.iTue, tJie impeclaiit r* of the 
jfjiLiJJel riicuit niiisl Jiisl ho loiind. Ivc'iucMnhtMing tlial . - 


1 

// 


1 


1 

/> 


, that /i 


1 


this i> given by : 


J 


1 ’ 




1 

■ _ 1_ H 

H.OOO ' 1(1 ‘ 

l^nnping the bottom Imo ovoi .i r.'>miiioii ilononiiiialor :— 

1 ;i X 10‘ 




+ ;3 2-1- y3 


30,000 


The total impedance Z is this m series with 5,000n 

••• 

Always lemove (oiuinoii Jactui'i wluu posable; in 
out 5 X lO*^, giving 

3 2 

Snii]ilit>ing the cxiirosMoii in tl'o biatkol, 


this Ccise take 


/ 


10 ** 


! 7 


/ - 5 
/ 5 


l()-‘ 

2 h 

1 


j'^ 

Itx 


X 


I yOj 

siiii])li '»! 

lo] in. 


(i) 


rationalise aL ihis stage, Jm altliDii^h it i > c a^\ in this (.in , il usually 
Inads to niULli uiinoie s,n\ acklhinn.il woik 


Step c. - Find |/| X (oiisistN ol anuinbi'i of vei tois multiplied 
togethei or divided , ti^ i'ud it- nji)dnlus the ''C'j^.n.de moduli must 
be multiplied oi divnchd Ihe lactni 5 10* ol couisc^ remains 

unchanged, as can be een b> legaidmg it .is a vei loi 


Hence | X | -^5 ^ 10^ >' 


= 5 X 10^ X 


1 s_4 I 

I +;3 I 

^04 4- 9 

V4T9 


(97931) 


02 
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As the imped iiK e itsclt is not le quiiod, tins diibwei is not worked 
out at this stage IJii tiiriint is ealeiilitcd by remembering that 



Now C 50 volts, 



4 2 mA. Ans (/) 


^tep (I —Jniid iliL r/ / luiisisLs uf a number of vectors 

niultiphf fl LogitJiei oi rlunhd and it-, auglt is lomid by adding or 
subiiaeling tin jiidiMrhid aiighs 

Hencf fiom (i) 7 tan ^ tan“^(^) 

tan 1 (0 t75) — t in ^ (1 5) 

20 H 5b IS' (UiLsi \ dills btiiig iliosen 
bi I lusc S I and 2 f j'A 
both In in the tiist quadrant) 
dS" 15' Ins ( 11 ) 

llu iiigiljvc sign shows that i k ids t, is to bf c\j)Lctid in a 
eapaulive i ni ml 

t is thin (oil .Muiinilol 1 2 m \ h nlm^ tin \ultagf b^ d5^ 45' 

Calculation ot frequency or component values m simple circuits 

In sDiiiL pnibh ms r 1 l iinpi d ini 1 is give n ind i ilhi r the tieqiienrv 
or oni of tin ( onqioiu nl \ dm s is uqimul 1 u li pi obit m must 
be tu iti d [III Os nil Ills l)ut lwo (XinqsUs an givin tu illiistiate 
typual mi thuds 

ExampU 1 (st 1 ig 15vS) hmd tin liequuie>. 


-On OSy 



In. 15S 


As the volt ige and s^uircnt an givtn, the impedance can be 
found.— 



6 


I mo 

10 


= 600 ohms 
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To obtain an equation for / an e\pn‘ssion first found for the 
impcdaiire of the resistance and condenser ii senes 

Sfefi a —Considei 159 


AAA/V^ 




Ilf ISO 


Step h — 

/ 

R - 

[ i(_ 

f — 

|/| 


Applying this Lxjnission 

1 o till e\ iiuj)li 

Stpianng both sid 

38 

(■»()() 

1 s ~ 

10^ 

J{m,‘ 1 

K, 111' t 

t , 

4 > 

r ) 

K)!-' 

2 

20 !('’ 



-1 10'- „ 

. 

< 

1 t 

20 10' 

\/r~ 10’ 10' 

Tims 

1 

,, lO' \'20 

2t ~2~ 



712 1 /s Jns 


(U S)- 
4 


Example 2 (see Fif:^ IbO) 


k L 

-WvY- 


1 \G KiO 


\Z\ IS given as SOO-Ti d 800 [ (i l d S 10^) (i) 

|Z| IS given .IS SOOi? at 1 M)0 ( s (/ < r> - in'*) (n) 

Find 7^ and L 

It IS fust iicCLssiiy to Lai I ul lie llie inipidinie r)f a resistance 
and inductanLL in suns 

Step a —WriLc the iinpedancr of I as qr)L 

Step &.—^Thc total impedantc Z — R \ jtoL 
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Stepc— \Z\ -= ^/R^ + 

Apply thib to tlif pioblcni giving t\\n pqnitions 
(i) becomes 51)0 \/i 25 10*^ / ^ 

and (n) b( conns SOO \//v“ -< iOO ll)‘ I 

Sr]in.ring ( uh si L( ol ilusc two tquLtions 
(ill) bcLonn ^ 25 10^ A 25 10' L“ 

and (iv) hn oini ^ hi 10* R 100 10' I - 

Subti icL 10 10* 

A- 


7 > 10 I - 


M 10* 


7") lO^ 


10s/7S 


mil 

lOfi /lO 

^ V 5 

mil 

iov/n 

inH 

72 inlT 

hi 


( / 


Now Inul R 


AIulti]il>nig L(]ii i( 1011 (\ J b\ ^ 



75 10* 

lA ] 7-1 U)^ I 

Lqii dioii (mi) 

M 10* 

75 I0« 1 

Subti irlm^ - 

)A- 

Ui 10* 


R 

12 10* 


R 

^Ih olmi^ l;;s 


in 


(m) 

(iv) 

(V) 

(VI) 

(Vll) 


More complicated circuits 

In nioi L iiiinpln iti d tin ills ill iiiinut iiid \. iltio^is will be 
wiittin down IS Miini'^ 1 h ‘-i \i(i()is lu in 1 it t loldiiig bill 
ds onlv Hull }il il Us in inq u 1 uit U i ]niuussibh to 

L onsidi 1 1 bull 111 un ]i silu n ui 1 u n rl tlu in is li\ul 1 In jiosilum 
IS gLiK 1 l11\ i luisi 11 s ) I li ii oin ol iIk \ I I (ois In i onu s hnii/oiil d - 
it will Hun bi iisLil is i uhiMuf \ii ixiniplu illiislritib tins 

2^xam[^l Sf L ] Ihl 

Find till tuiiuit i 

It will In iiotid tint in ilu ^uui il c isi Hil sinu ^inplncal 
symbol is iisul for ill iinpi d inn s iins])iLtiM ol whclliLi they are 
rcsistiM, induLluc, oi i qxuituc 

In this example, the impedances have already been expressed 



EXAMPLES 


m 

as vectors To solve the problem, it will be most convenient to 
tdki the EMF of 6 volts as the reference vector , it thus becomes 
the \cclor 6/0 Let the total gcneiator uirrcnt be y, so the 
niirciit 111 the (ciitral inn is ( \ x and r aie botli vcitors, 

111(1 ^ IS uqmiid fluiL an l \o niikiiowns sn two « qiiations 
uni si bi found tlicst aii C)bLniiLdb\ ippb Kiicldiotl s 1 Lv\ lound 
111 two sin dl Llosid in (works 



1 u 11 


Left-hand network :— 

G = y (600 d ;1S()0 720(0 \ ;2()(). 

6 - V (600 -h 71600 ) i ydOOx (i) 

Right-hand network 

0 r (jlSOO 600 y20()) /20(H 

0 yj200 +%((()') ' /IHOO) 

0 — + r (1 I iSj 

V—;t(3 1-/^; («) 

Substitulr (ii) in (i) to rliminin v - 

[(d I yb) ((lOO 1 /UiOO) t 1^0()| 

-- 2G[)j\ [1 + (d ^ ;cS)“l 200;^ [1 t 0 - M y4SJ 
6 t) 1 

■■ ^ ~;200 (74b — 54) 200 (- 48 — 751) 200 (8 | ;9) 


This gives a: in mcLoi iorin Ls modulus wdl givt. the current 
in amps 

1^1= -rJ_ amp — ni\ - 0 42m\ A?is {%) 

' 200^/b4 hbl 200 V11^ 

Its angle will b^ tlie angle by wliirli ^ is ihi id of the 6 volts, 

t e 180“ - tan-i ^ = 180“ - tan M • 12S = 180“ - 48“ 22' 


= Kil“ 88 ' Am (ii) 

(The “180°” IS the angle com spondiiig to the “ — 1 “ m the 
numerator.) 
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POWER IN AC CIRCUITS 

In DC, Ihc power dcvdtjped m dny circuit is equal to the 
product of the volt ape across it anil llu current through it In AC, 
the instantaneous pou i qn il to the produrt of the instantaneous 
values of voltapi and i urn n1 so lli it — 

/ ^ ^ (13) 

Tlie instant uieous jjowi i is of littK \n utii il v dm tin impoitant 
quantity is tlir ti m ])ovvii wJiii li is di Inn d is tin (nt/a^o value 
of tin ])owiTo\(i i ])i 1 mil of tiiiii ind is mt isiin d in w itts Ihe 
prodm I 1)1 till KMS v dm s 7 7 is i dli d the uppavint poucr , 

it mif:;lit lI fii t si^ht i])])( u IikiK iJi it this ^\ould pivc the true 

powi 1, but Jl will l)L sf 111 sill it]\ 111 i 1 this IS not so 

Calculation of true power in any cucuit 

I ak( llu piiu 1 d I L t ol i i m II I vlitn tin xollipi uid cuirent 
an out ol j)h L I bv in inple y so lint 

t 7 111 f d ( 14 ) 

and 7 / SIM (f f \ 7) (H) 

(7) may bi lu t itm bid tins doi s not dii i l tin .inswer) 

1 h( Ills! int nil oils ]) wi 1 is 111 b\ 

p 7 , sin i 7 „ sin (r | tp) 

7 ^ I ,, W i I Mil (Mr;) 

iliLtim \ dm ot i)o\M 1 is llu im 111 \ dm of this toialenlile 

it llu loinnili 2 sill I sin/ 10 ( I L) i os ( 1 | 7 ^) is used 

Thispivis p ' r ^ ^ ^,>s / ei'S [ItA 1 7)] 

Consider tlu i\]iii sioii insidi tlu b u ki i llu fust linn is 
const int iiitl its nu in \ dm n\n iii\ juiiod oMiini is i os tp Ihe 
set Olid ti nil is i siniisoul d w n i loi in iiid ils me in \ due is zi 10 

TIence P me in \ dm ot p 

1 . L. 

, - IDS 7 

If P / 7 LOS 7 ( 16 )* 

/ / . 

since 1 - iml 7 , lioin (2) iiid (S) 

\ - V - 

This shows ihu tlu liiu pown di jiinds nut only m the values 
of Ihf LiiiTLiit mil \( It 1^1 bill iK » on t lu 11 1 L 1 iln I j)h ise (ns 7 

IS called tlu ])owLi lutoi ol llu loiil Note tli it loi a icsistancc 

the powti f u loi is ii iitA uid llu tiui pow 11 is i qu d to the apparent 
power 1 ni i juut n n ( inn (iiuliu t im e 01 i lpnlt^) 7 — 90° 
and cos 7 0 uid sd u pu) ftitffamt ianmt ahsoth powir , this 
IS a most niijiiutant fuel 

*If y and /ulii Lf) llu ldfil p milin^ luiT-tiii^ alcIois thin equation lb 
becomes P = | J | [ I | los 7 (sll p 199) 
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The equation just proved can be written as — 

True power = Apparent power x power factor 
If the impedance of the load < in ht written as - 
/^R +;\ 

Ituii the power tictoi is i^ivcn In — 

A’ R 

cos fp — 

\ 

Ahiinati\L foiins of iJii lxjhlssi ni t in hi alLLiliUil 


P 


II CL)^ V — L 


I 


R 

|/| 


(17) 
Tlui^ — 


/-|/|.ns , I R tos p (18) 

Of tliLSL ililJLUiit foims P 1 R IS ptiliips tlu most iiselul 
Note tint the txpitssioii \ is yut lie s mu is the foiniula 

7 - K I 

P in DC vhuli apjilu s oiiK tf) i ])nu insist lull 


As / cos 95 IS th it Loinjiomnt nj 1 whn li i in j)h lm witli / lue 
pond nn be t ikcn is tlu jnidnil >1 ’voltn^i iiul llu in pi use 
compniunt ol rurirni 01 cquilh is tliL jirfuliu t ot niiidit ind the 
in ph iSL Lompoiuiit of \ oil iw^i IJiis nulhofl is oJlin useful 111 
AC power fjiiLstioiis 

V few L^impks will illnsli iti t^p^l il nulhorls 
I xampJt 1 S In KiJ J iiul tin t I il piwii in witt 


—^MAA 


25 y 

" pp 1 

I K 2 


The Lurrent I mil be i ihiilitiel iiiel tiie Joimuli I-R ippheel 
To calculitc I \Z\ must first hi lomnl 

f son sooo 

riic imjieelnui ol the iiuhutiiue 

^ d / “^ooo ;4()o 


|/| - 100 \/9 Ih 100 \ 2a 


SOO 


I - 
P - 


I 

Kl 

I-R 


2a 

¥)() 

1 

400 


1 

20 

X 300 


= 0 75 watts. 
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The following is an alternative method;— 

Takmg the 25 volts as a reference vector, the current 
25 

I = -r The Dover is equal to 25 times the iii-phase 

100 (3 -[ ;4) ^ 


component of i , tins can be found by lation ilisition — 

25 3 4 

^ ^ u)o73^“+ 4-) i(W “ ^ ioF 

The first term is the in phase toinpoinul and llic second, bung 
multiplied hy j, is 90° out of phase Hit povtr is thutfoic — 

P — X 25 — 0 75 watt Ans 

Example 2 —Sec Fig 163 
Find the total power. 




The answer should be obvious tlu coiideiisir trikis no power, 
and the power in tlie usislantc is ( ilrulib d fioni the vcdtagi across 

• P —,03 40Mvlt 

and this is the total powir 

Example 3 -A 250 volt 500 t s motoi tikes IkW it i powtr 
fact 01 of 0 8 ligging 

(?) What cuiniit docs it t ikc ^ 

[ii) What condenser must i)C pheed in ]ui did to bung the 
power factor to unity 

(?n) What will then be the tot xl suppl\ rmunt ^ 

(а) 1000 - rf ( os if 250 ^ I 0 8 

7 — 5 amps ^1/is (/) 

The in-phase component of this cuircnt is 

I cos <p ~ 5 X 0 S = 4 amps 
and the 90° out-of-phase component is 

I sin V - /Vl — cos- <p - S-v/l - ()-64 = 3 amps 

(б) To bring the power factor to unity, a- condenser must be 
added that will take a current ot 3 amps, 90° ahead of the voltage. 
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It must therefore have a reactance of ohms. 

iJ 

1 10' 250 , ^ 

• • t;;c = 2. X 500 X C = ir ^ 

, _ 3 X 10® 12 

~ 250 \ IOOOt ^ 7T 
— 3-82 (jtF Ans (u) 

(c) Thi‘ total Ime current will thou be merely the in-phase 
tomponciit that is, 4 amps Ans (/?i) 

Note that by acliling a t oiidensor to iiitlease the powei fartor, 
the total current has bei n dec leased Fig 164 sliows the vector 
dictgranis with and without the coinlensei. 


4a 



T 01 \L 
Cl kULwr 


C hDUl LR 
CUkRC T 



a.) WITMUUT llN^LNSLD 


bJ V.1TM C.L 41>l N CC 


1 IG 164 —LIli I I of powci factoi coriLitiii^ t omlensur 


With large ilcctiical nistcdl itioiis, parluiilai .ittention has 
to b(' paid to the powei latloi , Ihi iieuii it appioathes unity, 
the sinallir is the toicd iinuiil, and llie smaller the loss in the 
distribution lines. 


RESONANCE 

In AC ciiLints (apart horn tliosL coiisistiiig [>f pure resistances), 
the curiLiit and voltagi an usii dlv out of phase Under certain 
ctiriditioiib, hnwe\ ei, tin v ni i\ bi in ph i^e, and the i u luiI behaves as 
a lesistancc Ihis plieiionu non is known as n sonance lor a given 
Liuuit it would norm dlv ocdii at only a hmte number ol fie- 
queiuies usually one, iii the simplest (ases. It is passible, however, 
to hnd urr lilts that restinate at all frerpiemies 

A iwo-Urminal nctwo}K amiatning reactance zs saxd to resonate 
when the voltage aiioss U and cur}cnt though tt are in phase 

This IS the general delirition ol resonance, resonance should not 
be confused with the condition foi maxnnum or mimmuni impedance, 
though this often occuis at or near resonance. 

A few particular circuits will now be considered. It is normally 
required to calculate the frequency at which a given circuit will 
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resonate, though it is also often necessary to calculate the value of 
one or more of the components that will make a circuit resonate at 
a given frequency. The impedance at resonance is important and 
will be found in eacli case. The resonant frequency is denoted by 
/p, and the corresponding angular velocity by Wp. 


General rales for finding the condition for resonance 

To find the condition lor icsonancc, it Ls necessary simply to 
write dowai the iinpedcLiice Z, and to state tlie condition that this 
shall be resistive (i.r., leal). TJiis can be done in a variety of ways, 
all of which are wortli bearing in mind. 


A 


{ Z is in the form [r,0], the resonant condition is 0 0. 

If Z is in the form 11 -[ the rcsonaul condition is A" ~ 0. 

It y = Z“^is in the form G -|- jB, the resonant condition is = 0. 

If Z is in the fuini ^ | the resonant Londition is ^ =~ . 

C V jD AC 


(This last condition is eqiiivalenl to saying tliat the numerator and 
denominatoi have etpial aiigh‘s and hence that the angle of Z is 0.) 
From tlie condition Jui lesonance, the lestiiianl fiequeiicy can be 
calculated. 


Series resonance 


"—ww— 


I'lG. 165.—Senes lesonant cjiLUit. 


In Fig. 165, the impedance is ;— 

Z K ->(-JOjL -ly, 

0)U 

= A' + y(cuL- J.) 


The condition for resonance is :— 

,uL - A = 0 

wu 


Thus 


LC 

1 ^ ^ 1 
^ "" Vfr ■ 2.^yrc 


(19) 


( 20 ) 


From equation 19, it can be seen that the impedance at 
resonance (when AT = 0) is equal to R, 
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^IG. 16b—Variatiun oi iinp(?dtUiL(* aiul iCciLtaii' i' with hcr^ufncy lor a senes 

LllLUlt. 


Note tliat at any utliei lieqiieiu'y, tlic inaf^nitude of the 
imiieclaiice is :— 

|/| -A/a’“ + (..L- (21) 

which IS always grj'aicr LJian 7\. Hcntc iJie iTiijictlance is a minimum 
at resonance. 166 shows him the iinpedLince and reactance 

vary with frequency. 


Voltages in series resonance circuits 

Let a voltage E be applied lo the above circuit at its resonant 
frequency. ('onsidei the voltage across the condenser [Eg) or 
inductance [hj) ; this is calculated from tlie total current. 

E 

I — and Ei^ = I X u)qL 
A 




Denote by the letter Q. 
K 

Then 


= (? X E 
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Similarly, Eg — —= IconL, since, at resonance,— cj^L 

(OqC VUqL 

Ea = Ej,-^Q XE ( 22 ) 

Q = may often be very large; if 7^! is the resistance of the 

inductance onJy, Q may have values up to several hundred. Hence 
the voltage acioss tlie inductance or condensei may l^c several 
hundred times the voltage across tlie whole circuit. Tliis important 
property ol seiies resonant cinnits is of widi^ ap])lication in com¬ 
munication engineering, as it provides a simple means of dis¬ 
criminating between diffiTent liei|uencies. If a constant voltage at 



varying fn*c{iiency is aj)plied to the circuit, the vtiltrige across, say, 
the condensei will leach a niaMmiiin just Ixdow the resonant 
frequency, but if (J is large the difference between the two frequencies 


Er 


is small. Fig. 167 shows the variation of with fn'rpK iicy. 


The ratio 


Efj _ I condenser impi'dance | 
E I total impedance | 

1 



Let this equal n. The maximum value of will occur at the 
same frequency as that of n. 



SBRJMS RESONANCE 


l^S 


C CO 


‘0 


’c-0 


_ 1 _ 

to^C'i f 1 


lu hiid the liequency that inikis »- a maximum, differentiate 
(lor siinpliLit^, with rciipcct to rj-} and put - 0 


“^)+2u)-i7.^C2] 
[u,-C^(R~ + 10*7 ^C“ ] 1]2 


(I (n^ 


2i77“L2r^ -= 


f) 


,0-7^ ^ 

1 R^ 
”■ ~ 7 .C 2 L- 

R- 

“ 2l- 


(j|,7 


“"“'O - 

W — ioq 2 f)- • 

( lb tliLitlou kbs than Ao •►'h iJ O is laij^c 10, say), the term 
2^2 —^ ^^^/—/o 


Parallel resonance (anti-resonance) 

r-"\/WV- 


-13- 

Fig 1(''S J’' II ilk] ciFLuit r uiilciiiijii ^ a L and C 

Ihe lasc of a pim indiiLl inr l in parallil with a irnidenser is not 
considered as in praLtu e an inductance always possesses resistance. 
The circuit to be dealt with is shown in hig 168 
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The impedance is given by:— 

+ jo>C 


1 


1 


Zf R j oyL 

The simplest way of detcrmimiig the condition for resonanc 
is by rationalisation. 

1 R — j toL 




Z [k -\-jmL) (R - juiL) 

y = Z - -j- j^C - ^ 


(24) 


Tlie coiulilioii foi ic^onance is that tiie term is equal to 


zero. 


This will occur when C = 
A’2 4- ^ 


L 

C 


(25) 


2 _ 1 h’-'^ 

''' ' LC U 


and 


/ 1 ■ R- 

Wp == /-- 

V LC L- 

f . i 


(26) 


Tlip inipedaiu'C at lesonancc is giviii hy i-rjuation 24 when 
the " y " t(Tm is ])ut e(jual to z.ero. 

1 

Z ~~^ R^ + 

= (from equation 25) 


Z at rcsoiiaure 


(27) 


Note that iJ R is \ery sin.ill, Z will l)c very large, tending to 
infinity as A appio.u’hes zim'o. 

If A is small, there is a useful approximation to this formula 
or Z. 

1 A , 

bor 77 - 2 —,-77^ - ^ above, 
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Neglecting the first term :— 


R 


WqL 
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= . (Of^L ( 28 ) 

wJiere , 'J-S tc)r senes ifsoiianco. If Q is large, it can 

be seen tli.it tJie iiiipeilaiice »jf tJie nirint at resonance is much 
gieater than tlie impedanec nl the iiuliu 1 anee 

It fail be shown tliat, il Q is laige, \/\ is a maximum at 
reson^uire. In tlieoi}^, the maximum vsiliie oeeuis at a frequency 



just above Uie resoiKinl fiefjuiiu\, but the fhdeieiire between the 
twf) (n‘t]iieii( les is small, big 189 .slums how the mipcdaiice and 
real Lame \ .ny witli In'iiiuiuy. 

Currents in parallel resonant circuit 

Let the total ciineiit thiough the (iiciiil he I at the lesonaiit 
frequency; considei tin luiieiil thiough tlie condeiisei (Jf^) or 
iiiiluetaiiee [Tj). 

This ran be ioiincl lioin the voltage aiioss the ciieuit, which is 
equal to the product of 1 and the nnpedaiice at lesoiiance, 

i.c.. E-^I. L 

^c - ^ / X — 

- r;. 7 ( 29 ) 

If Q is large, it can be .shown that 7^ is also loughly equal to 
Q XL 


r« 7 nn 


p 
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Hence in a parallel resonant circuit, the current through either 
arm is much greater than the total current. 

A few examples will illustrate the application of these formulae. 


Example 1.—Find the series and parallel jesnnant frequencies of 
a condenser of 0-005 \lF and an induvdance of 100 mH whose 
resistance is 500 ohms. Find also the impedance at resonance of 
tlie parallel circuit. 

Here L = {)l,C = 5 x 10'^ and R = 500 
For series resonance, 

__ 

~ 27l^/LC 5 xl(7-" ~ 

---7119 I/s Ans. (i) 


For paiallel rrsonance. 

1_ / 1 W 1 /l»i° 

' " 'Iir \J LC ' IJ 2n\J 5 

7073 c/s Ans. (ii) 


•15 X 10^ X 102 


1975 


The impedance at resonance 

10 ^' 

U)' 


CR 

10 “ 

— — 40,000 ohms. Ans. [lui) 


5 ^ 500 

Note that although R is not small (Q is about 10), tht' ddference 
between the two lesonaiit liecjuemies is small. 


Example 2— A coil ol indutlanrc 111 anil lesistanre 300 ohms 
resonates with a seiu's cundensei at 500 c/s What voltage wdl 
appear acioss the (ondensei il 10 volts is applied to the circuit [a) 
at 500 c/s ? (?^) at 1000 c/.s ? 

Tlic value of the condenser is not required, and need not be found 
for this problem. 

At 500 c/s, the reactance of the inductance will be jlnfL = 
yiOOOjT. The condenser must therefore have a reactance ol — ^lOOOjr 
at 500 c/s. _ InfL _ IOGOtt 

^ ~~~ R " 300 


If 10 volts is applied to the whole circuit, the voltage across C 

will be:— IOOOtt c i.l ^ /x 

10 X () = = 104-5 volts. Ans. [i) 


At 1000 c/s, the reactance of L will have doubled, = 72 OOO 71 and 
the reactance of C will have halved, ^ — y5007i 

total impedance = 300 | 72 OOO.-T - jdOOn = 300 +yi500ji 
= 300 (1 -f jSTi) 

\Z\ = 300 VI +25;i^> 
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The voltage across the condenser will be equal to the product 
of total current and impedance of the condens^-r, i e , .y \ SOOjt 


10 X SOOti 50 t 50"i 

5n(Vl 3 VI ^ 246 ~ ^ ^~247 


3 38 volts 4775 ( 77 ) 


This example gives a gotid illustr itioii nl the " m igmhcation 
:llc(t of a senes ciicuit 


Selectivity of resonanl; circuits 

Senes and piralkl nsmiaiit (iieuirs r 111 l)i u-^mI to piik out 
signals at their rcsouiiit JieiiuenL\ Lonsidcr I ig 170- 



Jig 170 ticnn ilui ((uiuliLiI In 171 \ n i iti )ii wilh fn quLiiLy 

to siiics Ksonint nrLint I \ fHi i i 1 [)ss cnnlLiispr of 

Jit, lOS fr 1 ( oils It. Ill dppli l 1 
\ lla ( uhiii ^.uiLiitor m 

) llillt JS low 

Supfiose that a gLiicialoi of nuistanl voltagi 1 and intiTiial 
impedance Ro is ( onuected to i st rus i iicuit aiirl tli it tJic fiequcncy 
nt 7 isvaned C oiisidt r the \ oUae't 7 f, ai loss f Vs the fit quency 
IS ^ iriod, the total imptdiiui rd 7 ( and I\ will \ar\ , if Rg is 

ilva^s small compared with tins impidanri the vnlLagc across 
V r and R will be a])p’oximalth iqnal U) 7 At resonance f 
will he appioximatilv equal to O 7 llir \ uiiliou of g with/ 
IS shown m Fig 171 It i an he si cn that it 1 e ilIill a sh 11 p maximum 
]ust below resonance the circuit is " sclettivc 

Consider thi same iircuit but with Rg large If the impedance 
of L, C and R is always \ciy small compared wnlh Rg, the current 

in the circuit will be approximately equal to at all frequencies. 

In this case, the voltage across C will drop steadily with frequency, 
as shown! in Fig 172. 

This circuit is clearly not selective It will thus be seen that 
a senes circuit will operate satisfactorily as a selective circuit 


<97931) 


P2 
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pTi. 172 \ ai latinu with fi I qiu'iii s 

of \ ullage* ai 1 Dss ol 

I'lL’ lb5 for i tjnsianl a|)pli[ it 
\i)HaL;L", when t^Liieiatoi nn- 

])Lll*lIILl* IS hi|;h 


only if supplier! frinn a generator having a low iiit(‘inal imperlance. 


Fig. shows ,i parallel riieuiL Consider tlu' voltage E' 

across this (hruit when it is ronnecLed to the geneiatoi. Suppose 
that h is k(‘pL constant and th(‘ lieqiieiuv is v.Liied. If is 
small at all irequeneies i onijiaied with the nni)edanre ol the parallel 
circuit, then E' will he apj)!oximalely ecpial to A, and the circuit 
will not be selirtive. Tl, howf‘ver, Rg is always huge compared 
with the impedaui e of tlu' eiituit, then the ciiiient tlowuig will 


always be approximately 


e(]nal to 


E 


R. 


In this case, E' will be 


proportional to the inipedaihe of the iianlhl (in iiit, and will 
thereiore be a maximiiin at lesonanre as shown in Fig. 174. 



E' 


loG. 173 CiriUM iilur LonuLi Ll'lI 
topaialhl nsDUUMl Lirtuit 




lie. 174- \ nltdf^L' j.Lirj'^s paiallel 

JLSDn.illt (llLUlt. 


Hence the paiallel rircuit is selective only if supplied from a 
generator having a high internal iinpedance. 


Parallel circuit resonant at all freqiuencies 

An examjile of a cin nit that resonates at all frequencies will 
now be given. It is of \vidc application in the design of constant- 
impedance reactive networks. Consider the circuit shown in 

Fig. 175. 
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-I'l- 

J itj 17S —i^aiillil Liriuit v\ilh iquil iL‘sislaiiLL in buth clfuis 


Noti tint Ihb two rLMsUiiiLts aie cqiud flio conclilioii of 
r( sou line will lust liL i)bt um d 


J, 

/ 


2 

/ 


1 _ 

7 v 4 7 f >L 


1 


A* 


/ 


f/)( 


~ r!? ^ ^ ^ 


I ) 


l30) 


lljL (ondilion ioi nsimnui is HilL Hit niiint i iloi 
iiouiinatoi should lin I the ntu inplt 



Cross-inuhiplyinr 



This IS Scitishtd li fj/ 


1 

>C 


nr 




7 

( 


Linrl de- 


(31) 

(32) 


Consukr tquitioii v^l lliis givis tlin iioimal frer]iuncy of 
resonance At this ficqueiu} the imjicdanLe, from equation 30, 
r 

will be - I _ This lesiilt is of no particular interest. 


2A 


7^! 

2 


_7_ 

2C7^ 


. Consider equation 32 Ihis is a relationship between the 
components of the ciicuit that would not normally be satisfied. 
It does not, however, involve fiequency, and hence if it were 



222 


AC cmcviTs 


satisfied the circuit would be resonant at all frequencies; for if 
equation 30 can be written as:— 


I 7^2 

Z - - 

2 R+j 

= R 

Hence if R'-^ — 




(33) 

the impedance of tliis circuit is equal to R at 


all Irequeiicies. It can now be seen why this circuit is so important 
—for aUliou^di it contains reaitaiices, its impedance is cunstanL 
and resistive at all frerjnencies. 

It is worth notijig that R'^ - is the condition that the bridge 

formed by the four eoinpoiieiits should he balanced ; hence if this 
is true then; will be no voltage across AH (.w Fig. 175, p. 221). 


The same lesiilts hold if any two inipeflauecs and Z.^ are 
substituted Jor L and C providful tJiaL ZjZg = R'^. Impedances 
that satisfy this condition are known as " inverse impedances with 
respect to R 


Reactance sketches 

Kcactance sketches may be emplo^ ed to deLeimine the re.sonaiit 
frequency ol a netwoik. Tbe impedauei' (/) nl any circuit may 
be written in the form :— 

Z R I jX (34) 

wliere R is I he lesislanee and A the leaelanrt*. 


The admittaiiee (Y) oi the circuit is delmrtl as the iceipiocal of 
the impedance and is also eomplex, 

? r \ ^ Cr 4 ]]i (35) 

where (t is the " Loiiduclanre ” and B tin; “ ^usceptanee " of the 
ciicuit. (The siiseeplaiui' is sumeliim's lepiesciited hy .S’ instead 
of n.) 


hhom equations 34 and 35 :— 


G 

B - 

7v’ +jX = 


R - jX 


R + 1X " R '^ + Y “ 
R_ 

R- [~Y^ 

- A' 

7^2 + 

1 _ G - ;7; 


G + jB G 2 + 772 


(36) 

(37) 


Also 
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anti 


j. _ G _ 

f7“ + 


X 


- 1 . 

G- f ir- 


(38) 

(39) 


Ill the f^se ol series lesmuime, the (oiuJiliuu for lesoiidnuL was 
takui iis the rtindUinii Joi /eii) leadaiice, it A" ^ 0 , diul this 
(oiuliliDTi gives sines lesoii.uui wlullui ii^istanu is present nr 
jinl Fioni eqij.ilion 37 the siHC(})lanu at lesoiiriiue is zero 
nnliss the lesislancc ul (In slius Liiiuit is also ziio 



In. 17h VdiiLM)!! ril rt u L III i iinl siibLiptani c with frLriiiincy for a 

SI III s Lll Lint 


In the case of parallel resonance, the condition for lesoiiance 

was found by ccjuating to zero the imaginary part 

the condition is one of zero susreptance. This condition 7^ — 0 
gives parallel resonance whether resistance is present or not 

The general shape of these curves (Figs. 176 and 177) should be 
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I'lG. 177 — V.iiicilinn nl misiiplaiui diid ir i tn i amIIi foi a 

]) LI lilt 1 r 111 uit 


memorised js Ihty a.iL ixhiinely iisi ful iii txploiinf; ihi hcli ivumi 
of filteis and otliLr loniplix notwoiks As an ixunpli ot tin use 
to which these hums tan be put consult i a tin ml Lli it his more 
than one n son ml lu<piLiu\ 

Circuit having two resonant freiiuencies 

Consider the cuiuit ni I 17S It tins ciniut is tiiattd by 
the normal method - 




FURTHER CASES OF RESONANCE 
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^\wCR + j - 1 )] 

ojCR I ] - 2 ) 


-j [i>iR I ){ioyC - i)][,„CR 

" -R'- -r (../-/f Tip 

Ihp rLacLaiuo is i^ivin by - 

\,>-L-R- I (o^yc 1 ) (,,-/r - 2 )] 
^ [ [u'-LL 2P 


I his IS /CIO if - 

I Ills his two positive inots 

77^)4 


(-*/y-) I 2 


{M 
'll -( 


0 






(40) 


(41) 


rtnis the riK ult Ikls t\\ o 11 s )ii int 111 (jUf I ti( il hnUi ol \ jili 
r'lL II utinre is /no II ( m ])c slnun I’mI wlun a f limit has 





I JG 17 S—SimplL cii Luit having; t\Mi 11 '^oii nil In rjur ulils 


11101L tlian oju 11 son ml fru[ULiL'\ sr i u ind ]iUi4lkl usonances 
nnisT 0( mr alleuiitclv ^^dl no! hi pioMcl but i nuthod 

lui Lxploiint^ the lesonuni'. by in un nt h 'ft mi is sLi IcIils will 
1 )L tJlMU 

( onsidei tin (limit of I i^^ J7S but supjiost (hit the losistance 

R 0 . 

Fif^ 179 sliows liow tin iiutunt fKijiuinv ski 1 1 h is luiill up , 
[a) and (6) show tin susiiptanu liLiiumi^ .krtcJus foi tin two 
unis of the iiuiut and (c) siinws llie snsciptanct skitcli of the 
wliole uimit bung tin sum ol tla susci plain cs of tin two iiaiallcl 
amis Iinally {d) shoW'. tin iL.Mtnui Jnqiuni\ skitili nbt lined 

from (c) by the iLlationship A whnli holds for pure 

reactances, llie fiequerr\ ^ forwlinhtlu iiaitaiiLt is/.eio is a 
senes lesonance, the fieqiune> wlui h gi\ ( s iidiinte naetanre, 
IS a parallel resonance The pieseiice of a small icsistance in the 
eirruit will in general alter the vuhic of these resonant frequencies, 
but it will not alter the order m which they occur. 
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Tims the Inwei fnn]iienrv : — 



CR^) - 


\/ {3L rR‘^)~ - 8/J 

2I^C 


gives series rcsDnaiice, and tlie upper freijuency 



CR^) V (3L - CR'y - 87/^ 
' 'ILH' 


gives parallel resonance. 


(42) 

(43) 




RESONANCE ^7 

Summary of conditions for resonance, for mairimiiin and mmimiiin 
impedance, and for maximum voltages and currents 

coq “ 2/1 X senes resonant fiequenry — - 

\ ^ 0 ^ n 

7 □ ^ value of induct ant l (7) to give senes re sf)nan1 t undition 
C Q = \alno of capacuy (C) tti give seius resonant condition. 
n „ ^^0^0 

^ R 


fr- 


15006 ^ —WW—° 


Fin. 180.—Series resnn.mt circuit. 

1 . Series circuit, with R assumed constant ((^ varies with w).— 

(ft) Condition foi resonance :— 

uj^LC =-- I (44) 

(6) Condition for ininimuni impeilance on varying L, C or to :— 
tu‘‘'7.C - 1 (45) 

(t:) Condition for maxiniiim voltage acioss L, vvilli constant 
applied voltage:— 

(i) If to be varied ; 

1 . . 1 


-— - (I) 




o (l ^ 2 ( 12 ) 


(ii) If L be varieil; 

1 


'(i-) 


(iii) If C be varied : 

1 




(46) 


(47) 


(48)- 


(ff) Condition for maximum volttige .n ross C, witli constant 
applied voltage :— 

(i) If (I) be varied : 

^ ~ 2L^ '' 0 ' (^1 — 1^) (49) 

(ii) Ii L be varicfl: 


T - --- - 7 
to^L 


rso)* 


* i.e., as ior resonance. 



22S 


AC CIRCUITS 


(ui) If C be varied 


C - 


R- 


L 

4 



(51 


2 Senes circuit, with Q assumed constant (R \ iiies with rj) — 


[a) Conch lion loi KsonincL 

— 



m^/r - 1 



( 52 ) 

(6) Coudilioii for miiiiniuin 

inipcdiin t 



( 1 ) 11 t) be \ LI ii (1 




'* -1C ( 

"J) 

^ ;) 


( 11 ) 11 1 be \ ai H fl 





' «)■ 


(54) 

(in) 11 C be V nil fl 





^ 0 


(55)H- 


U) Cdiulih )ii tr)i in L\iniLini ^ oil uinss J with coiistaiit 

IpJjllLC] volL 

(1) If iju be vane d 


, 1 

( 11 ) If Z, bp \ "iricd 

T I 

(50)’» 

(S7)* 

(in) 11 C bi \ LiKil 


' -o‘z - 

(58)* 


(t/) Condition ioi miMinnin \ oil 1^,0 
ijipluil \ jltl^I 


(i) If f bi \ uii L 



( 11 ) II J bf \ u iL d 



(ill) If ( bi \ 1111(1 




in OSS C with constant 


('' t:-)" 

(59) 

/ 1 \ ^ 


“0 ' c>) 

(60) 

(61) 


* I e ds for reboiiiince 
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Fin. 181 --Faitillil u‘st)nnuL ciiLiiit. 

3. Parallel circuit, with R assumed constant ((>> vaiirs with to).— 
(r/) C oiiLlitioii li)r lestniaiii'e : — 


1 




LC L- 

(^)) ruiulitiou ioi niaximniii iinyictinncc : 
(i) If f« be varied ; 

I K‘^ 

"'“==77V ' 

(iij II L be \’ari('il : 




(G2) 


V’ ^ - y J (®) 
^ D" 


(iii) If C be van'erl : 


(t) C(uiililic)ii ft)i iiiaxiiiimii (iiiii'iil (liiDii^li L, wiUi iLaislant 
total cuiTeiit - 


(i) II oj l;e varieiJ ; 

] A“ 
LC“ 2L- 

(ii) II L be varied : 

‘--k- 


■ -ii)') 


(iii) If C be varied: 


( 66 ) 

(67) 

( 68 )* 


[d) Condition loi niaxiniuni niiienl tliinii£,di C, with constant 
total current :-~ 

(i) If <0 be varied : 

1. 

(ii) If L be varierl ; 

r / 1 1 

(70) 


(69) 




* i.e., as lor resonance. 
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(iii) If C be varied ; 


(71) 


4. Parallel circuit, with Q assumed constant (R vaiies with oj).— 
(a) Condition for resonance 

. 1 7^^ A 

LC 

( 0 ) ( Diidilion for maxiniuni impedance *— 

(1)11 aj be varied : 


(72) 




(ii) If L be varied : 

L — = L 

CJ^C “ 

(iii) If C be varied : 


+ 


f 0 + ^0 


(73) 

(74) 
(75)* 


(c) Condition for maximum current through L, with constant 
total current :— 


(i) If ft) be varied : 

(ii) If L be vaiied ; 

(iii) If C be vaiied : 


(76) 

(77) * 

(78) * 


(d) Condition for maximum cuiieiit thioiigli C, with constant 
total current :— 

(i) If 1 /) be vaiied : 

(79) 

(ii) If L be varied: 


L = 


1 


2C - 


(iii) If C be varied : 

1 


77 — — C (, 

w 


(80) 

(81) 


x.e,, as for resonance. 




CHAPTER 5 


AC CIRCUITS 

GENERAL NETWORK THEOREMS 

An " electrical network may be dtTined as bein^ any electrical 
circuit containing impedances and generators. A simple network 
may consist oi a single ilosed ciiciiil (or mesh), as in Fig. 182, 
whereas more complex networks may consist ol a number of meshes 
lliat arc interdependent, as in Fig. 183. 

The current Ihrougli, and the voltage acioss, any iniiicdance of 
a network may be didermined by the ai)plicatiou ot Ohm's and 
Kiichliofl’s Laws, but, m the case of a complex network, the j). jcess 



Fio. 182—Siiiipli' I'lf. 18.8 ]\]in'‘ inmplnx 

plcctiical ni'tvMjrk flLttncdl in'lwtjrk. 

(siTi/ilp mrsh). 


IS lengthy and tedious, owing to th(‘ need for .solving a large number 
of simultaneous equations. A number of netwoik thcoiems have 
therefore been formulated to provide certain simplifications in the 
calculations. 

Certain of these theorems have universal application, whereas 
others arc restricted to circuits containing “linear” impedances. 
A ” linear impedance ” may be defined as a^iy impedance that obeys 
Ohm's Law ; that is to say, any impedance for whicli the potential 
drop across it is proportional to the current flowing through it. 
Resistances, inductances and condensers fall into this category, 
whereas metal rectifiers and thermionic valves do not. 

Superposition theorem 

Ifa network of linear impedances contains more than one generator, 
the current flowing at any point is the vector sum of the currents that 
would flow at that point if each generator were considered separately 
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NETWORK THEOREMS 

with all other generators replaced at the time by impedances equal to 
their internal impedances. 

This follows iioni tlio liuoaiity of Ohm’s Law. For suppose the 
network consists of n iiicshus ; Kirchholl’s Laws will give a set 
of n linear erjnalions such as : — 

Lj — -|- Zl.Tg j- . , . Z,„7„ 

^ r • • ■ V ^iJn 

I • H' 

These iiKiy be solvetl, giving a set of lelatiims ; -- 

1,- 1 I . . . -f A,Ji„ 

^ A^.Jl^ I . . . H 


- A,^yJl^ 1 I . . . 1 

where the Ab, aie LocDuients (lepunling on the Zs, bul iiulei)entleut 
of the Zls and 7s. 

The theoiem lollow^s, lioni lli(‘ lineaiitv ol tlu'se eipjations. 



I'lu KS4 - J’ciuj\.ill iiL Liuuils illiish dtiiii’ supLi pesiliDii tluMnim 

Fig. 1 S 4 shows [lie siijieijjosiliun theoiem ajiplied to solve a 
simple ])ioblem. It is leijiiiuMl to iind the euueiit 7 llowing in 
the impedani'e This will lust bc‘ soL'clI by tlie appliralion of 
Kirchlu)ll‘s L:nvs. 

(u) By Kirclihoff’s Luws.- ( onsideiing cyclic cmrenls /j and 
as ill Fig. IH-l^/, tile reciuin^d tuiient 7 - L, — I and KirrlihuH’s 

first law is satislied. 

By KiiLlihoff’s second law :— 

V,(Z, -I Z,) 7 ,Z, K, 

and — 7 ,Z., j f Z.j) 7 v. 

Solving tlu‘se ecpialions gives ;— 

T L^(Zg -4 Z-j) -|- 

' ZgZg + z^, T Z^Zg 
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StIPERPO$tTION THEOUtM Sift 

7 = ■^ 1^2 f ^ 2(^ 1 ^2^ 

^ ~ f zVi t 

L,Z > I iZ,\ Z,) -[£,(Z. 1/3)41^.] 

' “ / /a + I 

, AA A/. 

//, //, I /,/. 

(6) Lh Uii sitpitposifi \u til [)} ni (s t 1 184 h iiitl () 

1 i, 7 


i»ui 


LIUI 



A 

/3 



/.A 


7 \ 

//, 


/a 




1 

^ 1 







1 




^^A 


^ ^ t 


/, 



1 

/i/j 

1 

t / 

-< i 


3 1 

/ 

/, 1 





U 1 

' // 

/ /, 

1 A/ 





111 (In', cviinplt lliiH is huh () ilioos liiiviin ilu tvu3 
iiLlhoLls 1)ul ill L noit CDUipiu lul i \ iiiiph till sipii rposiliun 
niLtJiod Is L)iUji I i thin tlu iikIIikI iisin^^ Kii< hlintf s J iws 


Th^venm’s theorem 

1 Ik ( HU (lit 'n (t In tc^ iffi} I ifu l ui i Ud I ) I m ( fniimih a and h 
I a 7i(iij,(nK oj vnpt lan i i u ) ilns i ih \iunt is if t/n^ load 
inipidance mi i >un it I > / siniph t nstunl loliai^t ^^tnoatoy, 

hosL LMI IS Uu open lui t i t in suni itios a and b and 
host ml n al inipi i in t n t! inf) Ini j ih mi nk loohin^ back 

inio the iiinunals a an I i h i I lui liors itplaad i>\ iinptdanKS 
cjH il to tinir intnnil inio iaiu 




L I- _ I 

1 rcr 18S —1 |iu\ I'l III Lii it ill I 11 it II [ U VI mil ilu 1 in 

hjg ISS sliowJluviniiis tlunujn (sonitlimcs ilso cdlhcl 
“J^;llcLicls Ihcnitm ) in th iniin iln ioiin I (j^, is the open- 
:irrmt voltage tUioss tiinuiiLK a b (7 i with // discoiinnted), 
Liid IS tlu imptrluKL nu isuitd looking mto ttrniinals a h with 
ill generators replaced iiy imptdinccs ccpial to then internal 
impedances. 

o 


(a7»$i) 





Example ,—A iietwark consisting of generators and inlpedances 
has two output terminals [see Fig 186fl) The foUowmg observations 
are made at these terminals '— 

(a) Open cinmt voltage 100 volts ; 

(^>) cuncut 2 amps uilh tiimiiidls shoit-cirunlcd , 

cuiniil 1 77 .imps iii a 10 D lesi'-tancc connected 
across the tcriiiinals 


n 



} jc JS() I \ Lin])h 1i ilhi li iIl ri JliLvinms tliLDicm 


1 ind llu (luuid tlid will Mow in a SO Q icsistuico connected 
dCinss tlu Urmiiials 


llu iiisL dip Is to cstablisJi the equivalent iiuuit Ihis, by 
Thc\enm's tlieouin, is tlu gciui iloi ol 1 ig 180b, wliere 
I 00 IdO \olts b\ (i/) ibo\c 

To find/ R 1 ;A nsr tlu data (6) .ind (c). 

100 

(6) Ki\cs 




100" 
4- - 


\“ 


(c) ^I\es 

100 

v{R ^ 10 )“ I \“ 
100 “ 
d ld2 


1 77 


/v’“ i A“d 20 /v’ I 100 


I roni (i) and (ii) 207\‘ | 100 ~ 


100 “ 


1003 
4 

0 87 

4 X d Id 


500 \ 0 87 
- 5 


(>) 


(lO 


JO ohms 

I A" 2500 

.■ A'- 2500 900 ^ 1000 

X — 40 ohms 


1‘ioiu (1) 



THjSvteKM'S tH^OJlEM 


Z = 30+ j40 

With a resistive load of 50 13, 
1^0 100 
^ ^ 40v 5 


1*12 amps Avs 




Norton’s theorem 

7 he current m n load imptdaniL toinccicd to two ierminah a and b 
of a network conswlin:^ oj ^nitudor^ and unpidancis n the ^amv as if 
tins load impedance aejt ionmeiLd In a con si ant-cur rent generator, 
uhose generated tun ait is iqutn to the sJwii iuemt twunt measured 
at a b, and haling infiniti uittnial imp damt hut placid in pcuallel 
utih an impedance tqual to the imptdame of the mtuork looking hack 
into the terminals a and b utlh all gintialoiii replaced by impedances 
equal to their internal impedances 


M vWORk F 
EN[RA 08.5 AMD 
L NC A R 
t. t ANCL*) 



Fig 1B7—Lquivaltut (iniiiis jllustritiu^ Noitnn ^ tliLoiini 


This thenrem is similai In ni(\Liiiii ■> tluoicm m that it enables 
a (omplicaied iiLtwoik to he nplieffl b\ a siiif^Jr f^rncraloi and 
impedance. In tins ease linwcMi llu ^niLralor is of the constant- 
cuiuiil type and tlu ini])Lil mr l is in slinnt with it whilst m the 
case of lliLVcmn's llunrtni llu Lr|iiivaluit j^Liieialor is of the 
fousl ant-volt ag( t^])f m suits wuL an iniprdaiiLi llic 
tquivaleiit cimiils qivtn 1)\ lluvtnin^ and Nortoirs theorem 
\iLld exactly tliu same fiiiuni and voltage in the loid impe¬ 
dance, and an tl^en fou Llhrtntlv idLiitical to one another 
In ?iny paitnnlar jinihlLm Litlici thcoum lan thi rtfore be used 


GEM RA / NO 

(Mf EDANCF 




I 


Fig 188—l)iii\diion nf c jnstdnl rurrLntnerator 


In most cases Th^venm's theorem is the easier to apply, although 
A^hen the network impedance is lugh compared with the load 
mpedance, the constant-i urrent generator concept (Norton's 
theorem) may simplify calculations—as in the equivalent circuit 
ioT a pentode valve amplifier, see page 361. 


Q2 
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Fig, 187 shows N 01 ton's theorem in diagrammatic form 
Iso the current that flows when terminal a and b are short- 
circuited and is the impedance m*. isuud looking into terminals 
a b with all ginciatois rcplattd imped lulls equal to their 
internal iinpcrlanct s (see 118S) 

Compensation theorem 

Any mipidcmti ui a rniioik koi I nplacid bv u ^miiatoi of 
zero 'intetniil ivipidana anl of I Ml iqiiiil io tin instantantous 
pottniia! dijfiiinci emo s ill ) ipluad imptd inn 



AN 


I ) 

J IS'^J 1 qun iJciil II 1 il illu Ij \l n 1 


9 


]i j I Tis itin tliooi Lm 


I ig lS9sho\\s i nc 1 v\ oik t f inqvil LIU ( s in I niLiilois togdhti 

with llu piiluiiln iinjudiiui / tli it is to In i(]diii(l lonsulLicd 
as llu Io id llii nitvoik in i\ hi irinipUtiH so]\((l b\ using 
KirihholLs Li\\ in jiiiluul i Ih i pi i i ii In tin iit>iit hand 

me si I will Ik 

V / 7 /] \' f 

when llu suinnuli n ixlimls o\li l nu nb i of iin puiliid 
mqiL il iiu i s in llu i ipht hull nn li 

II llu LimiU ol 1 1^ Isb/ 1 s(hi(L Iw KijihlioJls 1 iws the 

Lquitioiis will Ik <\i Llu mil i I t 1 1S9/^ with tlu 

e\r t ption ol till ti]iiili i Uu llu ll^-,llt li iid nu sli w IulIi lu i omes 

i:/,/, // 

J bus dl the tqiiUions i t uhiitu il loi llu two niLwoiks and 
so also iiL llu LuiiLiils iiul\olligis Lluoiig'uml the twoiutworks, 
tint is till lutwoiks lu ( qun dint 

It will bt noluidtliil lliLii is lu) iistiii lion in this theuitm on 
the L\pes ol iiiqKdi'ut in tlu lutwoik tlu inqu d inu s m ly in 
lai L bt line ii oi non hiu ir 


Maxupum power transfer theorem 

Tins lluoifin siites th it, a c^i^iDuior ^l(h internal 

impidamt </ fhi maximnm poui> dill he obtained from it if 

a load hat tlu conju^ itt impidanci q is connccitd aeioss it 

Ij thi modulus alont can bi ’laiud thi p)acr icill bt a maximum if 
the moduli oj th load and ^tmiahiy impedanas a>e equal, irtOspective 
of iht value of 1/ rills will now bi pro\ed 

Let a load oi impLdance be lonnected across the gener¬ 

ator *is m Fig. 190, 



MAxnrftm itowER TRANSFER 


The problem to determine 
Ill iximum po\iet in the load 

The fust step IS to ralfulitc 

Iten SLLii th it the ^eLtn^ i 

} (cos 0 ( j sill t)) (sit riiiplii 2) 
Z 7, 7 /v (/ 





l P T 


lie I'-IO Miximnn \ \\li ti i i 


the values of and d to give 

the power m llie load It lias 
U IS iliiit to lJu MCtor 

Ihiis Ihr tol il miptdincf is 

( o I 7 * 7/ i os t)) 

, } (/„ sill q \ / Sill 0) (1) 


< 

r* 


1 I II it 1 ( iini lIi i ij luafl 


•• |/M I os 7 /j (O i})^ (/; SlU 7 /j sill (9)2 

- /f;-(cos- 7 I sil7 ry) ( // (( os“ 0 | S 11 “ fJ) 

[- 2/,// (n s \) LOS 0 I SlU (p sin 0) 

-/,2 I-/,- I 27,/, (US (7 -0) (2) 


1^1 


liul - 


_ 1^1 
l/l 


p lil- l^Uu ILslsUM JlLll 1)1 till In 111 lin])nl nil l) 
|/|- // tos 0 

p - Rf // <1 


\I I cos 0 

|/ 2 t- 77 + 27. 7/ cos iu-O)^ 


(3^ 


( onsidLi fust till vaiiilion of /j ^ilh 0 roust int 7^ Mill bi a 
maMiiiuni wluii - 

dP 

r//, 

I / I “7, ros 0 


= 0 


Now P - — 


17 I 2 ( ns 0 




cos (y (9) — -| Z^-j 27^1 cos (77 0) 

^ L 





TUB BECIBftL 



— Z 2 


dp 

_|£|2COSO ^ + 1 

L 


dZj ” 

~Z, ‘ 

2 


1 z, 1 V/, f,. (,; 0) 

_ ^ J 



This IS ifiuxl Iti /III) il mil Miitp Zj IS poMlive, this 

givi s Zj, Z„ 

cl}‘ 

\s , , Is posilivL wliin /, /„ .mil nigiUsa vilien Zg, 

d/ 

thisgi\(sn iiiaMiniJii' \ ilui Id 7' lliiiii llu i^owiris a nuiximum 
wlunllu iiindul] ui Hit ^iiui lioi iiiil Id id iiiijii cLim t s ai l crjiial 


Ts(DW (onsuUi \ LiidiDiis d( \) \Mlh/y t mist an 1 


p 1/|V, tn 0 

A/ t (y 

dl^ 

do 

I L I “A f sin 0[/ 1 /j “ 2 /ff/j t Ds( 7 0)} t os 0 2 /u/1 ''in (7 

[/^r I 2/ 1 ,/j CDS (i/ ^^)J“ 


|y IV, [(/,^ I siu 0 I 2AA sin 7 
At/“ // I 2 Xfj/ A ins (f/ 0 ) “ 


Tills IS /t 1 D il <111 0 sill 7 

givi s i 111 iMiiiiiin \ ilm Id 


1^/Ay 


iind, as beloic, this 


Ihe powii \m 11 hi ni ilisolut m iximiini if both i miLiitions are 
salislitd siiinillaiic Diisb i l /j /, and sni 0 — sin (p, or 
0 — f/ , lliU'i tlu load [di ni iximuin pmti 1 / 7? 


Wiitni^ llu sini^Hoi nnpi d int i is in tlu foiin R \-jX, the 
load tui Tnixinmni |)dvm 1 n R j\ , that is, tlu gcnciator and 
load nnpi d iiu i s m imi]iiL,alis 


It sluinhl be noted ill it this tluoitm apjdies to villation in 
load nnpi dam L If tlu giiun Uoi nniutlanci is \ 111 diL, maximum 
powti will bi tiaiisli in d wh( n 0 jX^ 


THE DECIBEL 

Power ratios 

Lnu LOininuiiiL ition n lomeimd with the tiansrnissiou of 
AC jiowci iioiii DHL point lo am tliLi and the various lines and 
pieces oi equipment that lonstitute a comniunicatioii system 
introduce gams and losses of powder 



POWER RATIdS 


INPUT 


o 


PI 


D- 


NCTWORK 


o 


P2 


o 


OUTPUT 


Fig 191.—Netwoik conncciing a gt'iirrator and a luad 


Consider a network conneciiiip: a generator to a load, l.et the 
input power be and the output jiowei be The latio ni output 

power to input power is tlieii The iictwoik may introduce a 

P. ^ ^ 

loss, in which case - will be less than unity , or it may introduce 
^ 1 

a gain (e.g. an amphlier), m which case f will be greater Lliaii unity. 

^ L 




1 IG 192 — Sciii 1 if! Ill t works in land cm 



If a nunibei of such nc^twoi ks an* connertnd in tandem as in 
Fig. 192, and the individual powei laliO', aie known, the overall 
p 

power latiu is obtained by miilti))lvmg together the individual 
power ratios. This follows fioin the* fad that ' — 

e, i\ • • • /'„_i 

/l/, . M. ' M , . . . ^ M„ , 

where etc., aie the iiidivnlual ]>o\\ei latios. 

Fxamplc - - 


Ncl vjr k ^ f r I G n 

liG 193 


T. -I 


1 _j 




Considei Fig. 193 Fi\e intwoiks are mseitcd in tandem 
between A and B. The iiidiMdual power latins are ■ - 

A/, 0*215 (a loss) 

— 20*3 (a gain) 

0-0240 (a loss) 

0*251 (a loss) 

A /5 - 25-2 (a gain) 

Find the power at P if 1 mW of powjer is applied to A. 
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THE DECIBEL 


Overall power ratio — 0 215 X 20 3 < 0 0246 X 0 251 x 25-2 
— (J 679 (a loss) 

Thus if 1 mW IS ipplit fl to 1 till oulpuL ])nw(r B will be 
0 679 mW 

Logarithmic units 

Ill a roinplt X s\^lfTn emit 1111111 ^^ i liij^e nunihti ol component 
ciniiits rich contnlnitiiif,^ a i^iin 01 loss ( ili ul ition of tin overall 
power ritn) m ly Ijllouk rxluiinlv liboriou^ lo simplify this 
cdh 111 ition the mrlividiiil powii i itios ue txpiissid in a 

lof^aiilhinu unit t n ibJnn^ ddilmn 1) bi imployi 1 m ]>hui of 

multipln itioii Ihi If)^ uitliinn iinil i midovi d is tJi» rh Libel ” 
(abbrr \ nted in db) ind powi 1 ^ tin ni lo^s J) ot i in twork i xpressi d 
in this unit is di frn d is 

D 10 (h) 

where P ouljnd powei 

in el ]\ — 111 ] lit J lower 

7^ P 

n ’is less dim uiniy tlnu 10 l>s,i, vdl be Jie^^itive A 

negative sign Llnis iiidn ites i povMrJei^s lud i jmsUim sign i gain 

ft should be noted 111 it smie 

16 log,,) 10 log,,, (7) 

7> p 

the niinune il uiswii will be the mu iioinittei wliithei 01 

/> ' 1^2 

IS eonsidiitfl but I 0 obi ini the roiieet sign “ mn^t be eonsiileied 

^ i 

Iht following e \ imide w^nen 11 1 ibli 1 \ ^h )W how powi 1 r lIios 
r in bi 1 xjiff SSL el in lie e ibe Is 
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POWER. LEVELS 


^1 


Ezinressicai of absolute power level using the decibel notation 

The decibel is fimdanieiitally a unit of power ratio and not of 
absolute power, but if some staudaid refeience level of pnwer be 
assumed, then any absolute pown can be expirssed as so many 
db above or below this lelerence standaid Wliile vaiious 
other slandaids may onasionalK be enLounleied, the standard 
adopted in l^ritain and ^meiica is I mW (0 001 W). Usinq this 


1 ABU X 


Ab (iluLt pn\\(r tv])ifssrcl in ilbiii 



1 11 s f 

vpi 1 '^sf d 

1 

^,x\V - 

90 dl)m 
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so 

100 

ia(iW - 
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0-001 

(iW 

00 , 

0 01 

lAV - 

50 

0 1 
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2 
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4 
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5 

|/\V 
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8 

|iW 
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10 

[jiW 

20 „ 

20 

nW 

17 , 

40 

(xW 

14 . 

50 

liW 
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80 
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ii’W 
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200 

[xW 
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400 
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cibtl icimtil to I iiiW 
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500 
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29 
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mAV\ 
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2 
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H 

33 
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h 
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kW 
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70 
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k\V 
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standaid iny powei P can lie ixpiisscd as 10 10|£::io 

fcried lu 1 mW rims one < iii c \])i ess 1 watt as 10 lo/^io( “V’- 30db 
above the standaid 1 mW oi " | 30 db with lespect to 1 inW 
Similarly, 5 [AV ran be expressed as 10 lo^i „ ^ 23 dl) with 

respect to 1 mW (i e , 23 db below 1 mW) Tlie expression “ db 
with respect to 1 mW' or " db referied to 1 mW " is usually 
abbreviated to ” dbm " ; other abbreviations sometimes met are 
db wrt 1 mW ”, ” db ref 1 mW ”, and ” vu ” (voice umt). 






m rm mamL 

Thus 20 dbm = 20 db wrt 1 mW = 20 db ref 1 mW = 20 vu 
= 20 db with respect to 1 mW 
= 100 mW. 


ConveTBion of decibels to power ratios 

The LonvLrsinri of pDwer ratios exjiressed in decibels (and of 
powers expressed in dbm) to actual power ratios (and actual powers) 
IS effected by i \ icLl} the re\crse process from that used for 
expressing power i itius in decibels (and actual i)owcrs in dbm) 

10 1o^i„J^=Z) 


.0 

P. 


D 

It) 


fT 


(quoted) 


( 9 ) 


Lxamph 1 — 

What power m watts is repiescntcd by 25 dbin ^ 




1 inW "" 10 

P = 316-2 mW 
= 0 316W Ans 


antilog 2 5 — 316 2 


Example 2.— 



Nfl I'wo k I r N V J Niilwork A NsCtA/a U j 


1 It, 194 


Coiisidci lie, 194 live networks are inserted in tandem 
betwe^en A uid P The deeibel guns uiel lushes of the individual 
networks ire — 


h. el work 1 
Network 2 
Netw ork 3 
Ne twork 4 
N f tw or k 5 


- 6 68 db 
d 13 08 db 

- 16 09 db 

- 6 00 db 
+ 14 01 db 


Find the power at P if 0 dbm is applied to 1 
Total decibel gam or loss 6 68+13 08—16 09—6 004 14 01 

- - 1 68 db 

Powei at P 0-1 68 dbm 

— 1 68 dbm Ans. 


This IS the decibel appioach to the example given on page 239, 
*it should be noted that — 1 68 dbm corresponds to a power of 
0-679 milliwatts. 







Oanmt anfl vcdtage ratios 

When it is desired to compare the powers developed in two 
equal resistors it is sufficient to measure the two voltages or the 
two currents ; then tlic power ratio in decibels is equal to twenty 
times the logarithm (to base 10) ol the current or voltage ratio. 

Consider two equal resistojs of R ohms, carrying currents 
of RMS values and /g, and having voltages across tliem of 
RMS values and respectivily. Then tlu' powers developed 
in these two resistors are 





lij. 

R. Ir 

1 



and 

C. - 

2 ^ 2 

R . I./ 

- i- 


Tlie 

ratio 

between 

tlu'sr ( 

WO ])oWC 

‘j s is thereto] e :— 




C. 

C, ■ 

A',/, 

yA/, - 

(;:)= 

- & 


Or, 

expressing this 

in <liTi 

ihels, 





n -- 

10 l(>Ki 


- Id 








( 10 ) 


and 

D - 

10 lof,'j 

(k) 

1 ') '''^^10 (k)' 








( 11 ) 

Thus the 

])ower ratio hi 

deribi*ls 

IS equal tf) 20 logio 

(current 


latio) —20 login (vollagt‘ ratio), f^rovided Huit the two resistances 
arc equal through which tlie two i uiieiits and (nr across which 
the two voltages E^ and E.^ aie medsiued. 

Currents through impedances. —When it is re(iuired to compare 
the powers in tw'o iiiij)edances 1)V nieusiucnient of the currents 
through them, it is desirable that tlieir i(\sistive (‘ompoiicnts be equal 
since, in this case, tlie power ratio will be equal to the (current 
ratio)This may be viaiticd as tollows :— 

Let the two imp(‘danccs be : - 

Z, ^ |ZJ -A\ hpX, 

and Zjj = IZ^I 

Let the magnitudes of the currents flowing in Zj and Zg be /j 
and I 2 respective^. 

The power ratio is 



( 12 ) 
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TRANSFORMERS 

Two f)i iiioTC unU i)i)SMssiiip iniituil iiidnitimu ionn a tians- 
fomier At aiidio ami powoi iiLqntiuJis non ions an? gLiuially 
used and the mulnil iiiilmlaiin is laii^c \1 liif^hir frequentles 
non ttins i annot hi nsLd and tliL i nnplim^ is sinallei , sucli 
transformers an most i l)l]^ enunllv (ojisidired as i oiqilt d riicmts 
The behaMoui ol non i on d 1rinsloinu is is most tasily seen by 
considennq first a “ pcitn t oi 'ideal' li ansloimi i, that is, 
one with no lossts TIk losses tliat oetui in piattual firinsformcis 
can then be l on side u d st pai alel\ 

The “ perfect ” transformer 

Considei In si a traiisforniei with /eio windiUj;; resistance, an 
infinite piimdT\ indin tiim i and such tliat all flux pioduced by 
the piimaiy nils the setondan and Mt e Misa This is known 
as a perfect tiansformcr Its biLaxiour may bi explained by 
a vector diagram. As the flux is the only link between primary 
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and secondary, it is chosen as the reference vector (iL can be 
n presented by a vector as il vine s sinusoidally) 

Conditions on no-load 

Inrst considd thr ti insfonnei wjtli a const ml alternating 
voltige i})p]iul to tilt ]Munu^ uul the suf ondaiv open tiiuiited 
— i e oft loid {sco I I it tJu pninii\ and scioiidiiy turns 

b( 1 1 and 1 ^ lospiitud^ IJie tuirLiit Ihit Hows will h( infinitely 
Mnall diu to thi larq-e indm I nn l ol tin pnmiiy tin. will be 90° 
bihind thi xoltigi 1 j Flu in tu fln\ 0 m tlie iron lorc will 
be 111 phasi with tins Liirrint liimt 0 is 90 btliind The flux, 
howt\ii will still be liinti nul tlu \ciioi di igi ini i-i is shown in 
Fig 195& 




$ 


(1 


t 


T 1 C, 195 —Pr'insf in 11 on u 1 1 f/ ])i n i ]j,Liiit) 

liu next Ksull 1 ^ oni of fniidniKiil il nnpf)il nu l upon winch 
isbisidtlu wliok ol tiinsloinui tin on It i^ is follows — 

If thi apphiii 10^1 f / 1 i0)i^f UJ* 1 h n h /!n\ 0 /s con^tan^ 

SniLc siiii Luncs m liiin di ill with tlu tiiin i oust int'' 
iikis to lJu ini]jhtnd( tl tin \\i\il)ini i{ tin inorlnh of the 
( oiusponding m ctoi s 

it IS il\\i\^ is'^onii d ih il In ipplud volt igf is i oust int, 
it will b( sLin tint tin llnx nn^t urnuii r rinst ml wliilfMi load 
may 1 )l Loniiidtd to tlu suondiM Ihi pioof ol tlu st itrincnt 
]nst m iJ( IS IS follfiws 

If tluiL is no usistinfL in tlu ti iinfoiiiu i tlu qiplu d EMF 
must be ixutly ((|U il nul opposilf to tlu 1) u k LAII divtlopid 
across tlu pnuinv llinn is 7 , is crust ml tlu link 1 MF must 
be const int But tlu b u k 1 Ml is ])iojinrlinn il to tlu rite of 
change ol flux tlu Ihix must tlniifou hi such tint its rite of 
change is a sine w i\r of i oust ml imjihtiuk Jhiis the flux itself 
must be a sinusoidil wavcloim oi ronst int implitude t l the flux 
IS ron^^tant 

Returning to the pLifict transloiiner with \oltage applied 
to the primary tlu srrondirx voltige (an be (alculated For 

IS produced by the flux (utting the sctondiry turns and as the 
flux IS the same for primary and s(?conda^y^ the primary and 
secondary induced voltages will be proportional to the pnmary 
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turns and the secondary turns respectively. But the piimafy^ 
induced voltage is the back^EMF in the primary, which is equal 
and opposite to Hence the secondary voltage is of magnitude 
such that 


(14) 


Also, £*2 is in phase with tlie back-KMF in the piimary, i.e. 180° out 
of phase witli the applied piimary voltage. This result is also true 
when any load is connected across tlie secondary. The vector 
diagram is ‘-liowii in Fig. lOSc. 

The deiivalion of tlie iinnie tiansformer ” will now be clear : 

by choosing a suitable ratio foi we can transform an alternating 

2 

voltage to any other rciiuiied voltage of the same frequency. 


Conditions on load 

It has been shown so lar that as soon as a voltage is applied to 
the primary a voltage appears across the secondary, and a small 
^ount of primary current flows (infinitely small if the transformer 
is perfect). It now remains to study the action when a load 
impedance is connected across the secondary. Assume that this 



Fig. 190.—Vfctoi dia-^i.un Jdi perfei't tian&lDnncr on load. 

impedance is given ; the seioiubiiy voltage is constant and known, 
and henC'e the magnitude and phase of the secondary current can 
be calculated. 

Insert this on the vector diagram ; Fig. 196 shows the case 
for a load with a ]H)sitive rcartaiu e, so that lags behind E^. It is 
here that the constancy of the flux 0 must be taken into account, 
for the effect of tliis current U on the flux will be considerable. 
Some action must take place to nullify this effect : in fact, a primary 
current flows. 

If is to have the opposite ellect to it must be 180° out of 
phase. Its magnitude is determined by the fact that the two 
effects are to be equal. Now the effect of a current I on flux is 
proportional to / X T, where T is the number of turns through which 
it flows. As the effect of and must be equal, and 
must be equal. * * 



il=l2 

^2 1 


(15) 


In other words, the current ratio is the inverse of the turns 
iiitio, % e. the winding with the fewer turns ( anics the larger current. 
Fig. 196 shows the vector diagiam 

Note that the angle between Lg and equal to the angle 

between and ly, i c \i the load on the seiondary takes a lagging 
cuireiit, the transfoimei will take a lagging ruirent from the 
supply 1 his can be put m another way by saying that the power 
factor IS Lhe same foi piimary and secondaiy 


It 


has been shown that 




h 

A 


and that hence ^ 

J > J I -f i 2 


h 

h 


The input powci ms v j wlieie cos is the input power 

lactor , and the output powci ^ lE tos ^keie cos is the 
output powLi faitoi Ihit 7 , 7 2 so tint tos 7 ^ - cos ip^ and 

it has ]ust been ])io\ cd that 1 ~ 1 J^ 

Input poihir Output po,itr ( 16 ) 

Thus the pnitet tiansforniei inlrothues no loss, and the 
efliLieni y is 100 jiei cent In pi irticc ellinnicKs ol 95 j)ei cent, 
can easily be obtained 111 pown tianstoiineis and audio Irequency 
transfoimers frequcntl}/ lia\e a loss ol less thin I dl) 


Impedance transformation 

With the secondaiv C)t[ lt)Kl ilic j)iiiuar\ of a pcihct trans- 
luriner tnkr s no cnrrcnl , tliil js to ^ ly its input nnpedauce is 
inlimte When a load is toniiLitid to the NLLondan, the input or 


z 




Fig 197—Impcdaiicr tiansfcjrnim^ pioputy of a. tiansformer. 


primary mipedante is not inlmite, but depends upon the 
load Zx. in the secondaiy [sec lug 197J Ihf ndationship between 
Ziji and Zj^ is most important, and will now be dtrived. 

From equations 14 and 15, 


£1 

-^2 



II 



24S 


But 


transformers 

/, TjT 

/ y. 

1 

y' //% ‘inl f A 
_// V y I “ 


(17j 


J Jii'^ nu ins il il i1j( iijipid iiH l /yV it-Jnss d/j in I 197 will bt 

7.-2 

^ /y it shoiil 1 1)1 iinti (1 111 it tlif Irinsfoiiiui alias th^ 
^ 1 “ 

modulus of iiii luipidauLi Inti an^U Fliiis if /j is ^ tmidtiisci 

the inijncJuiH uiuss l/> will \n i ij) iLilalni 


11 /j IS 11 lit 1 111 111 /_ till input iin])( il Liu f /y^ will 1)( ^11 iter 
thrill /y d /] htil 111 lo till input impt d nil i /y^ will bo It ss 
thill /, Not I tint till inipiduui 1 itio is llii squaic of tliL turns 
ratio 


Jills ]ioj)iit\ ()1 L linislniimi is known is impidimi 
triiisJt)!iij itioii ]( IS Miv It'll fill foi ioiiiulLiii^ tojjithoi two 
nicints (( ^ Inn ) li lilKuni inijinluni to s itisl^ tlu roiidition 
fin iiiaviiiiuin jiowii tiuiskniiu 


1 1 f)iii tills usult it i 111 bi St 111 lb it i St lit s iiii])i d nil f / in llu 

I 2 

SLCDlUl Ll\ L ill bl tl lllsfl 1 IL d to lllf inilll il \ is 111 llllpl li llU L / ^^ 

without liliitiii., llu lilinioiii o< tin mdiir l ^ tin two urcuits 
in Imi, I 9 S 111 Li[iii\LlLut 1 ill IS Vt isioiiLirmd 


( —ww—° 




F 


J II 10s Sh 11(1 iry inipFdT-iiLL trnislimd to piiiiiiry 


111 till saiiit WIN ail mipid uii L lould il disiiid bi trinsfiiicd 

T “ 

from piimii\ to sLiondn\ b^ miilLipl;yiiiv^^ b\ - ® lliis nittbod 

-f 1 “ 

often simphlns tin solution ol problinis in\ol\in^ transformers 

hxamph 1 — l^iiul tlu iiowir dissipati d in the load of the 
traiisfoinicr sliuwn in hig 199a. 
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This will be achieved by finding the secondary current i and 
using the fomiula P ~ i^R = 400t^. To find i, the equivalent 
circuit of Fig. 1996 is used. 



(a) 


{!>) 

Imc. 199. 


(0 


The 50 oliins has been transferred to the sccoiulLLry as 
4 X 50 = 200 ohms. TJie transformer with 200v on the jiriinary 
is equivalent to a generator of 400v, by Th^veiiin’s theorem, so that 
a turthcr equivalent circuit is as shown in Fig. 199r. 

Total impedance Z ^ 600 -|-y800 ^ 200 (6 \- j4) 


|Z| = 200v/3^ + 42 = 1000 ohms 


4 ^ 

foot) 


— 0*4 amps 


P == 400 X -=0*16 400 = 64 watts. 

Example 2.—Find the equivalent input capacity of tlie trans¬ 
former in Fig. 200. 


A 


B 



Fig. 2UU. 


It is easy to be caught out by a simple example such as this, 
by saying tliat the answer is 16[xF. This, of course, is 7iot the correct 
answer. 

The impedance across AB is 2^ = 4 times the impedance of 
the 4[l¥ condenser. To multiply the impedance of a condenser by 4, 
its capacity must be divided by four. The correct answer is 
therefore l|zF, 

TraiiBioniiers and maximum power transfer 

The maximum power tran.sfer tlicorem stated (p. 236) that, to 
obtain maximum power from a generator of internal impx'dance 

/xp, a load of impedance Z^ y musL be connected ; and that 
if the two angles cannot be made equal and opposite, the maximum 
power under these circumstances will be obtained when the moduli 
of the two impedances are equal. 

This does not answer the problem in its practical form : usually 




p 
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the impedance of the generator and of the load are both given, 
and it is required to connect the two togetlier to obtain maximum 
power transfer. This process is known as " impedance matching ", 
and is carried out by using a tiansforiner of suitable turns ratio. 
It was shown above that a translormer alters the modulus of an 
T ^ 

impedance by a faebjr V, but does not affect the angle. Hence if 
2 “ 

the impedances ol the load and of the generator are given, a trans¬ 
former can be used to satisfy the fust condition of the maximum 
power tiangler theorem (nn)ciuli equal), but not the second (angles 
equal and o])pusiteJ. It, as is oiliai tlu- case, tlie two impedances 
are resistive, the second condition is antomaticaily satisfied, as both 
angles arc equal to zero. 


10 DDO r? 

50V 

lu.. 



Fig. 201 illustrates a t\i)ical exam])]i“ : the load and generator 
are givi'ii in Fig. 201 u. 

If tlu‘ connection was maile diiect, the power developed in 
the 4 ohms wfiuld be negligibhs A Iransioi mi'r is therelorc inserted ; 


if till' iiiqiedances aie to match. will have to equal 


10.000 


10,000 

'J\r ' 4 


Tiii^ tiaiedojins lhL‘4 ohms up to 10,000, as shown in big. 20H;, 
and irraxinmm ])imei will be tiansleireil. 



T.-Tn 


loG 202 liniHMlaiuc nuiUluiii;. usiiil’ a Iransfoiniui (general laSL'). 


If the generalni inipcLlance is Z„, and the load impedance is 
(.src Fig. 202), the turns ratio will be given by : - 


T., 


/ l^ll 
V Ka 


(18) 




IMPEDANCE MATCHING 

Example .— 


251 



Fig. 203. 


The p^meratur and load aic' as given in Fig. Calculate :— 

(a) The power in the load il connected directly to the 
generator. 

(b) The turns ratio ui traiistornier lor inaxiiniiin jiower 
tiansfer, and the jiDwer so tr.nislei red. 

(r) The ])ower tliat would be tiansJeiU‘d if the si*cond 
condition ol the inaxiinnm ]Hjwei trinslei thefiiein could be 
satished (i.e. angh's equal and opjiosite). 

(r/) Total impedance —- 10,0124 \ j7. 4o slifl(‘-nde aceuracy, 

tljis IS equal to 10,000. 

100 

^ 10 » 

1(10 

P r-R <;'4%v:.t(s 

2• 4 nhlliwal 1 ^ Ji/s. 



(&) The modulus of the load iinpetlaiice is : — 

\^ l \ - v'24“"f7-‘ 

= 25 

^ 25 
-- 20 : I 

1 2 

To find the power transferred, find the equivrilent circuit ; this 
IS shown in Fig. 204. 


finr»T|^ 


V 
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Note that the transferred impedance is not 10^ ohms—although 
its modulus will be 10^ ohms. It must be transferred as a vector, 
i,e. as 9600 + j . 2800. 

Total impedance -- 10^ + 9600 + ; . 2800 19,600 +; . 2800 

- 2800 (7 +y.i) 

^ 100 1 

/ =- — r- . 7 amp 

2800. |7-1-^11 28V50 

Power transferred 

ix. P - 245 niW A ns. 

(c) In tViis case, Ihe load would l)e 10^ (both angles — 0) 

Total impedance -- 2 X lO'^ 

102 ^ 

^ 2 y 10^ “ 200 

== ^ ^ X io< 

4 X 10^ 

^ - 250 mW Alls, 

'lliis shows that by using a traiisioiinei, tlie transfeired power 
in this pailiriilar case i^ iucrctised more than 100 times. 

Note that satisfying the second condition produced a further 
power increase ol only about 2 per cent. 

Transfoimers with more than two windings 

The same theoiy ajiplies as for ordinary transformers— i.e.^ 
voltages aie pio]>ortioual to turns, and tJie total effect of all currents 
on the flux is zero. 
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rib. 2{}5 —Tiaiihloimur wiLli iiioii* llidii twu wuidings. 

Consider Fig. 205, which shows a transformer with four windings. 
The equations are ‘— 

The transformer voltage equation :— 



and the transforfner current equation :— 

d- iz^'i + 4- = 0 


(20) 
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It is not usually possible to introduce the idea of transferred 
impedances, and problems are best tackled from first principles 
and the application of Kirchhoff's law. 

Example .—A three-winding traiisJormer liaving turns t, t, 
and n .t, is connected, as in Fig. 2()G, to three impedances R, S, 
and Q, and to a generator A that produces a current I. Find the 
current x flowing through R. 



luG 206 - ExainpU* r)l tliMM'-winiliiii’ Ir.iTisfDi men 


Let the voltage appealing acn)ss one ol the traiislonner windings 
with i turns be c] the voltages anoss tlie otlier windings can 
then be written in at once l)v apjdying tlie trauslormer voltage 
equation (et^uation 19), sinci' tlie turns ialios aie known. Note 
that instantaneous polarities toi the voltages, as foi the currents, 
have Ijcen inserted. 


The current tlirough the impedance (>> tan be found at once 

nc 

from the voltage acioss it : tliis cinienl is ^ , as shown in the ligure. 
The transformer current equation (e([nation 20) iliiai becomes : - 


^ .111 ^ I .1 A-x.t 


Q 


(0 


n 

Applying KirchhoJi’s law to the right-hand mesh [i.c. that 
including 5 and R), 

e^S(I - x) - R.x 

e = I .S y . [S + R) (it) 

Solving for x by subtracting equation (?) from equation {it ):— 
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Note that At — 0 il - 5. 

LOSSES AND EQUIVALENT CIRCUITS 

l^p to this ])f)inl it has been assumed that the transformer was 
perleet, but in prartiee there will be losses. The various types of 
loss and their eifeet will now be considered; the most convenient 
way of lining this is by drawing an ecpiivalent circuit. 

The losses are divided into four groiii)s : Iron losses (in the 
coie), cop})er losses (in the windings), flux leakage losses, and sell- 
capacity. 

Iron losses 

(a) Magnetising current .—II the inductance of tlie piiinary 
is not inlinite, current will How in the primary wlnai tlie secondary 
is off load ; it is this niiTejit that jnodnces tlie flux 0 . As 0 is 
constant ior all loads, this cm rent will also be constant, and must 
be added to the total curienl on load. Tt will be 91)'' behind the 
jjriniary voltage /i,, aiul is theielore 1 (‘presented in tin* ei|uivalent 
circuit as being caused by an indin taiice A/, across the primary (sre 
Fig. 207a). 'fliis is, ol course, the iiidm'tance mi^asui (id across the 
primary with tin*, secondary ott load, and should be as large as 
possible. It is drawn on the ecpiiv'alent ciriaiit across one sidi* of 
the transformer only. As it is a reactance, it do(‘S not introduce a 
power loss. 

(ii) Eddy current loss .— TJie alternating flux, as well as 
producing voltages in the windings, produces voltages in the metal 
of the core, causing eddy cuirents to ciiculatc. As the core material 
has resistance, this elleci is equivalent lu a small extra re^i.stive 
load on the transformer, and it is constant with the flux. This 
loss is reduced by using insulated laininatioiis for the core, thereby 
giving till* core a viTy high resistance to eddy currents. 

(c) Hysteresis loss.- Due to hysteresis, losses occur in the 
process ol magnetising the core. These are power losses which 
apjiear in the form of lu^at. As power can be represented as 
occurring in a resistance and not in a reactance, this loss is equivalent 
to a small extra resistive load, which is constant with flux. 

Eddy current and hysteresis losses combine to form a single 
resistive load on the .supply. As this load is constant with flux, 
and therefore with applied j)riTnary voltage, it will bo represi^nted 
by a resistance /\*o across the primary (^ct; Fig. 201a) ; and a.s the 
loss is small, this resistance will be large. 
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Copper losses 

These are due simply to the DC resistance of the windings, and 
arc represented by the resistances Rp and Rg in Fig. 2076. The loss 
due to these is an " ” loss, which increases with the square of 

the load current. 

Flux leakage losses 

It has been assumed that all the flux produced by the primary 
cuts the secondary turns ; in practice a small amount will not. It 
will however cut the primary turns, and so produce self-inductance. 
The efiert of flux h*akage in the primary can be represented by 
a small series inductarici' L^, as shown in Fig. 207c:. There will 
similarly be flux leakage l)elween the secondary and the primary 
represented by 

Self-capacity of windings 

The presence^ C)f internal winding capacitit:s may have to be taken 
into consideration. These are of no importance at power frequencies, 
but they have a laigi' eflect on the behaviour of the transformer at 
audio frequencies. They can be represented by condensers Cp and 
Cg across primary and secondary, as in Fig. 207c/. 

Complete equivalent circuit 

The equivalent circuit for a transformer, including all the above 
losses, is therefore as shown in Fig. 207c. 

It is often conv(‘nient to simplify the circuit of Fig. 207^ by 
transfer!ing /.j. Rs and to the ])rimeirv, where they become 

Y 2 J ' 1 “ 'f 2 

L 2 ' ~r^ 2 ^ S‘ They can then be combined wath Lj, 

Rp and Cp to give what are known as tlie effective leakage induct¬ 
ance, resistanee and cajiacity, referred to the primary—that is, 
L^jf, R,ff, and in Fig. 207/. Alternatively, L^, Rp, and Cp could, 
if desired, be transferred to the secondary. 

The complete ecpiivalent circuit can be further simplified by 
neglecting any losses that may be small. Thus in the case of 
transfornu'rs used in valve amplifiers, the resistance of the windings 
is usually very small, as also are the eddy current and hysteresis 
losses. In siieJi cases. Rp, R/f and Rq can be omitted, and the 
equivalent circuit, referred to the primary, is then as shown in 
Fig. 207g. 

TRANSFORMERS WITH SMALL COUPUNQ 

A transformer can l)e regarded as two windings possessing self 
and mutual inductance ; this is indeed the most satisfactory way 
of dealing with traiisforiiK'rs in which the coupling is small. 

It has been seen in Chapter 3 (page 170) that if two circuits 
have mutual inductance M, a current in the primary will induce 
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a voltage the secondary. If there is also a current 


dL 


flowing in the secondary, it will produce a voltage — in the 


ijccondary due to self-inductance. If both and arc flowing, 
their effects on flux are additive, so their induced voltages are 
additive. Hence the total induced voltage in the secondary is :— 





di2 

di 


( 21 ) 


Similarly, 


= Af f -I, 


di^ 

dt 


( 22 ) 


These equations apply for any waveform of current. Dealing with 
pure sine-waves only, and using the vector representation, it has 

already been seen that — Lp becomes — jtxiLpi -^; similail}^ 

becomesywMt\. Hence the equations for induced voltages become :— 
Cjj = joiMiy — ja)Lgi2 (23) 

^1 = — jfoLpi^ (24) 





Ls 




Fig. 208.—Transformei represented by two coui^led circuits. 


Fig, 208 shows the sense in which these induced voltages 
are measured. 

Suppose now an external voltage E is applied to the primary, 
and an impedance Z is connected across the secondary. The 
effective primary impedance will now be calculated [see Fig. 209). 



Ls 


Fig. 209. —Transformer of Fig. 208 connected between generator and load. 
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The equations 23 and 24 hold. Apply Kirclilioff s Law to 
the primary :— 

E + e,^0 

K ~ - — jmMi^ jwLpi^ (from 24) 

E -- jfoLpi^ - - ju)Mi^ (25) 

Apply Kirrhhotf’s Law to the secondary : - 
r.2 — ^2 ^2 
— 'i 2 ^2 

jwMi^ - jviL^) i.^Zs 

i, - ‘ (26) 

where Z* Z, j -= total soLondary impedain 

Kiiminating fiom 25 anil 2fi gives :— 




E - juiLpi^ 


oMI - . 

Z 


c 

IVimary impedanre Zj, — - jujLp | ~ (27) 

U 4s 

The second term is knowai as the " reflected impedance from 
the sccojidary. 

It can be shitwn that the result given in (MjiiaLion 27 reduces 

7' 2 

to Zp - iransftuiner is ])eTfer't a result already 

obtainpd nii page 248. For, il the IransfnniK'r is periert, Lf and 
tend to inlinity. „„ ^ r t . ..i 


hP^L,.Ls^x>. and 7" ^ 

J 2 “ 


KquaLion 27 gives 


Zp ^ jwLp-\ — 


Zs 


-- j - r- 1 ~ 7 " 

j + Z 2 

-- to'^LpLg + U)^M^ I-- juyLpZ^ 
J ^’^Eg {■ Z2 

ihit Lpis^-Ar 

/ = ji^iLpZ ^ 

'* jiol-s \ 

As Lg oc, ran be neglected in the denominator. 

Hence Z Z^^ 

Equation 17 is thus verified. 
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|i/f AIT JS TRANSFORMERS 
The core 

As mains transformers deal only with a low-lrequeiicy supply, 
nsually 50 c/s, iron cores may be used. These are laminated to 
I educe eddy currents and related losses, each lamination being 
insulated by a coating of shellac or similar substance. The shape 
is normally as shown in Fig. 210, and suitable proportions are 


1 



1 




7 To 9 


Fig. 21 U —Typn al transfm iruT i on* stamping 

ijiflicaled. Tlic core material is usually a silicon-steel alloy, such 
as stalloy, which has a high permeability and high resistivity, and 
consequently low losses. 

The stack, or tliickncss, should be between 1 anti H linus tlie 
widtli of the centre limb. This permits east* of winding and is not 
thin enough to depreciate the traiisforiiier efficiency. 

The opliinuni cftective core area- -i.e. tlie rioss st*rtioiial area 
of tlie centre limb —is given approximately by : 

. \/rc 

^ ^ 5-58 

vvhere TT -- volt amperes output. 


The windings 

The windings are usually of insiilateil ('ojqier wire, anil are matle 
around the centre limb of the core, the other limbs serving to 
complete the magnetic circuit and so retlucc its reluctance. The 
normal form of insulation for the wire is enamel, aniL the layers 
are interleaved with paper. To simplify construct inn, Low^ever, 
silk or cotton covered wire may be used and in this case interleaving 
will not be necessary. Some thicker insulation sliould be provided 
between the separate windings and between the core and the first 
layer. 
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Plate 9.— Mains transformer. 


The number nf turns required nn the primary given by the 
formula 


where 


and 


0-225 X 108 £■ 

-f-B—A— 

h — primary voltage 
f - frequency in c/s 
= maximum AC flux density 
A cross-sectional area of core in sq. inches. 
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Power loBS and temperature rise 

It should be noted that with mains transformers, considerable 
power may be transferred; as the efficiency of an average trans¬ 
former is about 90 per cent., the power wasted in the transformer 
and converted to heat energy may be quite large. This wasted 
( iiergy is reduced to a minimum by the choice of a suitable gauge 
uf wire for the primary and secondary windings ; a very thin 
wire would give too great a resistance and cause too great a heat 
loss, with excessive rise in temperature and disastrous results. The 
standard upon which choice of wire should be based is that the gauge 
of wire for both windings should have a cross-sectional area of 1200 
to 1500 circular mils per ampere. The following table has been drawn 
up to enable the correct gauge to be found at a glance :— 

Table XI 


Current-carrying capacity of copper wires 


Current in 
Amperes 

Required area 
in circular 
mils 

Appropriate 
Wire Size 
S.W.tx. 

Ohms 

per 1000 itet 
at 60° F. 

0 001 

12 

49 

7,077 

O-Ol 

12-0 

43 

786 

01 

120-0 

31 

76 

()-5 

600 0 

22 

13-0 

l-O 

1200-0 

20 

7-9 

2-0 

2400 

17 

3-25 

0-0 

3G00 

16 

2-49 

4-0 

4800 

15 

1-97 

5-0 

6000 

14 

1 -59 

60 

7200 

13 

1-20 

7-0 

8400 

13 

1-20 

8-0 

9600 

12 

()-94 

90 

10,800 

12 

0-94 

100 

12,000 

11 

0*76 

12-0 

14,400 

10 

0-62 

15-0 

18,000 

9 

0-49 

20-0 

24,000 

8 

0-40 

25-0 

30,000 

7 

0-33 


Note. —A circular mil is the area of a circle of iliamcTei 0 001 inch. 


A check that the temperature rise will not be excessive can be 
obtained by adding the copper and iron losses and dividing the sum 
by the total surface area of the transformer. If the loss per square 
inch is less than 0-5 watts, then the temperature rise on load should 
not exceed 40° C. and operation will be satisfactory. 
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AUDIO FREQUENCY TRANSFORMERS 
Line transformers 

Line transformers are used to match lines, say, to 600 ohms for 
connectinf^ to exehanges, etc. The primary inductance L, must be 
large compared witli 600 ohms at all frequencies transmitted, to 
prevent it causing a shunt loss in a 600 ohms circuit ; it is therefore 
usually of the order of IH. As power is to be transmitted, the 
winding resistances must be small ; generally several hundred turns 
of medium gauge wire are used on a stalloy core with no air-gap. 
This gives a siiiliciently large inductance, and a resistance on the 
600-()hm side of less than 200 ohms. The disadvantage of this is 
the low saturation-level for the core, which i)revents the trans- 
ioriner from l)eing used witli any large polarising DC or with 17 c/s 
A(' ringing. If the latter is lequired, more turns must be used on 
a largi‘ coiu. 


LtnEQ 

IMPEOKNCL WTIO 

LINL t^UirMENT 

k 

1 : 1 

B 

1 G 1 

C 

S-G 1 

D 

0-62 : 1 

E 

0'5B : 1 

F 

0 Z6b . 1 

G 

0155 : 1 

H 

2 1 

1 

_1 

0 5: 1 



J'lG 211 — Lull' ti ansft)niiprs, I ypes 48 and 50. 


B 


o line 
■o 


4 

o 


transffirmers an* usually of the T.O. type 48 or v50. The 
tyj)e 48 will not jiass 17 c/s ringing, wheieas the type 50 will. The 
impedanve ratio is indicated by a sulTix in accordance with Fig. 211. 


Amplifier input transformers 

This rovers transformers used for amplifiers, etc., which work 
with a very laige im]iedaiice across the secondary (such as the grid 
circuit ol a valve). The primary impedance must be high in most 
cases (about dOli at audio Irequencies if a very large iiqnit impedance 
is requirefl), but as there is usually no polarising DC, this can be 
obtained by using a core wath a large permeability- -r.g. " radio- 
metal " or “ mumetal "--with several thousand turns. If a large 
step-up ratio is required, the number of turns on the secondary 
must be very large. The secondary resistance is not important, 
as no current is flowing. The limiting factors are the secondary 
self-capacity referred to the primary, and leakage inductance, both 
of which increase rapidly with the number of turns. This gives 
a limit of about 1 : 5 if a large input impedance is desired ; if the 
primary inductance can be dropped to, say, IH, ratios up to 1 ; 20 
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Plate 10. —Line transformer 
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can be obtained. The secondary capacity will resonate at some 
frequency with the leakage inductance, and if the secondary 
capacity is large, this resonance will occur within the frequency 
range of the amplifier, causing a peak in the response. This usually 
happens at about 10 kc/s. 

Fig. 212 shows the equivalent circuit; in (6) the irrelevant 
components have been omitted. It will be seen that when L and C 
resonate, the voltage across C will be large, producing a peak in 



Fig. 212.—Equivalent circuit of input transformer. 

the response. This can be damped by increasing (artificially) the 
resistance R, either by a series resistance in the primary or a 
resistance across the secondary. Above this resonant frequency 
the response drops, due to the shunting effect of C. 

Intervalve tiansfonnera 

These are similar to input transformers except that DC usually 
flows through the primary, and the primary inductance mmi be 
large as it represents the anode load on the first stage [sec p. 390). 
This requires a core with an air-gap to prevent saturation, and a 
larger number of turns on the primary. This reduces the turns 
ratio to a maximum of about 1 ; 3|. 

Amplifier output tranalormers 

These usually carry DC in tlie primary, and the primary induct¬ 
ance must be large compared with the load reflected from tlie 
secondary. As power is being transferred, the resistance of the 
windings must be low. The primary usually has several thousand 
turns of fine copper wire (30-40 S.W.G.), and the secondary is 
determined by the output impedance. The core is of stalloy or 
radiometal, with an air gap. 

Auto-transformers 

An auto-transformer is one in which the primary is part of the 
secondary, or vice versa [see Fig. 213). 

The same formulae for voltage and current ratio still apply, 



Its main advantage is the fact that losses are reduced. For the 
current flowing through the secondary is, from Fig. 213, [I^ — /J. 
This is less than and hence causes smaller copper and flux 

T 

leakage losses. This is particularly noticeable when 1, when 


AUTO-TRANSFORMERS 



/i and /.^ will be almost equal anrl ilic losses veiy small. Hence auto- 
transformeis aie most useful when a small turns ratio is required. 

Fig 214 shows a paituularly useful foini of auto-transformer 
used when it is desiied to change the impedance of a circuit, and 



<- 


Fig. 214 —Auto-tran&iurmei with blocking condenser at centre tap. 


vet still provide a DC path sav, for signallmg or DC testing. The 
condenspr C prevents a D( shuit-circuit being placed across the 
ciicuit by the transformer winding 


Core materials 

Iron ,—The maximum permcabihty depends on the purity, 
and IS of the ordei of 10,000 to 20,000. Saturation level is high. 
Hysteresis and edd^ current losses are high. 

2. Sllicon-iron g/Zo/s.- -Losses smaller than iron. Stalloy (4 per 
cent, silicon) is the most common type. Maximum permeability 
is about 15,000. 
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3. Nickel-iron alloys .—These alloys are characterised by low 
saturation level and high permeability at low flux densities. 

Permalloy. —78 per cent, nickel, i)L*rnieabilily up to 100,000. 

Hypernik---5{) per cent nickel, similar to permalloy, but 
losses are smaller and saturation level is higher. 

Mumetal. —73 per cent, nickel, T1 per cent, iron, 5 per cent, 
copper. High permeability, low hysteresis and eddy-current 
losses, low saturation level. 

i\arf/ow 2 tVrtZ.---Similar to mumcLal, but with lower eddy- 
ciirrent losses and lower initial permeability. 

Perminvar. 45 per cenL nickel, 30 per cent, iron, 25 per 
cent. ro])per. C onstant ])ermeal)ility at low fluxes. Negligible 
hysl(*resis loss. T.oses characteristics if not carefully treated. 

4. Cobalt alloys. 

Permimihir.- -5i) ])i'r cent, iron, 50 per cent, cobalt. Has 
high penne.djility at high flux densities. 

Pure iron is seldom used in transformers. Silicon-iron is used 
mainly in mains transformers and powcT Iransiormers at audio 
frequencies, and also inr smoothing chokes, etc. It is also nsed for 
interstage translornuas carrying a polarising DC l urnait. 

Nickel-iroji alloys aie used prineipLdly for audio frequency 
tran.sfnrintTs woiking at low voltages (such as luiind in telephony). 
Their high initial permeability enables huge inductance values to be 
obtained witliout an excessive numbi'r of turns. 

Cobalt alloys. Fermendui is used chiefly for telephone receivers, 
etc., wh('re the flux density is liigh. 

At high carrier InMpieiicies, thin iiickid-iron stainjiings are 
generally used. Where losses must be kept to a minimum, toroidal 
dust cores can be used. 

Distortion due to B-H curve 

It a sinu'^oidal voltage is applieil to a transformer, it follows 
from the ba.sic theory that the flux must be sinusoidal. If no 
saturation takes place in the core, the H-H curve is linear, and the 
magnetising current will also be sinusoidal. If, however, saturation 
does occur, to maintain a sinusoidal flux tl\e magnetising current 
cannot also be sinusoidal, but must increase when saturation occurs 
at each half cycle. A typical waveform is illustrated in Fig. 215. 

This clearly causes distortion. If no DC is present, only odd 
harmonics will be produced. If Hvo frequencies are applied simul¬ 
taneously, this will lead to cro.s.s-modulation. As both these effects 
are undesirable, it is most important that hysteresis and saturation 
should be reduced to a minimum in audio frequency transformers. 
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Interwinding capacities 

'I'll (‘iLsuir that two lialvt‘'> f)l a wiiuliiif^^ art' s\aiimelj ical about 
llu‘ ('railri' ])oiiit, spcc'ial pnaanitioiis liavi' If' Uv lakiai wluai N.i.iilitig 
till' 1 ransloriiior, Jor not only niusl ilir two liahi’s ot tlui winding 
lia\c‘ t‘\a('tlv Hu* sanip lunnlaT ol luins and i rsislaiirL*, Imt all 
lapaiitii's must al.si» ho balaiuod. 'Tlir inosL I'onvpiiii'ul way of 
iloing this is by winding tin* two windnigs togi‘lln‘r (i.c. two wires 
siih' l)v sidf) and Conner!iiig as in h'ig. l!lb. 



It is someAinies also impoifanl that tin; cajiardy irnm primary 
to secondary should be kept to a minimiun. U'his is done by 
inserting an earthed srn*en biAween the windings, increasing their 
c>apacity to earth but reduiing the capacity between the IWo, 
The screen usually consists oi a I'opper sheet crjviTing the winding ; 
the ends should overlap, but must not make electrical contact, 
since this would give the effect ol a short circuited turn. 





2&8 


BRIDGE CIBCUITS 

The principle of the direct current Wheatstone's bridge (see 
page 129) can be extended to alternating current bridge circuits. 
Not only are tJiese useful for measuring unknown impedances, but 
also some forms of AC bridge can be used for ineasiiriiig frequency, 
while others find special applications in the circuits of telecom¬ 
munications equipment. 

General case of AC bridge 

Let four impedances be connected as in Fig. 217, and an alter¬ 
nating voltage applied between A and B ; then the bridge formed 
by these four impedances is StUd to be balanced when the instan¬ 
taneous PI) lictween C and D is always zero. If the applied voltage 



is of audible frequency, the balance condition can conveniently be 
found by adjusting one or more of the impedances for minimum 
sound intensity in a telephone leceivei connected between C and D. 

The condition tor balanci' is found in the same way as for the 
Wheatstone's bridge, and is 

^1^4 ~ (31) 

This is a vector equation, since Z^, and are impedances 

having both modulus and angle. If the impedances are written in 
the form \Z\/(p, tliis equation becomes :— 

• (1^4|/^4) \^2\ ■ ( / f’ i) ■ (\Zy\ 

i.e. \Zi\ . \Z^\ I u = jZjl . \Z.j\ X 7^ 3 -f ya (;12) 

This is equivalent to the two conditions : - 

1Z,1 . 1Z,| - |Za| . |Za| (33) 

and /?, -F_V 4 Xn +_r.i (34) 

Both these conditions must be satisfied for a true balance to be 
obtained; two adjustments therefore have to be made, so that the 
bridge may be balanced with respect to both magnitude and phase 
angle (or, what amounts to the same thing, with respect to both 
resistance and reactance). 
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Impedance tandges 

11 one of the impedances m a balanced bridge is unknown, its 
\alne can be calculated from Lhosc of the other thiee, by equations 

and 34 Frecjiiently, Jumcvei, it desired to know the 
iisisUince and the inductance or capauly of a circuit component 
(r g a coil) lather than its impedance at one particular frequency. 
If the frequency of the supply is known, these can be calculated 
[rom the measured impedance 

Bndges that balance at all frequencies 

Whin the equations of balance for ceitain bridges are solved 
for the values of the cii cnit r onstants (R and L or C) rather than of 
tln' impedance the frequencyof llie applied KMK vanishes from 
the equations, and the required values are given in teims of the 
lesistance, inductance, and cajiacitv of the three known arms of the 
bridge Bndgi s in whicli this ocluis an said to be " indeiiendent of 
luqueiny'', they aie jiaiticularly suitable lor measurements of 
R 1, and C since the li cquiiu y of the sujjpb need not be accurately 
fiinwii, and a balance obtained it oik fu quency will hold it any 
ollar (pio\ided that the ciicuit constants of tlu four bridge arms 
do not vary with frequency). 

Bridges that balance at only one frequency 

A budge 111 which the finjutiicy of the applied EMF does not 
\anisti iiom the balanct equations wluii they aie solved for the 
iimiit constants R and 1 or i is said to bo ‘dependent on 
fit ([uem y A bal inco obtjincd at one fri rpieiicy on such a budge 
will not, m gincial liold at any nllur fieqiicncy, and hence if the 
\ allies of the tinuit Lonst uits of all foui arms ol the bridge are 
known, till' liequeiicy of the apphi d LMJ' may be calculated. 
A bridge ot this type can Iheictou lie used to measure frequency, 
in which case it is called a “ ficqueiiry bridge " 

Sunplification of general case 

In order to simplify the ciuuit, and to ieduce the nurnbei of 
variables m the equations, it is usual in piactice to make two arms 



Fig 218 — AC bridge v^ith tA\o Fig 219 — AC budge with two 

adjacent impedances replaced opposite impedances replaced 

by pure resistances, by pure resistances. 
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of an AC bridge purely resistive—say, for example, Z^ = Q and 
— P, as in Fig. 21 S, or Z 3 -- Q and -- P, as in Fig. 219. The 
conditions of balance (etpialions 39 and 34) thus become :— 


For Fig. 218 


%,e. 


K.l 


and 

and lor Fig, 219 . 


ix. 

and 




1Z,1 . \Z,\ 

17 I ^ 

I -I 17,1 


r/’4 - - 


It can be .seen that I wo conditions aii' 
balance Lo be obtaineil. 


still 


necessary for a 


Adjustment of bridges 

The two adjiislrnents iie^'essary to balance an AC biidge are not, 
in gemual, indepcaidenl. It is necessaiVr liieiefoie, to ailjusL one 
control until ap])i oxnnal(‘ly ininiinum oin])ul is obtained Iront the 
detector (c.g. the tel(‘j)hone itceivei ni Idg 217), then Lo adjust 
the other ; ^and to reiKNit this piocess until the output cannot be 
further reduced. 

Certain bridges liave becai develoi)ed in wliich one control governs 
the resistive balance, and the other the reactive ; while in other 
briilges, one contiol enables the modulus ol the impedanees to be 
balanced, and the other the ])hast‘ angle. J^ven in these bridges 
the adjustnunts ol tlietwf) (oiitiols are not romjdelelv independent, 
and the piocetluie foi balancing given above slionld be followed if 
accurate results au' lo be obtained. 


Example of an AC bridge balancing at only one frequency (Series 
resonance bridge) 




I 



Fig. 2i0.—Scries resonance* biul^^e. 
The eoudition for balance, Irom equation 32, is 
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QR^ = PR^ and - 1 

This bridge can be used to measure an unknown inductive 
impedance (R^j ui . L^) if P and Q are fixed known resistors, 
and R^ and Cj are variable components whose values are known. 
fJien 


7v’ 


4 


Q . ivg and 



It can also be used to measure an unknown frequency if the 
\aliie of the inductanc(‘. is knf)wn. I'he frequency is then 

eiveii by :— 1 1 

or /- 




I-4L I 


The accurate adjustment r»f R.^ is necessary to obtain zero 
output ill the tele])]u)ne receiver, althout^li A';, tloes not apiiear in 
the lorinula for frequency. 


Example of an AC bridge balancing at all frequencies (Maxwell bridge) 


© 

Fig 



221.—^Maxwcll brill'.»i\ 


I'lic condition for balance is :— 

(^'1 -I->'"^-4) ■ -j—^- 

K\ + 

i.f. 4 jwCil\> - 7v4 4 jf>L^ 

i.e. li, and L, -- I'QC, 

Tills bridge also can be used tor measuring an unknown induct¬ 
ance, and it has the advantage that the frequency at whii h the 
balance is made need not be known accurately. It could, clearly, 
not be used to measure Jiequencv. 


The Wien frequency bridge 

An interesting and useful bridge is shown in Fig. 222. 

Note that in the lower arms the two resistances and condensers 

are cqukl. 
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The condition for balance is :— 
2P 


2P / 1 \ 

-= p(r + 

S4)G7+^"^) 

= P,[l . 1 o(»ra- 


2P 


)CR = 


1 


ciiriv' 

1 


Thus the bridge balances if f 


1 

2nt K 


0 



I i(r 222—AC budge (Wien) for measuring unknown audio fieijueiicies 


Ihis balaiiLes at one fieiiuenry only If boLh resistances aie 
made to \aiy siinultanermsly tJic bridge can be raJibratcd to 
measure frcqiuiuy The capaiitus ( au normally fixed, but may 
be changed simultcineonsly to aiiotlici fi\ed \ alue to alter the 
frequency range of the bridge. 


Summary ot frequently used bridges 


A table of the most useful impedance bridges is given on pages 
272.^4 and B, together with the equations by which one can 
calculate the value of the unknown impedance Z— \Z\/^ 


^ R + jX = 


1 


These equations aie obtained by substi- 


G \- jB 

tuting the appiopriate ^allies of R^,Z^, etc, in equations 33 
and 34, and are given in polar co-oidinate form \Z\/q> m 
columns (/) and (g) and also in rectangular component form 
R + m columns (/i) and (;) From the latter, the values of 
resistance and inductantc or capacity that give this impedance are 
calculated and are given in column (d). 
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In some cases the expressions for R and X are somewhat involved, 
while those for the corresponding admittance Y = = G jB 

in columns (ft) and (^) are more manageable. In these cases, 
tlip impedance Z is more easily represented as a reactance 

^)toL or^-^^ in parallel with a resistance r [see column (c)) 

The lamp bridge 

The lamp bridge is used to indicate when a voltage departs from 
a pieset value, or to maintain a voltage at a preset value. It 
tltjicnds for its action on the fact that the lesistance of a lamp 
iiicuases as the cuirent thiough it is raised. 

The basil circuit is shown m Fig. 223, where R 2 and R^ 
an nuimal resistaiii es whose ^ allies are (for all piactical purposes) 
iml( pendent of tlie cinrunt thiongli them, and where is a lamp. 



J ]tf 221 T cLiTi]) brill I 
t alibratifiii nn IK iinm 
battery 



li i iiULiicy 


With the standard voltage li applied between tciminals A and B, 

IS adjusted so that the bridge is balanced and the meter reads 
/CIO Then R^R^ R 2 ^v 

If the voltage applied between A and B uses above the standard 
\ alue E, the cuirent both thioiigli Ry and R , and through R^ and 
increases. The increasid turreiit thiongh R^^ raises its temperature, 
and therefore its resistance llie bridge tlien becomes unbalanced, 
and the potential of D uses above that of C, so that the meter M 
deflects Similarly, if the applied voltage falls below the standard 
value E, the resistance of A% drops and causes the potential of D 
to drop below that of C , tlie inetei M then deflects in the opposite 
direction. 

If the applied voltage be alternating, then the output across 
CD will again be zero when the bridge is balanced ; if it be of 
audible frequency, this condition can conveniently be detected by 
means of a telephone receiver, as shown in Fig 224. The terminals 
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A and B can then be connected to any EMF that it is desired to 
adjust to the same value E; the amplitude of this EMF is then 
adjusted until no tone is heard in the receiver. This balance is 
independent ot frequency. 

When the EMI'" ap])liL'd to AB is lower than E, then the voltage 
apjxiariiiE; acio.ss CD is in phase with it; and if it is higher than E, 
then tliis voltage is 180"^ out of phase with it. While this phase 
chaiigr' is not evidi-nt from the lieadphones, it can be used auto- 
matir illy In rotdiol tlie output of an oscillator (see page 477). 
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METAL RECTIFIERS AND POWER SUPPLIES 

METAL RECTIFIERS 

Keclilication is tlie process of ronvorliuf; an altcriialiiif; rurrent 
into a direct current. This can be done by the use of tlie diode 
valve, which possesses the properly of })assin^^ (nirreiil only from 
the anode to the catliode. A valve, howevaT, is not mechanically 
stron^^ and it recpiires an external j)ower siipjdy ioi its filament or 
lieater circuit ; as an alternative, there are now two ly])es of mctai 
lertiher, the copper oxide reclilior and ilie si'leninni rectifier. 
Kailv metal rectifiers were large and cumbersome, but with subse- 
(jucnt development, they are now compact, robust, and elhcient, 
and have become the accepted means of lectifK alion in tin' majority 
of smaller power packs. 

The copper oxide metal rectifier is made by coating on(‘ side 
fd a copper disc with a layer oJ red euj)rous oxidi‘. 'Hie layer, being 
ol)tained by heat treatment, is very hanl. This combination offers 
a low resistance to current flowing from tin* oxide to the copper, 
but an extremely high resistance to current flowing (lom the metal 
to the oxide. 

The selenium type of metal cectiliei is a more recent deAadopmeiLt. 
The selenium layer may be iornied on almost any tvj)e ol metal 
surface, but the one most commonly employed is iiirkel-])lated steel, 
riiis layer of selenium is then sprayed witli a low nudting point 
till alloy which forms the “ counter-electrode " and makes the 
assembly mechanically sound. 

Considerable research lias been carried out to discoxer exactly 
uiiere the asymmetrical re.sistarice is iiilroducetl. Tlie metals and 
alloys are all linear resistances and the oxide, though fiaviiig non¬ 
linear resistance, is not asymmclric. 'J'lie all-important asymmetry 
ol the rectifier is tlius assumed to be due to a layer existing between 
the cuprous oxide and the copper in the first case, and between the 
selenium and the counter-electrode in the sci’oiid. This is termed 
the " barrier-layer " and, though its existence has not yet been 
definitely proved, it gives a satisfactory^ explanation of lln* rectifier 
action. 

As, in practice, the ‘"forward” resistance is not zero and the 
"'backward ” resistance is not infinite, considerable heat is evolved 
during operation, and, if no adequate cooling is provided, the 
resulting temperature rise will cause decrease of both forward and 
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re\er=ie resistances of both types of rectifier, thus altering Lheir 
performance An excessive nse may cause permanent damage to 
thb rectifier 

VoT these reasons rectifiers are designed for working at a certain 
inbnnt tempiratun usually in the region of ^0 C and to stand 
timpeidture rise of some 40° f without greit depreciation An 
I \cLssiveiise in tempcratuie is frequently pi evented by the piovision 
1 cooling fins , a fiee circulation of an rounrl the icctifier is always 
Usiiabh and in the case of laigc power pJuits tins iir circulation 
mu be impioved by the provision of fans 


Characteristics of metal rectifiers 

It his been slated briefly that the iittitiLi offeis i low impedance 
to current flowing in the forwaid direction and a high impedance to 
(uiuiit in lilt rc\crsc direction Ihis pioptity is dcmonsiiated 
jnoiL fully by the cliai act fustic ciuves 

1 ig 22 S “allows the charutciistu cui\c of i typical stlci mm 
uitihcr The broken curve shows tin cm rent (to 100 time=- the 
sc ale) w hen v oltagc is applied in the rc\( isc dii t [ non It illustiates 
rl( Lily the vtiy lugli ifsisliiuc of the iirlihcr m this direction, 
iiid how it is I educed with increase of voltage At rcveise voltages 
liigliei tliin 18 volts the uitifiei may be (ousidirid to pass current 
iiitl hence for lectihcis working with 1 iglier volLiges it will be 
iKfissaiy to use two or mou sur li elements in senes 

The ropppi oMcle reftihei lus i simil it ehaiactenstir but may 
be f()iisifki(d to pass current ifter 8 volts per clemenL in the 
(vtise direction insteid of the 18 \f)lts for Hit sclenmni element 

Ill the toiwird elneftion il inents liivi i higli iiupfiluiet until 
til ipplitfl ve^lti^t is abenf | volt pi i section foi tlu copper oxide 
tv pi or \ volt f )i the selenium type Ihis piupeity hnds applica¬ 
tion in such appiritus as Ifu n oiislii sliotk absorlieis htted across 
orne teIt phone leeeiviis 

The above ciirrent-\ oltagc i liaiac tens tie c in be translated into 
iLbistaiiec values, and the lesistance v olt ige curve is thus obtained 

(steF]g 226) 

The copper oxide rectifier 

Most of the qualities of this leetifiei have lieeii enumerated but 
liLtlc has been sxid about its ictual lonstiuclion J his is illustrated 
diagrammatic illy in bigs 227 and 228 

In the manufat Luring process ring'* or discs about 1 mm thick, 
of highly refined roppei iit lieated in air to a temperature ]ust 
above 1000 C until a layer of eupious oxide about 0 1 mm thick 
has formed on the surface The crystal structure of the oxide layer 
IS modified by annealing processes, after which the discs are 
cooled A thm film of black cupric oxide has by then formed over 
the red cuprous oxide, and has to be removed by chemical treatment 
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DirrcMon nf- 


Caty LUrrCnf floitf 


i 1 &. 227 —Copper- 0 X 1 lie rectifier element (passes conventional mi rent 

CiijO-^-Cu). 


The cuprous oxide is painted with an aqueous suspension of colloidrd 
graphite and finally covered by Uic '* counter-electrode —a suit 
metal (e.g. lead) plate or coating. 

t opper oxide rectifier clernoiits are rarely used singly owing to 
the limited reverse voltage that they will stand (tS to 8 v) Tiiey 
are usually connected in scries, and must be intiiiitained under 



Tici 228 .—Coppei-oxide rectifiers (a) without coolinf( fins, with coulni^ hns. 


a pressure of 50-60 lb. per square inch to ensure good contact 
between the lead, graphite and cuprous oxide. This last lequirement 
complicates maintenance, since removal of the pressure tends to 
change the rectifier characteristics. Thus if one element breaks 
down, it will probably be found necessary to replace the whole 
series. 
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The seleniam rectifier 

Selenium rectifiers are usually formed on a nickel-plated steel 
surface Selenium is applied to the base and, by heating in a hot 
press at about 130° C , is formed into a homogeneous layer about 
0 1 mm. thick The tcmperatuie is raised to 180-^215° ( , changing 
the selenium into a grey crystalline lorm. A low melting point 


BARRIER LAYER 

SELENIUM_ 

NICKEL PLATINC; 
STEEL - 


LDUNTER ELECTRoOr (c^ FIN ALLOY) 



CONYCNT ONA 
D RFLTIJN af EA^V 
lURRENT flow 


I lo 229— SLlLiiium 11 ctifu 1 LUinpnt 


alloy IS now sprayed un to the sLUmuin la\Li to act as a (ountei- 
elcctrode, and the manufa(tiiie is ci)mi)let(d b\ an tlcitrual 
forming process whirli consulLiablv imu isls tin u verse lesisLance 

The selenium leitituT dots not ictiuirc high pussuu to insuu 
contact between the coniponcnt la>Lis and cm thus be easily 
dismantled and repaired (contiast with tin coppei oxide rectifier) 



Fig 230 —Selenium rectilier 


The lack of piessurc enables the separate elements to be spread out, 
so that the steel plates can act as their own eoolmg fins. 

One peculiar characteristic of the selenium reclifici is that, 
if it has been employed in the torw^ird diiectioii or with low voltage 
in the reverse dii ectioii, and is then suddenly required to operate with 
a high reverse voltage, an abnormally high reverse current will 
flow for an instant , after this, the rectilier resistance increases and 
the current is cut down to the value normally corresponding to that 
appLed voltage. 
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Platf —'^Llerium rectifi'’^ emrloMn^r -spring '^PRcer'^ '^ha’VMrs cnmponent part 
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Effect o£ temperature 

The forward and backward resistances of both t>pes of lectifier 
I'l p with increase in teinpeiatuie , this is illustrated in hi^s 231 


VOLTS 


20 i - O ^ FORWARD 



J iCi 2H I Ifcil r f tfnipti itiin uii lu] pu u\ifJi iLLtihcr 


iiul 232 Ihis clLleiniiiKs llu ptinnssiblc iniiLnl lor \ 

I own dissipitiDii Si 1 l inuin n i tilurs shouJil bf ki j)l btlow 8S C 
iiid LOppLi oMih iLctifieis below SS ( Ihis t oiicsjionds to a 
fuwLirl 1 uncut oi I to 1 iiii]) ])i i sij in Ihougii tins \aluc 
iiu\ lie inrir is( (I to 2 1 inij^s it spiciil i oolin^ ai i in^i nu iits aic 
in idi 


Vo TS 

O ■> O FORWARD 



lie 232 —1 tfict of t* lupc'r itui i on slI niuiri lectifitr 

Markmg of rectifiers 

Two alternative s\mbnls loi a icrlitiei arc shown in hi/^ 233a 
and b Ihc aiiow shows the forward direction of ' < onvcntional " 
current flow , the icctilier resistance is smaller iii this direction 

1 2 


(‘^7911) 
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CURRENT CURRENT 



(a.) (b) 

Fig. 233.—Stamlarrl symbols for rectifer, slnming dinjction of ronventional 

current flow. 


The marking ol the rectifier itself is shown in Fig. 234ti and b. 
At first sight this may seem misleading ; it should be remembered 
that the " + or RED terminal of a rectilier is the terminal at 
which the current leaves the rectifier. 



is) ib) 

Fig. 234. Syml)(jls for ri'itilirr, showing sLainlard l.ibcdlinj^ of terminals. 

Self-capacity of rectifiers 

All rectifiers jiossess a certain amount of self-capacity, which 
is of sonui importance. For both l>pes of ii'ctilier, it is approxi¬ 
mately ()-()2 | jlF per sq. cm. of plate area, and is independent of 
frequency. 


RECTIFICATION CIRCUITS 
Half-wave rectification 

The simplest method of rectifying an alternating current is to 
use a half-wave rectifier circuit. 



Fig. 235 Serirs half- Fig 23H Shunt half- 

uAVL‘ iLHlifiiT nri'uit. Ava\i* lertifiiT ciuuit. 


Fig. 235 shows a circuit suitable for half-wave rectification ; 
the half-cycle flowing clfickwise in tlie load circuit will pass, while 
the anti-clockwise hall-cycle will be impelled by tlie reverse 
resistance of the rectifier. Fig. 23(i .shows a circuit which will 
obtain a similar result ; hut, this time, the rectifier short-circuits 
the load during the foi-ward half-cycle, and it is the reverse 
half-cycle which, finding high re.sistance in the rectifier, passes to 
the load. 
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HALF WAVE RECriFICATION 

Ihe circuit shown in Fig 235 will opeiate only if the AC source 
|)i ^ides d pdlh for DC. This is not essential for the nicuit shown 
j 1 ig 233 The load impedance should be less tlian the reverse 
oi the rectifier in Fig 235 and greater than the forward 
iiptdaiire in Fig 236 

In tliesi two systems the output is as shown in Fig 237 


- T MC 

1 ri» 2 J 7 Output fi 1)111 h ilf \\ i\L 1L ililiLI 

rills constitutes a wastage ol h iH the \f)ltagL supplu d and the 
ss'^tein IS oiil\ list d when mi\ htilt powei tint put is leipiired 
I 111 luMiuenciLs eontaiiiLcl in tlu output aie tiu supiily fiequemy 
aiul its even haiinoiut s 

Full-wave rectification 

In other casts full wa^t utlitn itn)n is ust tl (sri Fi,., 238) 
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lie, 23fe 1 ull WT-M ULtlJlLI LlltUlt 


LacJi half eyck is now utilised On t)m Jidf-r\ik, cniiint 
mil flow through icetiJieT II, to load On tin other halt-cycle, 
(iiiient will flow \ia \\ ^ to tin load. File direttion of current 
tliiough the load will hi tin same ioi both half-cyrks But though 
full wave '' ret title at ion is now obtained only liall of the voltage 
at I OSS tlie lianslormti steoiularv is being applied to the load, and 
the provision of a etntu taj) to the tiaiisfoimcr is essential The 
higli \oltagc nrcc^sar} .uross the si rondar\ winding of the trans¬ 
former may be a source of danger 

The bndge ” circuit 

To avoid these dithculties a rectitiei bridge may be used as 
shown in Fig. 239 

The half-cycle of AC Arming clockwise around the circuit 
hnds a low impedance in rectifiers and W^, and it therefore 
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flows through the load from right to left. The next half-cycle, 
flowing anti-clockwise, finds a low resistance path through 
rectifiers and so that the current through the load is again 
from right to left. 



'I'he runeiit reacliing tin* load is now ol the Joim shown in 
hig. 240. Tlie output i r>ntains even harinonii s ol tlie siijiply 
frequency, Init no iundameiital. 


CURUrNT 

ruiL-wAve 
RElTiritATlON / 


I'ic. 240 Output li oin d\ L* I iM tifier. 

This bridge nrciiiL is generally used in cases where cuirents of 
0-5 amp and upwards are lequired. 

Voltage doubler circuits 

If a liigh voltage and small curient output is lequired, a voltage 
doublei ciieuit may be einjiloyed. Fig. 241 shows a typical iulJ- 
wave voltage doubler circuit. 




Fig. 241. - Fiill-\va\c voltage iloublcr circuit. 


('onsider a half-cycle tliat makes the top of the secondary coil 
of Tj positive, and the bottom negative. Current will flow through 
rectifier W^. charging the rondenser to the voltage of the supply. 
During the next half-cycle the condenser Cn will be charged and, 
as both condensers are charged as shown, the final voltage across 
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till' load will be twice that of the supply. This will apply, however, 
if the load is taking no current ; current drain will prevent 
condensers from reaching their full charge, and the voltage 
Will in practice never be quite double that of the sui)ply. The 
]).*rcentage by which it falls sliort of the double value will depend 
upon the current drain, and the circuit is normally used only when 
the current drain is very smaU. 

A modified form of the full-wave voltage doubler circuit* is 
^iiDwn in Fig. 242a. 



I'lG. 242 —Modified lull-wave \(loiil)loi cinuit. 


f onsider a half-cycle that makes terminal 1 of the transformer 
sfcomlary negative, and 2 jiositive. rurrent will How through 
HTlilier IF] and charge condenser C\, but, owing to the low 
nnpedance offeretl bv the rectifier and the high impedance of 
lectifier PFg, no current reaches the load During the next halt¬ 
er (le, reclifiers and have liigli and low irnpetlances respec¬ 
tively. The \'nltage alreadv across condenser C^, plus the voltage 
across tlie secondary, is theiefoie applied across condenser f ^ 
the load. Thus, though in the first half-cycle no voltage was 
.qiplied to the load, in the second half-cycle twice the voltage is 
ajiplied. utilising the charge obtained from the first. 

Condenser Cg arts as a reservoir ” ; that is, it stores the 
charge and maintains the vfdtage across the load during the liall- 
cycles charging condenser fj. 

The above circuit is often used when one side of the supply 
and one side of the load are both earthed. In this case the trans¬ 
former may be dispensed with, as in Fig. 242&. 


* In American literature, this is often known as a "half-wave " voltage 
doubler circuit. 
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Two voltage doubler circuits may be arranged in the form of 
a voltage quadrupler, as in Fig. 243. 



1 lo Full vvtivL' \ iilla^t* rjuaJiii]ilc*r ciiLUit. 


Such riiniils arc successful only when Uic current taken is 
extremely small. 

AC METERS 

It is clear that meters will b(‘ required for making measurements 
of altornating currents and voltages. Various forms of DC meters 
have already been described ; the elfert ol AC on these will be 
considered. 

Moving coil meters 

The deflection is j)ro]ioitional to the current /; il /' i.s an alternating 
current of very low fuMjuencv the meter will be able to follow the 
alternations, and will ino\’e Iromside to side about tlie zero mark. If, 
however, the frequency is high, the inelei will be unable to follow 
the variations but will read the average value of the current—f.e. zero. 
Hence a ])nie alternating current will not deflect a moving coil 
meter, wliirli is therefore of no application in A(' measurements. 
On the other hand, if a current consists ol !)(' plus an alternating 
component, a moving coil meter iii the circuit will read the DC and 
be unaftected by I he AC- a useful piopeiiy. 

Moving iron meters 

The deflection oi a moving iron metei is pioportional to i^, 
and for a DC meter the scab* is calibrated to read the .square root 
of this, i.t\ to give a direct reading of current. If Hs an alternating 
current of a suiiicieiitlv high frequency the meter will give a steady 
deflection proportional to the mean value of This is not zero, 
but is equal to and hence the scale will read —^fhe root 

mean square value ol the current. Hence moving iron meters will 
respond to AC, and will give a reading of the RMS value If the 
current consists of AC and DC, the meter will read \//x)S IrmI- 
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Tbe operation of these meters is satisfactory at mains frequencies, 
1 ) 1,1 they are seldom used for audio-frequency work. Their principal 
<!isadvantage is low sensitivity. 

Hot-wiie and thermo-couple meters 

These both depend upon the healing effort of the current, and 
iLLJUce operate satis!actorily from AC, giving readings of RMS values. 
1 heir main advantage is that they ran measure AC at any frequency, 
but they suffer from the disadvantage tliat they have a very .small 
overload safety margin—the majority of meters of this type being 
permanently damaged by a 50 per rent, overload. 

Rectifier meters 

I thas been seen tliat certain types of meters operate directly 
Irom AC ; more rommonly, however, the AC is rectified and 
measured on a DC meter. Using metal rertihiTs, this method is 
satisfactory up to ficrpieiicies of about 100 kr^s, and enables a 



MOVIfVL, ' COIL 
DC - MET£H 


Fig. 244.—Bridge rectifier applied to mrlcr. 


nioving-roil DC meter to be used willi consequent liigh sensitivity. 
It is usual to employ a full-wave rectifier bridge for this purpose, 
consisting oJ cojiper ovifle elements, the rirruit being as shown 
in Fig. 244. 



Fig. 245.—Sinusoidal alternating cunent applied to rectifier. 


It is important to know what relationship exists between the 
alternating current or voltage and the meter deflection. It will be 
shown that the deflection is directly proportional to the alternating 
current, but not to the alternating voltage. Suppose the current i 
is of the form shown in Fig. 245—a sine wave, of peak value 
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TJir rectifKnl riirreiit will bo of tlio lorni shown in Fig. 246. 

Tliii ])nrik valuo will 1)(‘ , for in a metal reclilier working 

below f)V(nlf)arl jiniiil the leakage eiirrent is negligible—less than 
1 per lenl. 4'he inctr:r ilelleetion will be i)roportional to the mean 
value ol this wav'eloiin ; it can bi‘ shown that (lor a sine wave) 
this is erinal Id b (i37 ^ O t)/, where I RMS value of 

alternaling rmienl. Ilenre the leading of a DC meter would have 
to be inulliplied by 1 11 to give the RMS value of the current, or 
alti'rnalivelv thi' si.ale. lould be lecalibiated. Note that the meter 
scale will si ill be linear -i.e. the ilefleclion is ilirectly proportional 



luc. 247 —Voltiii^c ilrop aernbs AC meler and rectifier. 


to llu* aUeriuitiiJg nirrent. ll is most imjiortaiil, however, to note 
that, all hough no iitrycni is lost in tlie leitilier, a voltaic drop is 
intioduced. This voltage diop does iiol wiiv linearly with the 
curniiit, so that the total iin])edaiice of rerlitiei ])Jub meter is not 
constant. big. 247 slunvs tlie \'ollage dngi across meter plus 
recliliei foi a lyjiii'al 1 niA leclitiur nieii'i wath a roil resistance 
ol 100 ohms. 

d'liis mi‘aiis that il tlie miaia is used to measure the voltage 
across its teimiiials (i.c. is used as a voltinelei) the scale will not be 
linear at llu‘ bottom end. 

Rectifier voltmeters 

It has jnsl been shown that, as the imiieilance of a rectifier 
meter varies with the current thrungh it, it (annot be used as a 
voUineier without recalibration. This is lnu‘ onlv w4ien small 
voltages have to he measured ; w^hen large voltages are to be 
measured, a large dropping resistance must be put in series with 
the meter, and this will *' sw^amp any variations in the impedance 
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(ii the meter, mid hence give a linear scale. Thus, lor example, 
^Mth a 1 mA meter used to give a full-srale deflection (FSD) on 
]()() voJls the drop across tlie icctilier plus meter is less than 1 volt, 
the error cannot be greater (han 1 volt on the scale. 


Calculation of resistances for voltmeter 

II llie voltage dH)p anu^^, rectifier plus meter at lull scale 
deflection is known, this can he snhlracted Irom tlic reipiired full- 
scale deflecUon voltage to givr* the reqniied voltage drop in the 
series n'sistance. This resistance can then be calculated as 
follows - 

p _ Reqiiireil volLagt^ riro]) 

1 11 \ meliT h'SD current (DC ) 

('llie diaiominator is ol course the (iltcKfiadng cuirent required for 
lull-scale d[‘fleclion.) 

7u)r example: (oiisider the 1 mA meter aheady nieiiLioned : 
a loll SI ale deflection is leipiiicMl on 10 volts. 


At inll-siale dcllecLion the metei voltage drop is, from Fig. 247, 
about 0-8b volt. Hence 9■ 14'^ oils must b(‘ dcL^iped in the serie.s 
11 sistor at lull siaih' ili‘fl(M lion, i e win n the iliiei I cniieiii i^ 1 iiiA 
and the Liltei iiat ing imir'iit is 1-11 niA 


The ciiriiit is theteioje'iis shown in hig. 248. 



Note that tluae will be an ajqiUH iable eiior at low voltages, 
as 8227 ohms is not veiy laige conqiared with tlie meter im]icdance. 
Thus when the metei leails 0 -2, the alteinaling ciiri enl flowing will 
he 0-222 niA, giving a dioj) of 1-88 a oils ai russ llie 8227 olim.s 
resistor. The voltage across the met(‘r is (from h'ig. 247) 0-57 volts, 
so the terminal v’oltagi* is 1-88 -f 0-57 — 2-4, and not 2 In this 
ease it wandd be neces^aiy to ])rovide anothiT scale on the inettT, 
or a calibration ihart, trir accniale measurements. Sniqiose, 
however, that the same nietiT was leriiiired to give full-scale 
deflection on lOl) volts ; tlie voltage droj) in the meter at full-scale 

clefleclion is 0-9 volts, so R -- ^X 1000 -- 89,190 ohms. 
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In this case, when the meter reads 0-2 and the alternating 
current is 0-222, the voltage drop across R is 19*8, and that across 
the meter is U-v57, so the terminal voltage is 20-4, corresponding 
to an error of about 2 pei rent. In this case the scale is reasonably 
accurate, and reralibration is probably unnecessary. 

High current ranges 

The range of a DC iinlliammetcr is increased by the use of 
shunts ; in A(' nieteis, howevei, as the impedance varies witli 
current, the innlti])lving tactoi of a shunt would also vary, and the 
meter wnultl letpure separatf^ scales lor each lange. For this reason, 
.shunts are si-ldom found in A(' meters ; current translormers are 
used instead Foi example, su])j)ose the 1 mA meter is required 
to read 100 mA , the tin us latio can be ealrulated as follows (.see 
Fig. 249). 



I’lCi 249.—Use of cuirent transformer to measuip large Lurrents. 


The secoudaiy alleiuatiiig cuiTeiit ief|uired to produce 1 in A DC 
is 1-11 inA AC (RMS) and tliis is i equiiecl when tin* priinai v ciiirenL 
is 100 mA. 


lleiice 


T, 


Ml 

100 


-- 1 : 90. 


Similaily, to lead 1 amp, the latio would be 1 : 900. The most 
important point in cun cut traiislormer design is to keep the iron 
losses to a minimum. In the example given, the secondary would 
in practice ])iol)ably be wound with 900 turns, giving 10 and 1 turns 
for tJie 100 mA and 1 amp primaries re.speelively. Ftu measuie- 
meuts ol huger currents, the primary olteu consists of a straight 
bar of nudal with the seconilary wound loroid.illy round it. 

U is most important to eiisiiie that the meter is never dis¬ 
connected fiom the secondary while the jirimarv current is flowing ; 
for its removal might well increase the primary impedance 100 times, 
with a corresjionding rise in secoinlary voltage. In many instances 
this is sulheient to liestroy the transformer. If the meter were 
disconnected but the rectifier left in circuit, the rectifier would 
certainly be burned out. 


Low voltage meters 

It has been seen that rectifier meters do not give linear scales 
at low voltages. Tiiis can be overcome by u.sing a transformer to 
step up the voltage and inserting a large rc.sistance in series with the 
meter. Linearity is thus obtained, but at the expense of sensitivity. 
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Fig. 250.—Use of voltage transformer. 

An oxainplo of this is llin dLiribel-mctor (Fip;. 2S0), which has to give 
a full-scale deflection on 0-775 volt. Here, a step-up ratio of about 
1 : 2 is used, with a 40^A FSD intdiT and 38,000 ohms in series. 

Freqiuency errors 

For rectifier meters without transformers, tlicse arc negligible 
up to 100 kc/s. The performance of transJoriner meters depends on 
the design and constrin'tion of the Iransfouner, but the response 
can usually be made flat over the audio-frequency range. 

Temperature errors 

Tlicse affect principally the voltage drop across the rectiliers, 
and can therefore be neglected in those circuits where this voltage 
drop is made to have little elfect. 

FURTHER APPLICATIONS OF RECTIFIERS 
Biasing of rectifiers 

It has been seen that the resistance of a rectifier depends on 
the Df voltage aj)plied to il. When a DC' voltage is applied in such 



a direction that the rectifier offers a low resistance, the rectifier is 
said to be “ forward-biased.” If the voltage is reversed, the rectifier 
is said to be ” back-biased.” 






^04 BIASING OF RECTIFIERS , 

Considrr, in addition to a largf* forward-biasinf? voltage, the 
application of a sniaJl AC v^oltage (inj)ut A, Fig. 251). Tlie current 
flowing will contain a large alternating roinponent, and the rectifier 
theit'fore oii('is a low jjnpedaiue tf) fin* AC voltagi'. Thi' magnitude 
of tJiis iinpf'flanr rJeptauls oji thf slo[)f‘ of Uie nirrent-voltage 
characleiistir (iiive (;f tlie iidiliei, and liejire on llie DC biasing 
coltage. 



Fjo 25‘i All iJiQil of api lyiiju; A(' ami 1)C in(lL*j)L'm]i*iit]y tu a ifitifiLT. 

It till I)f. bia'^ing voltai^r is now iliaii.t^rd, so tli.it tlu' i I'ctifiei is 
bai k-l)i,L'^( rl, and tin s.iini‘ alti mating ^ olttige again aj)plii‘d (injiul 
Ji), wiy little nil 11 111 will flow', aiul tlii‘ altiaaiating conijionent will 
be negligible. '\'\\r leitdiei llieiiloK' offeis a high iinja-daiire to the 
A(' voltrige imdi ] Ihese i nnditioiis. 

Fig. 251 also sluiws I hi* vaiiation of danec with bias voltag(‘, 
it bnng noli [| that till inliliu olh is its niaMinuin iiiiTiedance when 
an optimum l)ias voltage is ajipliid. 



Fig. 25J i ini'lliod j) 1 a]ipIviTi!.; A( ciiul DC iriilcpL'ndontly to a. 

iL*Ltilit‘j iirLuiuk 

One of the iii.iiu \v.i\s of ,ippl\'inf^ AC ;iiid DC separately to 
a iTi'tilu'i i'. slum -11 in I'if,'. 252. Anollier lommoiily found method 
is shown m I'ig, 25;-t ; this urcuit is m fai t a full-wave lectilier 
bridf'e, Imt iL is more l otivenient not to re{?ard it as such. Clearly, 
if the DC bias is applied willi A positive and B negative, the 



VARIABLE ATTENUATORS 


295 


rectifiers will all be forward-biased, and the AC im])cdaiice acr(\ss CD 
w'll be low. If, liowever, B is positive and A is negative, the 
rL<:tifiers will all be back-biased, and the AC impedance will be liigh. 

Tliese eleineiUary circuits form iJie basis of many ingenious 
devices employed in line communication. Some Common examples 
^vill now be considered. 

Variable attenuators 

A typii'al variable attennalor circuit is shown in Fig. 254. Tlie 
itijmt is applied ai'ross a " briilge ciicuit having a rectifier 
ill one arm, and a 250 [jl[jlF i oiuleiisei in the other. The output 
from the other diagonal of tlie briilgi* appears across A B. II IT^ 
n back-biased, its impedance is liigli, and is balanced roughly by 
tile 250 [jl(jlF rondt‘nsL ‘1 ; in this t ase little output will apjiear 
across A B, ami the attemuitiiui will be high. If ll’j is ioiward- 
biased, the britlge will be unbalanced, and tin* attenuation low. 





Tjg. 251.- r 3 ^pii al v.Li i.ible al tenuatioLi rivL uiL 


1 li(‘ output aeioss -1-/) is ci])phed to aiiotiier briflge eireuit consisting 
ol a rcetiher l\'\ balaucc'd in this iiisiaiice liy a short-circuit in the 
oppo.site arm. The f>ther diagonal of thi*^ bridgti is Cfinnected 
through a transformer to the alteiurator output. This second 
hriilgo is roughly balaiicial when Wn i*^ lorwaid-hiased. Hence, 
lor high overall altcnuatioii, IFj must be back-biased and 
iorward-bietsed. For low attenuation, tliese biases must be reversed. 
Fy adjusting the bias to intermediate values, any desired atleiniatioTi 
may be obtained. 

This is effected by a])plying a voltage to the " bias line If 
the DC paths are traced out, it will be seen that a positive potential 
to earth on the bias luie causes IFj to conduct and ir 2 to be back- 
biased, giving low attenuation. On the other hand, a negative 
potential on the bias line reverses the biases, and gives high 
attenuation. The attenuation may thus be varied by adjusting 
the DC bias voltage. 
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Voltage limiters 

Voltage limiters are designed to prevent the voltage at a point 
in a circuit from exceeding a certain peak value. This peak value 
is usually quite small, the commonest form of voltage limiter 
being the " crasli limiter ” used acrj)ss telephone receivers. In its 
simplest form, this consists of two rectifiers back to back [see 



. Fig. 255). When llic voltage across the receiver exceeds 0-25 volt, 
the forward resistance of one or other recti tier drf)ps, and shunts 
the receiver. This has the effect of limiting tlie voltage at that 
point. 

It is possible to control the voltage at which limiting takes 
place by applying an initial DC back-bias to each rectifier, as in 



l iG. 250. — Biased voltage limiter. 


Fig. 256. Here the voltage across each rectifier is E volts back-bias, 
plus the aUernating voltage across hall the transformer secondary. 
When the aUernating voltage exceeds limiting will occur. By 
varying ZT, the level at wliicli limiting occurs may be adjusted. 

Certain materials have an impedance that drops as the applied 
voltage is increased in either diiectioii, and these also are used as 
limiters. An example of this is the "ATM IT F* " disc used in certain 
three-channel carrier Lclephoiie .systems. Its current-voltage and 
impedance-voltage characteristics are shown in Fig. 257a and 6. 

F'ig. 258 shows such a disc used as a voltage limiter at the 
input to the modulator on a multi-channel carrier telephone 
system. Its function is to prevent overloading of the transmitting 
equipment and consequent distortion ; the ettect on intelligibility 
is negligible. When the level of the input is 1 mW, the disc has 
high impedance and its shunting etlect is nil. As the level increases, 
however, the resistance of the disc decreases and its shunt effect 
limits the level passing through the pad to the modulator. 

* ATMITE IS a Traile Mark (hmipiI by Automatiu TelephonL' & lilcctnc 
Co., Ltd., and is used by them to denote the particular non-hnear resi.stance 
material which they market. 
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1 iL* 258 —nf VI Mill disc as \ ultagL limitLr 


llu cU ticjii oi lliL liiintLi i itii 1)lsL In stm jioiii 1 ig 259, winch 
sliuws llie voUcigt ]) issiiig to the* pnd plottiil tiga-iiisL the voltage 
dppliLcl liom a iircuit having an inipcdaiuc ol 600 ohms with tin 
limitn 111 anil nut of iiniiit 



lit 254 \( li 111 f)l \1\II1J ilis[ t liniitLi 


I 0 show 111 l1 till \ I Ml 1 1 disc i uisLs little distortion the output 
ol a nuimil Im/zii unit is gULii in 1 ig 260 1 ig 260a sho\\s the 

output ol lliL l)u//Li and 1 ig 2606 sliows tin same output alter 
passing tin hmiti i 




before ^0 TAbE L M TER (b) AFTER V^LTA[I£ L M T^R 

1 lo 280 —IfFcit of MMll] disc ou output of buz/ci unit (obtained from 

CRO traces) 
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In addition to its use as a limiter, an ATMITE disc is occasionally 
u^ed as a spark quench across relay contacts. By reducing voltage 
^iirges, it prevents sparking. 

Relay slugging 



1 JG. 2(n.—Kcclilini as relay slu^. 

A lectifier in sliiint willi a relay coil imu 1)c used to make the 
iclay slow-lo-release, ('oiisidiT lu'g. 2fSI ; in tlii^ iu)rmal enndilion, 
with the relay operated, Lhe rfa titier is riMinei letl in -^uch a ilireclioii 
that it will not shunt the r(‘lay. Willionl (lie leetilu'r, il the relay 
liruut be broken at 1 \ the relay would release riiiickly. Willi the 
Ieetificr in place, however, the imhirtrinr(‘ ol th(‘ rrday tends to 
maintain a eurii'iit Ihroiigli the lf»w lesistanie td the rertilier. 
biilil thi.s eiinent flies down, the rela\ will not n^h'ase. 

Meter shunts 



- 1 - j 

I'lG. 2<i2.— mnlifier is melrr slmnl. 

Connerted across a meter, a lertiiier will act as a shunt whose 
resistance drops ^s the applied vfdtage increases. This has the 
efleet of closing up the tfip end ol the meter scal(‘. With care, 
an approximately Ingaritlimic' scale can he olitaim^rl. 

POWER SUPPLIES 

Equipment in which lliermioiiic valves arc used always requires 
a DC higli tension (HT) supply. This is not usually immediately 
available, but has to be derived from some other source—either 
AC mains or a low-voltage DC battery. For this purpose, some sort 


( 97931 ) 
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of power supply unit has to be used. It is essential that the HT 
provided should have a minimum amount of AC present, and that 
the DC voltage should not vary appreciably when the current 
taken from the supply changes. The first problem (reducing the 
"ripple") is referred to as "smoothing"; the second (keeping 
the output voltage constant) is leJerred to as " legulation These 
problems will now be discussed, together with various forms of 
power supplies. 


Smoothing circuits 

The output fiom a rectifiei has been seen to consist of puls6s 
of DC, and these can be shown, by Fourier's analysis, to consist of a 
steady DC component, (^qual to the mean value of the pulses, plus 
a large number of alternating compoiiLiits, For half-wave lectifica- 
tion, the DC component is equal to J times the peak value of the 
pulses, and for fidl-wave lectilieation it is twice this value (see 
page 117) Tlie alternating components, however, form a ripple 
that would be dtdiimenlal to th^' opeiation of most line equipment, 
and they art* therefoie removed by means of low-pass filters having 
a cut-oii fuMjiiencv lowt'r than the lowest lipple frequency. Tlieso 
filters norinallv consist of one oi more sections, each section compris¬ 
ing a choke or induetarue in siries with the rectifier output, and a 
condenser in parallel with the output, as shown in Fig. 263. 


L, 


- 

RECTiriEfi^ 



Fig 2fi3 —Single section chokc-input filter. 


The tlieoiy of filters is dealt with in Chapter 15, but the operation 
of the smoothing filter now under discussion may be understood 
by consideiing the ihoke and coiulensei to form a potentiometer 
across the lectifier output At ^eio frequency (i.e., for DC) the 
inductance offers a low impedance' (merely that of its DC resistance), 
while the condenser oifeis an infinite impedance ; the whole of the 
DC voltage developed by the recti her is therefore applied to the 
load, and this voltage is equal to the mean value of the rectifier 
output. At the frequc’iicie.s of the various ripple components, 
however, the inductance offers a high impedance, and the condenser 
a low impedance ; only a fraction of the ripple voltage thus appears 
across the condenser, and therefore across the load. If particularly 
good smoothing is required, two or more such sections in tandem 
may be employed, as in Fig. 264. 
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If a ** reservoir condenser is connected in shunt across the 
irctifier output before the first choke, as Cj in Figs. 266 and 268, the 
lesulling smoothing network is called a "condenser-input ” filter. 
On no load, a condenser-input filter gives a larger output voltage 




L. 

FPOM 

RIECTIFIER' ^ 


L£ 




FiGr. 264.—Double set turn cliuke-input filler. 


tljan a chokc-inpul lillei TJiis is l)i raiisc^ on no load, the condenser 
diaiges up to the peak (not the mean) voltage of the pulses ; and, 
Tilaiiiing this voltage fiom the ])eak of one pnJse to the next, gives 
a DC output voltage that is iqiial to i\n^ peak value of the alternating 
\oll.ige applitd to the iintihei On load, tlu^ t fuidensei partially 
disehaiges Ihioiigh the load during Ihe ]naioils l)ctw[^en pulses [see 
Fig. 265), and the mean D(' outi)iit voltage diops. Thus the con¬ 
denser-input fillei gives a highei output voltage on light loads than 
tlie choke-input lillei, but tlie "iigulatioii " is not so good ; that 
IS to say, the DC output voltage cln)ps aj)pieciablv with increase 


CURRENT 



Fic. 265.—Output of full wave rntiliei with ii'&t-ivoir LonJciisLr 

ni load. The condenser-input liltfu has the advantage that the 
leservoir condenser itself assists in the smootliing, and hence a 
leseiv’oir condenser followed by one choke-and-rondenser section 
will give a degree of smoothing compaiahle with that obtained from 
two choke-input sections. 

The values of the components for fdters of either the choke- 
input or the condenser-input type can be calculated by the following 
empirical methods. 

Design of condenser-input filters 
(1) For half-wave rectifiers 

[a) Knowing V (the RMS v’^ollage across secondary of 
transformer), and (the required direct voltage across the 



302 


POWER SUPPLIES 


load), calculate ^ . Let the required direct current through 

the load be Cdlculate ~ 

(6) Using giapli a ol hig 267, uad olf o>( ^R (co 2ji A 
siip|)l\ ii c rpiLiir\), and I has ubtaiii Hit xaliu ol Cj 

(c) I'rom gi ipli b of iMg 267 read off the pen outage iipple 
aLn)-.s C , [V IS the RMS iij)pU voltage ) 

(d) CalLulatt Lo and fioni the fuimula 

Percent npph L110SSC2 I 

Pli ctnt tipple ai 1 OSS Ci 

the anil being to ndiue the jieucntagL iqqde aiiotis ( ^ \n 
a niinimiim (r g 0 2 to 0 d pci cent it ])ossiblc) 

Units ns( fl ate olinis, larads .iiid hcinies 

(2) For full-wave rectifiers 

(a) Knowing I , 1 q md 7^, t iltiililf iiid/v! 

(b) Using gia]di a of I ig 269 k id oil t;^Cj7v* ([j 2-7 

siqiplv ficfini IK \) aiifl tliiis obt 1111 tlu \ dm ol ( , 

(f) hioin giajili b ol 1 ig 269, n id f)tl tlie petcentage iipple 
at j OSS C I 

(d) ( alinlile It 'lud ftoni tlu following formula - 
Pi t Li 111 iipi)U ai toss ( t 1 

Pitiinl tipple leioss f 1 4(o^ljL^ 
the anil being to lediiLL the tipple .moss ( ^ to a niinimuni. 

In sti]i (t/) foi the iiill-w ne leitiliei the 4 \)^ is intioeluecd 
beeause tlie iipple fmiiunL\ is now twin tlid of the supply 


Design of choke-input filters 


Considii till stiigii-SI etion iiltii shown 111 big 266 U^ing a 
fidl-wa\ I iLctilui tiiiuit, tlu \allies ol and ean be obtained 
from till fnimnli 


I’eii I ntai 


144 


ge tipple at output — - 

^ 1 


lilts is 111 a])pio\iniale formula but the \ahus obt.iiiied will 
gi\e sutlable smoothing loi 100 l s ripple If the tipple frequency 
lb noi 100 L s then ^aluls obtained foi /j and should be 

muUiphed 1)> ^ where f is the ai Liial ripple frcqueiuy 


Coiulenser values so obtained are in microfaiads, and inductance 
values in henries 
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FiCx 266 —lTa,lf-wa\o reLtifici witli‘con denser input filter 



ojCiE 

GCAPH a 



Lu 12. 

GRAPH b 


I iG 267 Di si|.ni flat i t( 1 tinmUnsii nipiP tiltii Jm lisl wiMi a half wave 

It f tlflLl 



liG 268 — I 111! \\a\c fbiuli^L) iiilifiii with ioulUiisii input lilli r 




uRAPHa uRAPMfc 

Fig 269—-Design data for a toiidcnsci input filtei fnr use ^v^th a full wave 
rectifier, assuming a liindainnital iippk frtquinry ui 100 u s 
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The distribution of inductance and capacity (only the product 
LiCj has been obtained) depends on the size of choke to be fitted. 
There is a cntical value to L^, however, and a choke of lower value 
will lack the good voltage regulation which is the advantage of 
filters of this type 


L 


(m henries) 


load resistance (in ohms) 
1000 


To obtain a small percentage npple it is better to use a double 
section filter, as component sizes would be more economical. 


The values of Lj, Lg, and can be obtained from the formula ; 


Peicentagc npple in output 


_1^0 


I 


This again gives merely a guiding ulationship between the 
various (om])oiients and actual values will be chosen to prev^ent 
too great a \oltage dioj} and to give siiilable anil tconomical 
components llip units an ( ajMuty m miriofarads and inductance 
in henries 

Resonance —If senes resonante oLcurs in and of the filter, 
large alteruatiiig voltagts vill build up and the reverse of smoothing 
will result I o av^oid this, the prodiu t of the mduttance iii henries 
times the capacity in microfarads should not be lower than 5 m 
the case of a vSO c/s supply I'oi this suiipl\ frequency, resonance 
occurs when Lj( ^ 2 53, but a large safely m.irgm is essential 


POWER SUPPLIES WORKING FROM DC 

The puieding par igiaphs have shown how a power supply can 
be made to opeiaie fiom AC mams If, howcvei, the source of 
power IS a law-\oltage J)( ljatt(r\ some niLans must be found of 
stepping this up to the iiqiiued HI voltage The two most 
common ways ol doing this are by using eilhci a vnbrator or a rotary 
transformer. 


Vibrators 

A vihiatui is used to change the DC to a low-voltage AC supply, 
which can hi stejipt d np b\ a liaiisfornier and dealt with as before. 
Tlic wa^ in wbuh a vibiator dois tins is described below 

The shunt-drive type vibrator 

Fig 270a show^s the simpliiied circuit of a shunt-dnv^e type 
vibiatni In lire " hUl position, the armature does not make 
with eitVier contact but when the DC supply is connected, 
magnetising turunt flows thioiigh the toil attracting the armature 
to the top contact Ihis icsiilts in DC flowing through the top half 
of the transformer piiniaiv winding \t the same time this contact 
shorts out the opcraling coil and after llu' magnetic flux has 
decayed the aimature is released, the momentum of the latter 
carries it past its central position and on to the bottom contact. 
DC now passes through the lowei half of the transformer in the 



Shunt drive type vibijitor 
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reverse direction to The previous pulse. Thus, there occurs, in the 
transformer, a reversal comparable with the two halves of a cycle 
of AC. Meanwhile the coil h again magnetised, and the armature 
keeps vibrating between the contacts until the DC supply is dis¬ 
connected. The constant reversals in the primary induce an 
alternating EMF into the secondary ; if a suitable turns ratio be 
chosen, the iTfiuircd HT voltage is obtained, and can be rectified 
as describ[;d in previous sections. Fig. 270b shows the diagrammatic 
representation of the shunt-drive type vibrator. 

The series-drive type vibrator 

In this later type of vibrator, the coil is in series with a third 
contact that is making with the armature in the rest position {see 
Fig. 271(/). WluMi the siij)ply is connected, current flows through 
the coil and causes atlraetion rd the armature. Ttie armature 
then makes contact with the upper cojitact and DC flows through 
the top hah of tin transformer primary. This movement also 
breaks the rircuit of llie ctdl, so that tlie armature is released; 
and it tlierefoie travels bark through its rest position and, owing 
t(.) its momentuin, continues on to the lower contact. The armature 
is now in contact with both the lower interrupter contact and the 
coil font art. Tlius a ])(' jiulse passes through the lower half of the 
traiisfuniuT and tlie roil is eiieigised once more. The armature 
returns to the Lop contact and the cycle begins again. 

Ihc current in the primary thus consists of reversals of DC 
which, as before, have* tlie same effect as ordinary AC and produce 
the recpiired liigli alternating voltage across the secondary. 

Fig 271 i shows tlie diagrammatic representation of the series- 
drive tyj)e vibrator. 

Vibrator circuit arrangements 

Tn the case, of the sliunt-drive type of vibrator, although four 
pins are fitted on the base, only three are used, whereas in the 
series-drive type all four pins are employed ; circuits may, however, 
be so arranged tliat either type may be inserted Fig. 272). 

When the vibrator contacts make and break the DC circuit, 
heavy induced voltages are set up which may cause sparking at 
and damage to (hi'se contacts. To remove this possibility spark 
quench condensers [ire lifted between the armature and the two 
contaets. as shown in Fig. 273ff. A typiral value for these condensers 
is 0-01 \j.¥. Soineliine.s a " buffer” condenser is fitted across the 
secondary of the tiansformer. as shown in Fig. 273b. The action 
of this buffer coiidi'nser is principally to improve the commutation, 
thereby increasing the cflicicncy and prolonging the contact life, 
but it also jierfonns the function of the spark quench condensers, 
as it ofters an ea.sy path for the heavy surges, 

Synchronoiu vibrators 

The synchronous, or st'lf-rectif 3 dng, vibrator circuit is arranged 
to reverse the polarity of the secondary at the same instants as 
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the reversals occur in thq'vibrator. ^The output is therefore rectified 
and consists of pulsating DC which can be smoothed by the circuits 
already covered. 

The main difference from the non-rectifying vibrator circuit is the 
provision on the vibrator of additional contacts, which are connected 
to the terminals of the secondary coils (see Fig. 274). When the 
armature makes with the lower contacts DC builds up through the 
lower half of transformer primary, inducing an EMF in the lower 
half of the secondary. By controlling the polarity of the LT supply, 
it can be arranged that the centre tap of the secondary assumes 
a positive potential with respect to the lower terminal which is 
now earthed through the vibrator. The next induced EMF, due to 
the break of this DC and the make of the DC in the other half of 
primary, will be reversed ; but, owing to the change-over of the 
secondary contacts, it will be taken from the top half of the 
secondary, so that the centre tap remains of positive polarity. 

Thus by synchronising the change-over contacts, pulsating DC 
is obtained in the output, the centre tap of the secondary winding 
being the positive terminal. This type of vibrator assembly, by 
avoiding the need for rectifiers, is economical, eliminates the loss 
of energy in the rectifiers, and eliminates the rectifiers as a source 
of faults. This last advantage is, however, olf-set by the fact that 
synchronous vibrators are more liable to faults than non-synchronous, 
and the overall fault-liability of both systems is about equal. 

The contacts of the synchronous vibrator are slightly staggered 
so that the secondary contacts break a little before the primary 
and make a little after. This removes the danger of the secondary 
surge, due to the primary break, being passed to the output with 
the wrong polarity. 

Radio interference suppression 

The transient voltage .surges in vibrator circuits contain radio 
frequency noise components, which caii.se interference in any 
near-by radio equipment. This noise cannot be controlled by the 
spark quench or buffer condensers, and other means of avoiding it 
must therefore be incorporated. The methods of .suppression used 
in the past have not been standardised, and the circuits used are 
those which were found most suitable in the particular cases. The 
methods adopted incorporate — 

(1) Shielding—both magnetic and electrostatic ; 

(2) Good earthing ; 

(3) RF filtering in the leads to and from the vibrators. 

All these combined give fair, blit not full, suppression of the 
interference. 

Fig. 275 shows an example of such a unit, typical values being :— 
C| 01 fiF Cg .. 0-25 fiF 

Li 75 ■ 0 mH . . 32 |jlH 

Radio frequencies set up at the contact of the vibrator driving 
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Fig. 275.—Radio interference suppression. 


Loil are suppressed by L^, while those from the main contacts are 
suppressed by the low-pass filter formed by and Cg, which has 

a cut-olf frequency well below 1 Mc/s. 

Flqually as important as the filter is the thorough shielding of 
the power supply and its connecting leads, since even a small piece 
of wire or metal will radiate sufficiently to cause interference in 
a sensitive receiver. 

Mechanical construction of vibrators 

The metal can of the vil:)rator supplies the requisite screening, 
while in the later models it also provides hermetic sealing. Without 



Fig. 276.—Construction of series-drive type vibrator. 
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Plate 15.—Vibrators. 





VIBRATORS AND ROTARY TRANSFORMERS 3U 

this latter the vibrator may easily stop in k humid or rarefied 
atmosphere. In the tropics, damp entering the can forms a film on 
liio L'OJiiacts which prevents metallic contact ; thus no curriMit can 
flow and the vibrator stops. In rarefied atmosphere tlie vibrator 
I'oiitacts start sparking at low voltages, so that the contacts 
deteriorate. Both of these difficulties are removed by hermetic 
sealing. When stoppages occur due to luimidiLy a cure, though 
drastic, can be effected by force-driving the vfinator off 230 volts 
AC mains in series with a 30 watt lamp. This vriltage breaks down 
the film, and the contacts are cleared lor normal opcra1if)n. 

The frequency of the vibrator reed is nut standardisc'd, but, in the 
types used by the army, is of the order of JOO c/s. It is governed 
principally by the mechanical iiieiiia ol the reed and tiie electrical 
characteristics of the roil ; and thus, in the miniature vibrators 
now being developetl, a liiglier frequency is iiseil. 

Rotary transformers 

Rotary transformers consi.st in effect f)f a DC niolirf and 
generator, with tlicir armatures coupled mechanically. Thr motor 
works from a low-voltage supply, usually 12 volts or 24 volts, and 
the generator is designed to produce the required IIT voltage. 



Ill some cases, the two armatures are woiiinl togetlnn and work in 
the same field. In other cases, the two lields are cpiitc separate ; 
an example of this type wall now' he considered. 

The output of the supply is :— 

HT 130-150 volts, maximum drain 285 milliamps. 

It is designed to operate from 24 volts DC. 

Fig. 277 shows the circuit of the rotary transformer. is 
a choke fitted to prevent AC caused by commutator ripple from 
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Plate IG —Carbon pile* rei^lator. 





CARBON PILE REGULATORS 
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feeding back to the supply and thus rendering it noisy. Lg, Ci, 
and C 2 form the smoothing circuit. The output voltage is controlled 
by 1 ^ 1 , which varies the current in the field coil of the generator. 

If required, a carbon pile regulator may be fitted to ensure 
cl constant HT voltage output for all loads up to the maximum. 

Fig. 278 shows the circuit of such a regulator, and Fig. 279 
a diagrammatic arrangement of its mechanical construction. 



Fig. 278. —Regulation by use Fic. 279,—Carbon 

of carbon pile. pile regulator. 


The carbon pile consists of a stack of carbon plates, the resistance 
of wliich is varied by the pressure exerted on it. Normally it is 
held under pressure by the spring 5 ; but when IIT is being supplied, 
current flows through the coil of the electro-magnet, and the field 
between the pole-pieces tends to rotate the soft iron amiature 
against the tension of the spring, and increases the resistance of the 
caiboii pile. 

Ill operation a state of stability is reached, and the carbon pile 
will be under a certain pressure due to the normal value of output 
voltage. When the load current increases, the HT voltage tends 
to fall, due to the increased armature voltage drop. This drop in 
voltage output causes less current through the electro-magnet of 
the carbon pile regulator and therefore decreased resistance. The 
resultant increase in generator field current produces the required 
increase in generator EMF. 

POWER SUPPLY UNITS 

The main parts of any power supply have now been considered ; 
to illustrate their use, several complete power supply units will be 
discussed. 

Example 1 

A power supply unit providing 80 -|- 80 volts and 12 volts DC, 
from either 12-volt DC or AC mains. 
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The design (Fig. 280) is conventional; the AC is rectified by 
a voltage doubler circuit, and the output smoothed by reservoir 
condensers. The LT supply is rectified by a full-wave bridge, and 
again smoothed by a reservoir condenser. A high degree of 
smoothing is not required for either supply. 



Fig. 280.—Power su]iply enmit piovidin^ SO -|-80 V, and 12 V 1)C finm 
AC mains or fiom 12 V j)C. 


When working ofl a 12-volt battery, the LT teiminals will nol 
be used, since 12-volt DC may be obtained directly from the 
battery. The 0-25 jiF condenser forms a buffer condenser for the 
vibrator. 

Example 2 

A power supply unit providing 130 volts HT and 24 volts LT 
from AC mains, with arrangements for a standby .supply. 

This unit (.set? Fig. 281) is designed to work off various supply 
voltages, the mains being connected to the appropriate terminals 
on the terminal strip shown on the left of the diagram. The neon 
lamp lights when the mains supply is in use. The remainder of the 
circuit is standard, apart from the relay A and the AC- 
contact or switch CS. These cause automatic change-over to the 
standby supply, should the mains supply fail. 
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Relay A is across the HT supply and is normally operated. 
This causes operation of C5, placed across the LT supply, and this 
roiitactor completes the circuit for normal working. Should the 
LT fail, CS releases; should the HT fail, A releases, again causing CS 


Sr^ND BY 



1 iti 281.—I’owcr supply unit piovidm^ 130V HT and 24V LT from 
AC mains, with provision for standby supply. 


to release. Thus, if cither supply fails, the contacts of CS will 
lelcase, thereby connecting the standby ^npply to the output 
tiTininals. 

The outputs of this supply unit are :— 

LT ; 24 volts, 3 to 11 amps. 

HT : 130 volts, 150-600 milliamps. 

Example 3 

A power supply unit providing 12 + 12 volts DC, at 6 amps, 
from AC mains. 

1 his unit (sec Fig. 2 lS 2) is designed for use off 50 c/s AC mains, 
the necessary stepping up from the lower voltage supplies being 
achieved by an auto-transformer. The two subsequent pairs of 
transformers each change the single-phase input to a three-phase 
output which is designed to give a steadier rectified voltage than 
that possible with rectilicd single-phase voltagf's. The output 
is then fed to two sets of terminals ; the first through a smoothing 
circuit to give an output suitable for telegraph supply, and the 
second without any smoothing giving a supply suitable for driving 
a motor. This double source prevents interference from the motor 
feeding back to the telegraph circuit. The output voltage in each 
case is 12 + 12. 

X 2 


(07931) 
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Tig 282—Power supply unit providing 12 V + 12 \ DC at 6 amps, from 

AC inaiiib 


To understand the conversion to three-phase, consider the 
circuit of Fig. 283. The ti.iiisformer has an inductive primary 
impedance that is largely resistive on full load On no-load, its 
impedance is laigrly inductive, so that I will lag behind F, by 



Fig. 283.—^Method of obtaining three-phase supply. 
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almost 90®. Taking the supply current as reference vector, Fig. 284 
i-hows the voltage across on full load ; the arrow shows how the 
voltage vector rotates as the load is reduced. 



hiG. 2B4.—Vector diagram for voltage across primary of Tj on full load. 


Consider now the lower transformer; if t'j is suthciciitly large, 
the parallel combinalion of 7^2 and will have a capacitive 
impedance, so that will lag behind the mains current 7, as 
sliowji in Fig. 2 lS 5. By a suitable adjustment of C,, Fg can be made 
to lag behind Fj by exactly 90° on full load. 



1‘iL^. 285.—Vector diagram for voltage arro.ss primary of Tj on full load. 


Consiricr now the voltages of the three terminals A, H, and C 
relative to the mid-point 0 of tiie transformer T^. The voltages 
and Vg are redrawn in Fig. 28B, with as referenn* vt'clor, and this 
the voltage of A (relative to 0). The voltage of B is in phase with 




Fig. 286.—^Vector relationship between voltages across the two transformer 
primaries on full load. 
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Fg, but equal in magnitude to JFg ; and the voltage of C is 180® 
out of phase with F, and equal in magnitude 1o JFg {see Fig. 2870). 
The vf)Jtagi\s between the three terminals A, B, and C (which are 
shown in their cyclic order in Fig. 287^;), arc thereh)re given by :— 

= V^O + Voj^ = - Voj+ Vo^ 

V^a = V,, + V,a=- Vo. + Voa=- iV, - |Fg = - Fg 

Vo. F,„ + F,^ = - Vac + F,^ = + iV, + V, = V, iV, 




tl' k) 

I' lb. 2H7.- vultage vorl 01 diagram iui llii i L‘-])hast* loii\I' lsiuii. 


1 1 . . 
It can be seen tliat if ^ ^ . i.c. if 



Vg, then the 


triangle will bc‘ eijiiilateral ; this lelationship ran be satisfied by 
suitable clioifi* dI transloiiner tnrns ratios. 1'lu‘ thiet* points A, 
B and C then foim a tliree-])liam' supply, the vectoi voUagt's 
between AB, Bi\ and CA being eijual in magnitude. If the 
vectors representing these voltages are drawn in “ star"' toim, as 
in Fig. 287f, it can be mure clearly seen that they are separated by 
angles of 120®. 


GUTr>JT 



This three-phase .supply is applied to a fnll-w'ave bridge rectifier, 
the r)iitpul voltage of which is equivalent to the combined effect 
of three single-phase rectified outputs differing by 120°. This gives 
a wave-form as shoAvn in Fig. 288. 
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It can be seen that the lowest frequency present is six times 
the supply frequency, and hence smoothing is a simpler problem 
tlian with a single-phase supply. 

This, however, is not the most important advantage of this 
^vslcm ; it has also a constant output voltage at all loads. ' In 
a normal rectified power supply, the output voltage drops as the 
load is increased, due to resislanee losses in transformers and 
smoothing circuits, and inen^ased drops in the rectifier. In this 
case, however, the circuit is designed to give efficient conversion 
to three-phase at full load. As the load drops, the voltages Vj 
and V 2 vary in magnitude and phase, which causes the rectified 
voltage to drop. If this drop as the load is reduced is made to 
balance the decreased resistive drop, a constant output voltage 
can be obtained for wide variations of load. This does not apply 
at zero load, so to prevent any trouble arising from this, a constant 
initial load is provided by the two 8()-ohm resistances across the 
output. The net result is a constant output voltage for all loads 
up to 6 amps. 

CURRENT AND VOLTAGE STABILISERS 

In many circuits, it is necessary that the voltages and nirronis 
aj)])lied to the equipment be kept within close limits, while the 
supply may fluctuate over a wide range. For this reason, many 
stal)ilising devices have been develoj^ed. 

Cunent stabilisers—the barretter 

Curient stabilisers are designed so thal an increase in the current 
ihioiigh them causes an increase ol their resistance. If theiefure 
thrv aie placed in series with the load, their effect will be to 
stabilise the value of the current. 

The most common form is the barretter, which is a lamp with 
a special filament—usually pure iron drawn to a fine wire—in a bulb 



Fig, 289.—Typical voltagc-currcnt rharacteiLstic of barretter. 


filled with liydrogen. The reasons for gas filling arc to prevent 
oxidation of the filaments and to permit rapid removal of heat 
and therefore speedy stabilisation. 

Fig. 289 shows the voltage-current characteristic of a typical 
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barretter working at 0 • 3 amps over a voltage range of 95 to 165 volts. 
This voltage range is called the working or " barretting range of 
the barretter, and varies with the different designs. The 
working current level can be altered by design between limits of 
0-2 amp and several amps. The former limit is governed by the 
possible fineness of the wire filament, while the latter is governed by 
the physical size of the lamp, a large size being necessary to dissipate 
the heat produced. This heat will be wastage of power and, as this 
is never desirable, the use of a barretter should always be carefully 
considered before adoption. 

In operation, the barretter should be allowed ample air- 
circulation, as the ambient temperature naturally affects its working. 
It should also be removed or shielded from any strong magnetic 
field, as this would induce noise into the circuit. 

Voltage stabiliBera 

In contrast to the current stabiliser, whose impedance increases 
with ciuTent, voltage stabilisers have an impedance which decreases 
with increase of voltage. For this reason they are used in parallel 
with the load. When the supply voltage increases, the impedance 
of the stabiliser will drop owing to the increased voltage across it. 



This causes a greater proportion of the current to flow through the 
stabiliser and less through the load. A circle of changes will 
therefore be set up which will tend to keep a constant voltage 
across the load, and therefore a constant current through it. 

A common type of voltiige stabiliser is the cold-cathode neon 
tube. The epithet cold-cathode ” is given because the cathode 
requires no heater current. The voltage builds up across the 
electrodes until it is high enough to cause the tube to " strike 
This .striking voltage may be anything from 80 to 180 volts, and is 
usually about 100 volts in the case of the tubes used in line 
equipment. 
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[a) 

Plate 17 — (a) Neon stabiliser 
(6) Barretter 


( 6 ) 
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Once the tube has struck ", its resistance falls abruptly from 
infinity to a very low value, so that the direct application of the 
striking voltage would cause a very large discharge current—large 
enough, in fact, to cause destruction of the tube. To avoid this, 
a resistance is connected in series with the tube as in Fig. 290, 
thus limiting the current. 

Increase of voltage above the striking point causes a further 
decrease in the impedance of the neon tube. Therefore more of 
the supply voltage will appear across the regulating resistance, 
while that acrfcss the neon tube and the load will tend to be 
unchanged 



CHAPTER 7 


THERMIONIC VALVES 

THERMOMIC EMISSION 

Tlic phenomenon of current How in an electrical conductor has 
been explained by tile liy^iothesis that in a conductor, certain 
elei:trons in the outer orbits of the coinponeiit atoms are c(*m- 
paratively loosely held to their parent nuclei, and tliat wJien an 
j'hTtrostatic field is superimposed on the conductor, a drift of the 
so-('alh‘d “ conductor electrons results. This drilt of eb'r'trons 
will be from the low jintential to the h\^h pf)l['ntial part ot the 
elortrostatic field, and will correspond to an eleidric currciu in the 
Ic‘verso direction. 

When a metal is heated, the normal random motion of the 
conductor electrons is intensified, and at very high tcmpenitures 
eli'ctrons will tend to leave the surface of the conductor altogether. 
I'his phenomenon is called " thermionic emission "--the name 
meaiiiiig simply the emission of electrons due to the eipplication of 
lieat -and on this phenomenon depends tlie operation of thermirinic 
valves. A valve consists of a suitabl)^ luxated " cathorle or 
emittiT of electrons, together with one or more elertro(l(‘S for 
I ollecting Ihe electrons emit led, and lor controlling and iitili.sing 
tlie resulting flow of electrons. 

In order to use a heated metal as a source of electrons, the 
calliodc must be enclosed in an evacuated envelope. This is 
necessary for two reasons : firstly, most metals oxidise rapidly 
when healed to a high temperature in air ; and secondly, if air 
(or any other gas) were present in the envelope, the emitted 
electrons, having attained suJficieul velocity to leave the cathode. 
Would collide with the molecules of the gas, causing ionisation of 
the gas and producing undcsired results. 

The cathode 

The cathode may either be ** directly heated ", by constructing 
it in the form of a wire and passing an electric current through it, 
in which case it is called a " filament " ; or it may be " indirectly 
heated ", by making it in the form of a cylinder round a " heater 
wire " through which tlie heating current is passed. The healer of 
an indirectly heated valve is electrically insulated from the cathode, 
but is so attached to it mechanically that almost all the heat 
generated by the heater passes to the cathode. To permit this 


323 



324 


THE DIODE 


passage of heat, the insulation between heater and cathode must 
be chosen and designed with its thermal behaviour as the primary 
consideration, and it is usually weak electrically. For this reason, 
care must be taken not to allow too high a potential difference 
to be developed between heater and cathode, or the insulation will 
break down. The maximum permissible healer-cathode voltage 
for most small valves is usually of the order of 100 volts. 

Indirectly heated valves have three main advantages over the 
directly heated type. Firstly, there is a thermal reservoir effect 
between heater and cathode, due to the high thermal capacity of the 
insulation, so that the cathode remains at a constant temperature 
even when AC is used for the heater, whereas the temperature of 
the filament of a directly heated valve heated by AC varies between 
wide limits at twice the AC supply frequency. Owing to its thermal 
capacity, the cathode may take several minutes to reach its final 
working temperature, though it usually approaches this temperature 
after about 30 seconds. Secondly, since the cathode is electrically 
isolated from the heater, greater flexibility in circuit design is 
possible ; in particular, several valves can be operated from the 
same heater suppl}^ and yet have their cathodes connected to any 
desired points in their respective circuits without mutual inter¬ 
action. Thirdly, since no heating current is passed through the 
cathode itself, the whole of the latter is at the same potential. 

Cathode construction 

The metal originally used for direcily heated cathodes was 
tungsten, either pure or containing about one per cent, of thorium 
oxide, but the temperatures required were high, so also was the 
heating current. Most cathodes in use to-day (except in high-power 
radio transmitting valves) are of the oxide coated type ; these give 
emission of electrons at dull red heat, and are economical in supply 
power. Directly heated filaments uf this type consist simply of 
a wire of nickel, tungsten or nickel alloy coated with a preparation 
of barium, strontium or calcium oxides. The indirectly heated 
cathodes consist of a nickel tube coated with oxide forming the 
cathode, and inside this tube, and insulated from it, is a stout 
tungsten wire that forms the heater. 

THE DIODE 

The subsequent motion of the free electrons that surround the 
cathode as the result of thermionic emission may be influenced by 
electrostatic fields applied by means of further electrodes 
Thermionic valves are classified according to the number of 
electrodes they possess, the simplest being the two-electrode valve 
or diode 

The diode consists of a cathode (either directly or indirectly 
heated) surrounded by a second electrode, the anode (or plate). 
Fig. 291 shows the assembly of the two types of diode, and the 
conventional symbol associated with each. Fig. 291 a shows a 
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(a) 


Cb) 











Fig. 291.—Arrangement of elcrtrodcs in a diode ! 

(a) directly heated ; (6) indirectly heated. 


directly heated valve with a filament and an anode a, whilst 
Fig. 291 & shows an indirectly heated valve having a heater hji 2 , 
a cathode c, and an anode a. 


Space-charge 

The rate of emission of electrons into the free space surn«nnrling 
tlu' cathode may be considered to be constant since it depends 
piincipally on the temperature of the cathode. What happens to 
Uiese electrons afterwards depends on the electrostatic potential 
of the anode relative to the cathode. If the anode is made negative 
with respc'ct to the cathode, the emitted electrons will be repelled 



Fig. 292.—Circuit fnr plotting characteristic curves of a diode. 

back into the cathode, and no current will flow between anode and 
cathode. If the anode is maintained at a positive potential relative 
to the cathode (Fig. 292), emitted electrons will be attracted towards 
the anode. The rate of arrival of electrons at the anode, that is, 
the anode or plate current, is, however, limited by the negative 
" space-chargeproduced by the electrons in transit between 
cathode and anode. The number of electrons in transit at any 
in.stant is just suffleient to produce a negative space-charge which 
neutralises the attraction of the anode on the electrons just about 
to leave the cathode. All electrons emitted in excess of this number 
are at once repelled back into the cathode. Where the anode 
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current is limited by space-charge, it will be dependent on anode 
potential, and is substantially indep)endent nf the rate of emission 
of electrons by tlic cathode. Fig. 293 shows graphically the 
relationship between anode potential and anode current for a diode, 
and Fig. 294 shows the effect of the space-charge on the potential 
gradient in the valve. 




I'lr. 293 Kt'laliitnship bi'twt'i‘n I'li. 294 Piurntial |i;]arlioiit m 
aiuiiic* .mil aiiodu a diurli', slirtwiiij; clfuct of 

L nil rill loi a diutli' ‘■pair iharqi' 


The lower part of the eur\e in F'ig. 293, corresponding to space- 
charge limitation of the anode (inient, can be repieseiitcd by 
a three-halves power law, i.c. by : 

h--k.E} (9 

where k is a ctmstanl depending on the ronslniction ot tJie valve. 

As till' anode potential is raised, a point is cvcnliially reached 
where the spaci‘-t liarge effect produced l)y all the electrons emitted 
is not siifticieiil to balance llie attraction due to the anode, and the 
anode current will be largely independent of the anode voltage, 
but will be determined by the rate of emission of electrons from the 
cathode and then'lore by the temperature of the cathode. 

The iipi^er portion of the curve of Fig. 293 shows this condition. 



Fig. 295.---Eficct of rathodr tomprraturr on characteristic curvyb of ^ diode 
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The limiting value of the anode current (that is, the value above 
which it is impossible to increase the anode current by increasing 
the anode voltage) is called the “ satinatinii current ”, and the 
valve, in this condition, is said to be ” saturated 

big. 295 shows how the saturation current is increased by raising 
the temperature of the cathode (by increasing the healer current). 
The curve of Fig. 293 and the solid curves of Fig. 295 are plotted 
ff)r a tungsten emitter ; tliorialcd tungsten gives curves of the 
same general shape, but in the case of oxide coated cathodes, 
saturation takes place much more gradually, as shown by the 
dolled curve of Fig. 295. 

It has been stated that the electrons emitted from a iieated 



tatliude form a space-cliarge around it, and are atliacted to tJie 
■mode only when a po.sitivi' anodt* voltage is ap])liecl. This is Jiot 
sirictly accurate, for some (d the (‘niitled elecirons may liave 
surficienlly high initial velocity to enable them to ri'acdi the anode. 
1 his causes a small anode current to Jlow whcji the anode voltage 
is zero, or even slightly negative, as ilhrstraterl in Fig. 29(i. This 
cnrient eeases to flow when the anode i)otential is made .slightly 
more negative - -the negative voltage on the anode n(M'e.ssary to 
1 educe the current to zero being iionnally le.ss than 1 volt. 


Rectification using a diode 

Fig. 297 shows the characteristic curve of a diode plotted for 
negative as well as po.sitivc anode potentials. It will be seen from 
this curve that the diode is a non-linear impedance of the same 
ty])e as the metal rectifiers discussed in Chapter 6, except that the 
diode current falls to zero and does not increase in the reverse 
direction when a rcversi! voltage is applied. 

Fig. 298 shows a diode used in a half-wave rectifier circuit. 
The operation of this circuit should be perfectly clear if it is 
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remembered that the diode will pass current from anode to cathode, 
but not from cathode to anode. It will be noted that in this circuit, 
an AC supply is used for a directly heated cathode; this is quite 
usual in diodes used for power supplies, but is not often employed 



Fig. 297,— Characteiistic of a diode for negative and positive anode potentials. 


in the case of directly heated valves used for other purposes because 
it tends to give rise to excessive mains hum. 

Fig. 299 shows a double-diode used in a full-wave rectifier 
circuit. A double-diode is a pair of diodes contained in the same 
envelope. In this example, the two diodes are sharing a common 
cathode, which is directly heated. 

Fig. 300 shows a pair of diodes used in a full-wave rectifying and 
voltage-doubling circuit. The diodes shown here are indirectly 
heated, and it is easily seen that the two cathodes are at different 
potentials. If, therefore, the two valves are combined into a double¬ 
diode, separate cathodes will be necessary. If directly heated 
diodes are used for this circuit, a separate filament supply must, 
for the same reason, be used for each one. 

THE TBIODE 

The diode, which is the simplest form of thermionic valve, is 
limited to a single function, namely rectification. In the " triode ”, 
the flow of electrons from cathode to anode is controlled by means 
of an additional electrode interposed between the catJiode and the 
anode {see Fig. 301). This electrode, which is called the “grid” 
on account of the form taken in early examples of such valves, is in 
the form of an open mesh. The grid is normally operated at a 
negative potential relative to the cathode, and so it attracts no 
electrons to itself, so that no grid current flows; but it tends to 
repel those electrons which are being attracted to the anode. 

The number of electrons reaching the anode is determined 
mainly by the electrostatic field near the cathode, and hardly 
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at all by the field in the rest of the space between the cathode 
and anode ; for, near the cathode, the electrons are travelling 
slowly compared with those which have already moved some 
distance towards the anode, and the electron density in the 
inter-electrode space will be high near the cathode, decreasing 



towaids the anode. The total space-charge will be concentrated 
near the cathode, since once an electron has left this region it 
contributes to the space-charge for only a very brief interval of 
time. Thus the space current in a triode is determined by the 
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electrostatic field near the cathode produced by the combined 
effect of anode and grid potentials. 


For a symmetrical grid structure it can be sho\Mi that the 

electrostatic field near the cathode is proportional to ^ 

where Eg and E„ arc the grid and anode potentials respectively 
and fi is a constant determined by the geometry of the valve. The 

total space current 7, varies with h in exactly the same 

way that anode current varies with anode voltage for the diode ; 
that is, over the lower part of the curve (for sm.ill values of /,) ;— 

I. = k(e, I (2) 

K being a constant, determined by the dimensions of tlie valve, 


and (^g + being positive. 


In general I, is the sum of tJie anode current and liic grid 
current 7^, but if the grid is maintainecl at a siiffiriently m\gative 
potential with respect to cathode, the grid current is zcri) sinec no 
1 ‘lectrnns emitted by the ralhodc will go to the grid. 


Tims for negative grid potential and \ —^ positive :— 

i.-K(E,vyy ( 3 ) 

for small values of 7„, 

Under the same conditions, but with (^- ' f) negative, 7aWill 

1)0 zero, since the electrostatic field near the L^dhocle will then be 
such as to repel all the emitted electrons bark ilitt) the cathode. 


VALVE CONSTANTS AND CHARACTERISTIC CURVES 

Equation 3 is a mathematical expression connecting 7„, Eg 
an ri E.. It is always roiivenient If) interpiet sncli a result in a 
graphical form, but here, since tliere are three variables, this eoiikl 
only be done completely by plotting a st'ries of points in three 
dimensions using three axes, mutually at right angles, for 7^, Eg 
and These points could then he iniiied to form a surface, the 
characteristic surface ” of the triode. Such a surface is drawn 
in perspective in Fig. 302. 

Instead of plotting such a surface, certain characteristic curves 
may be derived ; these are of two main types, the mutual and the 
anode characteristics. 

Mutual characteristics 

A surface such as that shown in Fig, 302 gives a complete picture 
of the interconnection between 7„, and E^ ; that is to say 

(97931) YZ 
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l ie 302 — Characteristic surface for a tnode 


on such a surface all llirt'c* r[uaiitities arc continuDusly variable. 
Now ijupposo instead lliat a spot value of E^, say ^ 50 volts, 
is taken, and, with E„ kept ronstant at this value, the variation 
of /a with E„ is plotted. Tlie resultant two-dimensional curve will 
be a cross-section of the cliaracteristic suiface taken perpendicular to 
the axis of E„ tlirou^^h the point E^ -- 50 volts. Sunilarly, curves may 
be plotted showiiif^ the connection between and E^ for other 
values of E,. The result is a family of mutual characteristics as 
shown in Fig. 303. 
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This family of curves is equivalent to Fig. 302 except that it 
giv(*s a picture that is discontinuous as far as is (oncerned; 
k can never give a complete representation, but the picture may be 
made as detailed as required by interpolating for between the 
curves. It will be noted that the curves have been extended into 
llie region of positive grid potential. When the grid is slightly 
positive it will, owing to its open construction, attract only a 
negligible proportion of the total number of electron.^ emitted from 
the cathode, and the anode current will still be substantially equal 
to the total space current. A similarity is seen between the slicq^c 
ni these mutual characteristics and the shape of tlie diode charac- 
KM'istic shown in Fig. 293. The flattening of the curves for higher 
values of anode current is in both rases due to the saturation eifect; 
that is, the total emission current fixes an upper limit for the anode 
current. The point on a mutual characteristic where tlie anode 
current becomes zero is called “ cut-offand the roijespunding 
value of Eg is the “ cut-off bias The value E^ of the cut-off 

£ 

bias is clearly seen from equation 3 to be —- 

Anode chaxacteristics 

Another family of curves, the anode rharai'teristics, may be 
derived by choosing fixed values of Eg, and plotting the variations 
of with E^. The result wiU be another set ot cross-sections of 
Fig. 302, this time taken perpendicular to the axis of Eg. 

TJiis family of anode characteristics (Fig. 304) is also equivalent 
to Fig. 302, but this time the discontinuities occur iu the values 
of Eg, and it a more detailed picture is reciuircd, it is necessary to 
interpolate for values rif Eg between these i nrves. In the case of 
Fig. 304, the curves have not been diawn lor suffieieiitly high 
\ allies of anode current and anode voltage to show the clfccts of 
saturation, but these are similar to the case of the mutual 
characteristics; namely, that the anode l urrent has an upper 
limit determined by the emission current, and all the curves will 
eventually flatten out at this value. 


Amplification factor (iu) 

The symbol has already been introduced as a constant 
depending solely on the gernnetry of the valve, and such that the 


electrostatic field near the 


cathode is 


proportional to 


( 



It is in fact defined as the ratio of the relative effectiveness of the 
grid and anode voltages in producing electro.static fields at the 
surface of the cathode, or (what clearly comes to the same thing) 
in producing anode current over that range where the anode current 
is hmited by the space charge. In the practical case, due to slight 
asymmetry of the grid structure and to the necessity of having 
supporting wires, [x can no longer be considered a pure geometrical 
constant, but it will vary slightly with anode and grid voltages 
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the emission current Nevertheless it is deliiicd 


and with 
tallows :— 

Amplification factor is the ratio of the relative effectiveness 
of the grid vidtage, to that of the anode voltage, in controlling the 
anode current, 

dE„ 


/i = 


dh 

dlf 


That the amplification factor defined in this way is equivalent 
to the fi ol equations 2 and 3 on page 331 may be seen by partial 
differentiation of equation 3. Thus :— 

dh 


dh 3 ( 




and 


dE. 


+ 


L 


giving again :— 


I* - 


dh 

dL 

dE\ 


To avoid using jiaitial derivatives, the amplifualinii factorran 
be dehiied in terms ol tlie voltage incremi‘iits, BE^ and SE\> in grid 
and anode pob^ntirds respectively, that keep the jiLite current 
constant. Tims an iiii'iease ^Ea in anode potential gives an increase 
S/„ in anode current, with grid potential constant at E^ ; and it 
requires an iiu lease - '^Eg (a den ease) in grid potential to restore 
the anode rmreiit to its original value, with anode potential constant 
at/i„ -[ SE„. 

In tJiis ruse the ainpliticatiim lartor is detined as :— 

It lias been stjtiTl that in the piactical valve, /x will depend 
very slightly on llie nprraliiig conditions due to asymmetry oi the 
grid, but for tlie most part it may l)e Taken as a constant except 
for a tendency tu become lower as cut-ofl is approached. 

Mutual conductance g (sometimes represented by g„, G„^, or .Si) 

The nnilual conductance (sometimes referred to as trans- 
conductance) is defined as the rate of change of plate current with 
respect to change oi grid potential. 

dh 

^ dE 

Or, using the apprtiximate notation of finite increments, if an 
increment Si:'^ in grid potential causes an increase in anode 
current, when the anode voltage is kept constant, 

SE, 


( 5 ) 
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Mutual conductance has the dimensions of a conductance and is 
expressed either in micromhos (fxmho) nr more commonly in 
niilliamps per volt. It will be seen from er]nation 5 tlial is the 
crradicnt or slope of the mutual charactrristic. Since the mutual 
characteristics (see Fif^. 303) arc approximately straight iinrl parallel 
over most of their lenglli, is sul)stantialiy independent of operating 
conditions, exeept for a decrease near cut-off. In certain valves, 
howevf*r, the grid is made definitely asymmetrical, willi a view 
to causing a large variation in iniitual coiuluctanre under different 
operating conditions. Such a valve is calletl a " variable-muvalve 
and will be discussed later (p. 360). 


AC resistance R„ (or p) 

The anode characteristic resistance (also called the internal 
resistance or the internal impedanee) is deJined as the rate of rhange 
of anode potential with respect to change in anode current. 

Or, if an increment in anode ]K)teutial caiis(\s an iiicreasi' 
in anode current, when the grid potential is kept constaTit, 




R 




has the dimensions of a pure resistance and is mi‘asun‘cl in 
ohms (or megohms). It is tlu' reciprocal ol llu* slope of the nnoiltj 
rhararteristic, and where the anode rliaiarteristi('s nr(‘ strai,L>ht 
and parallid it will be constant (srr Fig. 304). 

It is important to notice that the AC iesislan(‘e is concerned 
nnlv with the ratio of cJ?an<fes of aiioflc potential to cluinp^es in 
anode current, and not with tlie ratio of total anode potential to 
total anode current. This is also true of g and fi. 

Reference is frequently made to " low impedance and " high 
impedance ” valves. A low impedaiic(‘. valve is a valve having 
a small value of R^, whereas a liigh impedance valve has a liigh 
value of R^. 


Relation between //, g and R„ 

The three valve constants //, i:; and I\„ an‘ not independtMd, but 
as may be seen from equations 4, 5 and 6, Ihey are ('onnertt'd 
by the relation :— 

^ - Ra ^ (7) 

where g is in mhos, and not in inA/V. 


Derivation of valve constants from characteristics 

The valve constants g, g and mav all be derived under given 
operating conditions from a study of either a set of mutual 
characteristics or a set of anode characteristics. 
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Fig. 305 ibIiows a set of mutual characteristic curves for a 
CV 1664 (AR13), a low-impedance triode. 

Suppose the operating conditions are given as = 130 volts, 
—4-5 volts. From the curve corresponding to E^= 130 vol t s 
it can be seen that Eg — — 4-5 volts gives /„ = 6-5 mA (point P, 
Fig. 305). 

Now keeping if, constant at 130 volts (that is, remaining on the 
same curve), it can be seen that a change of 1-5 volt in grid 
potential to — 3 volts gives an increase in anode current to 
10-25 mA (point Q, Fig. 305). 

i.e. 8Eg =1-5 volt, and Si, =^3-75 mA 

Therefore g = 2-5 mA/volt 



Now going back to the initial operating point, i.e. E„ = 130 volts, 
4-5 volts, 7,^ 6-5 mA, and keeping Eg constant at 
— 4-5 volts, a change in F, involves leaving the curve corresponding 
to F, — 130 volts; but considering the ciiivc corresponding to 
F, = 160 volts, it can be seen that the anode current for 
e\ = 160 volts and Eg - - 4-5 volts is 13 mA (point F), so that 

an increase of 30 volts in F\ gives an increase of 6*5 mA in 7« 
provided Eg is constant at — 4-5 volts. 


i.e. 

SF, - 30 volts, 

Thus 

i? 

“ fi-5 X 10-» 

Since 

X 

11 

51. 



1 . 0 . 

li = 11-5 


S/, -= 6-5 mA 
- 4600f3 


(g reduced to amps/volt, i.e, mhos) 
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Now consider Fig. 306, which shows a set of anode characteristics 
ior the same valve. Suppose the operating point is given as 
E,— — 4-5 volts, £„ = 130 volts. From the curves, /, =- 6-5 niA 
(point 5). 

Now keeping E, constant, an increase in E, from 130 volts to 
liiO volts gives an increase in 7, from G-5 mA to 13 0 inA (point T). 

i.e. SE, = 30 volts 87, = 6-5 mA 

30 

Thus ^ ohms. 

0-5 X 10 



Fig. 306.— Anode characteristics of a tiiode (CV 1664). 


Now takini^f the same operating point and keejiiiig L\ — 130 
\olls, an increa.se in from — 4-5 volts to — 3 volts gives an 
increase in /„ from 6-5 mA to 10-25 niA (point 17). 

i.€. =1-5 volts S/„ - 3-75 mA 

Therefore g — 2-5 mA/volt 

1 " D 


and since 




X g 

fj, = 4600 X 
PL = 11-5 


2 -^ 

1000 


Tills example emphasises once more that the mutual charac¬ 
teristics and anode cllaracteristics are merely two different ways 
of imparting exactly tJie same information. One or other of these 
sets of characteristics, sometimes both, is given in valve data 
sheets in order that suitable operating conditions may be 
chosen to suit the purpose for which the valve is to be used. Even 
if only one set of characteristics is available, it contains all the 
information required. 
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THE TRIODE VALVE AS AN AMPLIFIER 

Fig. 307 shows a triode arranged as an ampMer in the si’nipJcM 
possible way. The to be amplified is applied to the grid jn 

the forni of nn altcnKiiing vnliage. Eg is a steady voltage appbV ! 
in series with the signal, of such a magnitude as to ensure that tl^ 
grid is always negative with respect to the cathode, T//e 
anode is maintained at a high positive potential relative to 1?ie 
cathode by a battery (the high-tension or HT battery, of voltage E/,) 
acting in series with the load iin})edance Z^. Anode current will 
flow, and there will be a potential drop across the load impedance Z^ ; 
the potential of the anode relative to cathode will therefore be less 
than Et. 



I'lG. 307.—Simple ciicuit nf a triode amplifier stage. 


When no signal is being apidied to the grid (Cg ^ 0), the DC bias 
voltage will determine the value of the steady anode current 7. 
and the steady anode voltage E^. If the small alternating voltage Cp 
is now applied in the grid cirniit, an alternating component is 
produced in the anode current; this will give an allernating voltage 
drop across Z^, resulting in an alternating component e„ in the 
anode voltage. This alternating component may be utilised as 
required. 

Amplifiers are subdivided into two classes according to the use 
made of the voltage developed across the load impedance. In the 
simplest case, it is required merely to develop the maximum possible 
voltage across the load, and to apply it to the grid of a second valve 
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lor further amplification. Since the grid circuit of a valve is voltage- 
oporatcd without consumption of power, it is ijiimaterial what 
power is developed in Z^. Such a stage of aniplilicaliou is called 
a '' voltage amplifier 

In certain cases, however, the main consideration is tlie power 
developed in the anode load. For example, in an audio amplifier 
the loudness of the audible result will dcpen[l on the power dissipated 
in the loud-speaker or telephone receiver whicli will be acting as 
the anode load of the final stage of amplification. This last stage, 
in which power is the primary concern, is called a " })owcr 
amplifierand amplifiers of this type require separate treatment 
wliich will be given later. 

Dynamic characteristics 

In the previous section [see Figs. 305 and 306) an operating 
point on the cliaracteristics was cliosen, determined by the values 
ol F. and E^, and the alterations in anode current produced by an 
additional voltage Cg applied to the grid were then considered. 
This will now be considered in greater del ail. 

Tlie mutual characteristics so far con.sidered liave shown how 

varies with Eg provided Eg is ke])t consUmt. Similarly, in the 
case of the anode characteristics, there was the proviso that Eg be 
ke])t constant. These characteristics are known as tli(‘ " static 
cliaracteristics ”, and give certain information about tlie valve 
itsell, making pos.sible tlie choice of suitalde valves and suitable 
working conditions fur any particular ])uri)ose. 

But it may now be seen that if a valve is connected iij) in a 
particular circuit, as in Fig. 3t)7, with an anode load ol inip[‘dance Z^, 
then if the potential on the grid is varied the potential on tlie anode 
is also varied. This does not, liowever, occur under the conditions 
under which the static mutual characi (‘ristics are })lotted, i.e. coii.stant 
A„. When /„ changes, so does the voltage drop across Z^^, and since 
the anode voltage is applied from a battery of constant voltage Ffc, 
the anode voltage will change. Thus to get a true picture in 
tins case a set of characteristics is required giving tlie variation 
of with Eg, subject to the simultaneous and consequent variations 
of Eg, the extent of which will vary with the load impedance. Such 
a set of characteristics is called a set of “ dynamic ” mutual 
characteristics, and would be characteristic not of the valve itself, 
but of the valve when connected to a particular value of anode 
load. This would appear to necessitate a set of dynamic charac¬ 
teristics for every value of load impedance ; foitunately the 
dynamic characteristics corresponding to any particular value of 
load impedance can be deduced from the static characteri.stics as 
will be shown by an example. For this reastin, the latter type only 
will be found on valve data sheets. 

Calculation of gain from dynamic characteristics 

Consider the circuit of Fig. 307. The case where the available 
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HT voltage {E^) is 190 volts will now be considered, supposing that 
the valve is a CV 1664 whose static mutual characteristics were 
shown in Fig. 305 and are repeated in Fig. 308. For simplicity, 
consider a purely resistive load of 30,00013. 

Now when — 0, there will be no potential drop across the 
anode load, and 190 volts. From the static characteristic 

corresponding to 190 volts, it is seen that — 0 corresponds to 

= — 15 volts. The point A is therefore on the dynamic 
characteristic. 

When — 3 niA, tlie potential drop across the resistive load 
will be 90 volts, so that - 100 volts ; the point B, corresponding 
to Eg — 100 volts and — 3 mA, will therefore lie on the dynamic 
characteristic. In the same way by assuming other values for 



Co -15 -lo -5 o “ + 5 


Grid potential Cvolk^ Eg. 

Fig. 308—Dynamic mutual cliai acteristics for various values of load 

resistance 

tlie dynamic characteristic corresponding to a resistive load of 
30,000 ohms (nr for any other value of resistance) may be plotted 
completely. A number of these dynamic characteristics is shown 
in Fig. 308. 

These facts are at once apparent ;—> 

(a) The characteristics are for the most part very straight 
except for slight curvature near cut-off. 

(&) The higher the load resistance the smaller the slope of 
the dynamic characteristics, and vice versa. 

(c) The smaller the load resistance, the more nearly does the 
dynamic characteristic coincide with the static characteristic 
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= 190 volts, and the greater is the curvature at the lower 
end. ^ 

The dynamic characteristic corresponding to an available HT 
supply of 190 volts and a load resistance of 30,000 ohms having been 
deduced, the operating point on that characteristic (say, = 
- 4-5 volts, corresponding to an anode current ot 2-8 mA) may 
be chosen. Now suppose an alternating voltage is applied to the 
grid in addition to the steady bias — 4-5 volts, and let the peak 
value of the signal be 1 - 5 volts ; then the grid potential will vary 
between ~ 6 volts and -- 3 volts, and it is now apparent that for 
the given load, 30,00012, the variations in anode current will all 
lie on the dynamic mutual characteristic corresponding to that 
value of load. Therefore will vary between 2-3 mA and 3-3 mA ; 
that is, a total variation of 1 mA, or 0-5 mA on either side of the 
" no signal " anode current of 2 - 8 mA. The change in anode current 
will be proportional to the change in grid voltage, and an undistorted 
signal will result provided that the dynamic characteristic is straight 
throughout the range of the variation of grid voltage. Eoi this 
reason the operating point is chosen in the centre of the straight 
portion of the characteristic lying in the range of m'gativ^e values 
of grid potential. This allows the maximum voltage signal to be 
applied to the grid without causing distrjrtion; for, generally 
speaking, the voltage on the grid, relative to the cathode, must 
alw^ays be sufficiently negative tr) prov’^ent the fh)w of grid current, 
and yet, on the other hand, not so negative as to cause operation 
over the lower curved portion of the dynamic clriratderistic. 

With a signal of peak voltage 1 -5 volts on the grid, an alternating 
anode current of peak value 0*5 mA flows in tlie load resistance of 
30,00013, thus developing a peak voltage of 15 volts across tJie 
load. Thus in the particular circuit considered there is a voltage 
amplihcation of 10. This is known as the “stage gain and it 
dej>ends on the value of the load resi.stance. 

Suppose the load is now changed to 60,00013. Choosing again 
— 4-5 volts, it is seen that a 1*5 volt peak signal will cause 
an alternating anode current of peak value 0-275 mA (points C 
and D, Fig. 308) about the steady value 1-6 mA (point E). Tliis 
gives a peak alternating voltage of 16-5 volts acrriss the 60,00013 
load—that is, a stage gain of 11. 

It will be verified later, that the higJicr the load resistance, the 
Iiighcr tile stage gain ; but the stage gain will always be less than 
the amplification factor (/u) of the valve as derived from its static 
characteristic. (For this valve, /m = 11 -5.) 

The load line 

Corresponding to the dynamic mutual characteristics, are the 
" load lines ” on the graph of the anode characteristics. Fig. 309 
shows the static anode characteristics for the CV 1664 (the triode 
considered in the preceding paragraphs) together with load lines 
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for various values of resistive anode load, assuming again an 
available HT supply of 190 volts. 

From Fig. 307 it can be seen that (taking a pure 

resistance) :— 

I.R, (8) 

If and Ei, arc constants, the two variables /„ and may be 
plotted in the form of a graph. This will be a straight line (since 
equation 8 is linear in E„ and /J, and it will clearly pass througli 

jr 

the points given (i) by E^ 1^ = 0 and (ii) by F„ ^ 0, 

This straight line is called the " load line for the particular load 



Fig. 309 —Anoilr ctiaractenstirs showing load linos foi various valurs 
of anode load. 


considered and the FIT supply available. Consider in particular 
the load line tor R^ - 30,0001? and — 190 volts. Suppose that 
Fj “ —4-5 volts. The —4-5 volts anode characteristic meets 
the 30,00013 load line in the fiointF, corresponding to F„ ^ 108 volts, 
2-8 mA. Let this be taken as the operating jioint; that is, 
let Eg be made — 4-5 volts ; because the valve has a 30,00013 load 
and an available HT supply of 190 volts, this point F shows that 
the anode current will be 2-8 mA. Now suppose a signal of peak 
value 1-5 volts is applied to the grid, i.e. Eg will vary between 
— 3 volts and — 6 volts (points G and H). From the points of 
intersection of the corresponding characteristics with the 30,00013 
load line, it can be seen that varies between 3-3 mA and 2*3 mA 
and F, between 91 and 121 volts. Thus for equal swings of grid 
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voltage about the standing bias, equal swings in the value of anode 
current (and of anode voltage) are obtained; this implies no 
distortion. In choosing a load, therefore, a value must be selected 
such that the corresponding load line makes equal intercepts on 
the anode characteristics. The selection of a load line making 
equal intercepts is exactly equivalent to selecting a straight 
dynamic characteristic. 

Returning to the swings in anode current, these have a peak 

3.3_2-3 

value of - - -, i.e. 0-5 inA, giving a peak value to the altcr- 

uating voltage across the 30,00013 load of 15 volts. Since the 
applied signal was 1-5 volts peak, this represents a stage gain 
of 10—which result has already been obtained by considering the 
dynamic mutual characteristic corresponding to a load of 30,000 
ohms. 

Thus, in the same way that the static mutual and anode 
characteristics are exactly equivalent as far as imparting inloimation 
about the valve itself is concerned, so the dynamic mutiii^i charac¬ 
teristic and the load line are equivalent ways of expressing the 
behaviour of the valve with a given resistive annd(‘ load, and tiither 
method may be used in designing a stage. It is, however, somewhat 
easier to detect inequality of intercepts on the load line than to 
detect slight curvature of the dynamic characteristic, so that the 
load line method of choosing operating conditions is the one usually 
employed. 

Equivalent circuits 



>iG .'UO.— Simple ciicuit of a triode amplifier. 


Consider the circuit of Fig. 310. It has already been demon¬ 
strated that the steady value of anode current is determined by 
the steady values of grid voltage Eg and anode voltage 7t„. Suppose 
now the grid voltage is changed by an amount r„. II the anode 
Voltage were kept constant, the corresponding change in anode 
current would be given by :— 






(9) 
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It has been seen, however, that the anode voltage will not 
remain constant owing to the change in potential drop across Rj^ 
caused by the change in anode current. 

Now suppose that the anode voltage changes by an amount 
due to this cause or any other; then the corresponding change ij' 
in anode current, assuming the grid voltage to be kept constant, 
is given by:- ^ 


Therefore the total variation in anode current due to simultaneous 
changes in anode voltage and grid voltage will, to the first order, 

be given by :— ,1 

g ■<!,+ (11) 


But the change in anode voltage consequent upon a change of 
grid potential will be :— 

( 12 ) 

The negative sign occurs because a positive increment in grid 
voltage will cause an increase in voltage drop across Rj, and 
therefore a reduction in anode voltage [see Fig. 311). 



Fig. 311.—Illustrating relation between ia and Ca for resistive load. 


Eliminating between equations 11 and 12 :— 

K Rl 


Ra 


i.e. 


RaS 
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T'rDm equation 13, it can easily be seen that Fi^. 312 is the 
equivalent circuit of Fig. 310. This, it is to be noted, applies only 
til AC components of current and voltage. The separation of AC 
and DC components can be justified by the superposition theorem 
(p. 231), as long as the linear part of the valve characteristic is 



Fig. 312.—Ibquivalcnt circuit of iriodc ainplilicr (coiist.nil-vuUaiji- 
gcncralor form). 


used. It is usual to take in a dockwdse souse, and regard 
ihc generator as having a negative EMF. Equatii)ii 13, with tJio 
new interpretation on the direction of hecomes : - 


" K -h Rl 


(14) 


If Rl in Figs. 310 and 312 be replaced by a general impedance 
cLjnation 14 becomes :— 


Ra -\r 


(15) 


TJie change in voltage produced across Z^ will tiieii be given 

..-m 


The stage gain M will be the ratio of the magnitudes of e/,aiid 


M 


\Ra -I- ^zl 


(17) 


From this equation it will be seen that the stage gain M is always 
less than the amplification factor of the valve, but that it may 
be made as near to ju as required by taking a sufficiently large 
value of jZ^il, provided that there is no limit to the value of Jii, 
available. The equivalent circuit of Fig. 312 is knf)wn as the 
" constant-voltage generator" fonn of the equivalent circuit 
d an amplifier, and is the basis of most amplifier design 
calculations. This form is usually the most convenient for use 
when triodes are involved, but the " constant-current generator " 
form (Fig. 313) is preferable when R'^ is much greater than the 
anode load Z^, as is often the case with pentodes. The equivalence 
of the two forms may be verified as follows :— 


(97931) 
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Dividing numerator and denominator of the right-hand side of 
equation 15 by :— 


— 

1 I ^ 
' R. 


t.e. 


R. 


TJie voltafje iluvelnpi'd across the anode load is therefore 






E, + ifi 


(IB) 


(19) 





Tliis is the v'oKaf^e developed by a constant current —g e, 
across a eirciiit consisting of A’„ ami in i)auillel (acc Fig. 313). 

Hence M--g (20) 

which is cleaily equivalent to equation 17. 

Grid current 

The question of llie tluw of giid tuiient has so far been dismissed 
because :— 

(fl) TJie grid has in general been kept so negative with 
resj^eet to tlie catiiodc, that the giid will not collect electrons 
emitted by the cathode ; and 

(i>) K\'en if the grid is slightly positive with respect to 
the cathode, the grid current will generally be very small 
since lht‘ grid surlace is very small. 

Characteristics showing the grid current plotted against grid 
potential are often gi\en on the mutual characteristic, using a 
magnified scale for current, since the grid current is of the order 
of microainps. The grid current will depend on anode potential, 
being small when tJic anode potential is high ; for very small 
anode voltages, the grid current may be of the order of milliamps 
for positive grid voltages approaching the anode potential. 
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laflg) 

c 


E 



I'lG. 314.—liffect nf grid current on the dynamic mutual characteristic. 


Although ill certain iihstances it is dcsiralilc that grid current 
sliDuld flow (c-g., provision of grid leak bias), it is in general 
undesirable in anipliiicrs for iwo rt‘asf)iis. 

[а) Fig. 314 shows a dynamic nmtiial cbaracteristic ABC 
such as would be obtained if no grid current flowed for positive 
grid A^oltages —that is to say, ABC is really a graj)h of total 
space CLirreiil against grid xadtage. IJ a jiortion ot this sj>ace 
current is due to grid current, shown by the grajdi FD, then 
ABE will represent tlie graph of anode current against grid 
potential. I'hus, due to the flow of grid current, a dynamic 
characteri.stic tends to take the form of the curve ABE. This 
curvature of the dynamic characteristic for positive grid 
})oteiilials will introduce distoriion, and tlu' output will no 
longer correspond to the iniuit. Tn the same way, flow of grid 
current will cause the anode rh.iratteristics to intersect the 
load line iji unequal intercepts at positive grid voltages. 

(б) A flow of grid current implies a dissipation of power in 
the grid circuit, and the valve is no longer slriclly a voltage- 
operated device. Thus flow of gritl current causes small p[)wer 
losses. 

Effect of gas 

If even a very .small qiiaiilily of gas is present in a valve, the 
electrons emitted by the cathode will collide with the inolccnlcs 
of the gas, thereby ionising them. The ])Ositive ions thus formed 
arc attracted towards the rnthode and tiie negatiA^e control grid. 
The negative ions formed are attracted towards the anode. Those 
ions which boinbard the cathode lend to destroy its election- 
emitting properties, while those reaching the grid constitute a 
negative grid current, flowing from grid to cathode through the 
external circuit. This current will develop a voltage acro.ss the 
grid-cathode resistance in such a direction as to make the grid 
less negative, thereby increasing the space current ; this increases 
the number of positive ions produced, causing an increase in grid 


(B7931) 
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current and the application of a further positive voltage to the 
grid. If the grid-cathode resistance is sufficiently high, this process 
may become cumulative, and the space current rises rapidly to an 
excessive value, causing damage to the valve. 

Effect of secondary emission 

A further danger to valves caused by a grid-cathode circuit 
of high resistance lies in the possibility of "secondary emission" 
from the grid. If one primary electron from the cathode, impinging 
on the grid, causes tlie emission from the grid of several secondary 
electrons, the grid will acquire a positive charge ; and if the grid- 
cathode resistance is high, this charge will not leak away immedi¬ 
ately. More primary electrons will therefore be attracted to the 
grid, cjusing the emission of further seca)ndary electrons, an 
increase in tlie ])()sitive charge on the grid, and a corresponding 
increase in the. sj)are current of the valve. This process is cumu¬ 
lative, aiifi tlifi spare current may increase to an excessive value 
and cause darn.ige to the valve. 


Effects of open-circuited free grid 

When a valve is o])erated witli a circuit of unduly high resistance 
hctw(‘eu grid and catliode, one ol three things may happen :— 

(1) If any gas is pr(‘.seiit in the valve, i)ositive ions reaching 
the grid may cause the space current to rise raj)idly to a 
dangerous value. 

(2) If siM'ondary emis.sioii takes place from the grid, the 
space current may again rise rapidly to a dangerous value. 

(3) If no gas is present, and no secondary emission takes 
place frf)m the grid, electrons leaving the cathode may accumu- 
late on the griil, thus im])artiiig to it a negati\a* charge. 
A condition ol etpiilibrium is soon reached in which the grid 
has a large negative charge, and the space current is reduced 
almost to cut-off. Although in this case there is little possi¬ 
bility o\ damage biding done, the valve will clearly cease to 
perform its normal function. 

Those three ill-effccts can be avoided by keejnng the resistance 
of the gricl-( allu)de circuit low ; and valve manufacturers, in their 
tables of operating data, usually stale the maximum value of this 
resi.staiice for each type of valve. For most small receiving valves, 
it is of the order of 2Mi3, while for power valves (in whicli the rise 
of curreni due to gas or positive ions is much more serious) it is 
much loss. 


Int^lectiode capacity 

Nether characteristics of the valve that must be considered are 
the capacities that exist between the various pairs of electrodes. 

In the case of a triodc there are three such capacities; these are 
shown in Fig. 315 :— 


[a) The grid-cathode capacity, C^, effectively in parallel with 
the input circuit and sometimes called the input capacity. 



349 


INTERELECTRODE CAPACITY 

(6) The anode-cathode capacity, C„,in parallel with and 
sometimes called the output capacity. 

(c) The grid-anode capacity, providing a leakage path 
by which energy may be transferred from anode circuit to 
grid circuit, and therefore sometimes referred to as the leakage 
capacity. 



Fig. 315,—Triudi' amplifier shewing iiiterelect? ode capacities. 

Each of those capacities has in effect a liigli rt^sistance shunt 
across it due to DC leakage resistance between electrodes, but this 
resistance is in general very high and will be neglected, as it 
introduces unnecessary roinplications into the equivalent cirruit. 
'J'1 h‘ (d'fect of these caparities is as follows : — 

Grid-cathode capacity gives tlie valve a Unite input impedance ; 
this causes a current to flow in th(‘ grid circuit, and so causes 
dissipation of power in the resistive ronij^otieiil rd the grid circuit 
impedance. 

Anode-cathode capacity puts a .shiinl across the anode load and 
reduces the stage gain at high frequencies. 

Grid-anode capacity - -TJiis is the most imjiorlanl of the inter- 
electrode capacities, and will bo discussed in greater detail. Clearly 
it provides, particularly at high frequencies, a leakage path between 
anode and grid circuits by means of which voltage changes on the 
anode will be fed back to the grid. If this voltage fed back to the 
grid is of sufficient magnitude and is in the correct phase, the valve 
may cease to function as an amplifier and become an oscillator. 
This leakage capacity is the cause of instability in tlie triode, 
particularly when used as an aniplirier at radio frequencies. 
Historically, the evolution of the screen-grid and pentode valves 
was a direct consequence of attempts to reduce the grid-anode 
capacity to such an extent that the valve would be stable as an 
RF amplifier ; but these pentodes have other advantages over 
triodes, such as very high n, and are now almost universally em¬ 
ployed where a voltage amplifier at audio or carrier frequencies is 
required. 
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Miller effect 

The effect of /:(rid>anode ca])acity on the grid-cathode impedance 
is known as " Miller effect It can be shown that, with a resistive 
load, the input impedance is equivalimt to a capacity 

C - C,, h (1 + M) 

where and ai i‘ the grid-rathode and grid-anode capacities 
respectively, and M is the gain of the stage. 

If tlie anode load is reactive and a phase-shift 0 occurs in the 
amj)lifier, the input impedance is equivalent to a condenser C in 
parallel witli a resistance R, where :— 

b - I ^'ga (1 M COS ^^) 

and R = . 

ff>Cga ■ M sm 0 

This 1 L‘sistivi‘ ti‘rm will be negative if 0 is positive, t.e., for inductive 
loads, and may cause oscillations. 

TETRODE VALVES 

As was pfjiuteil nut in a ])revif)us section, the screen-grid valve 
or tetrode was originally intn)duced to overcome ill-effects of gritl 
anodt; ea])acily which heeonu' aj)parent wlien a triode is used as 
an RI ainplilifa. It has tvv^o grids bi^tween cathode aiul aiioth* ; 
the grid u(‘aier tlu^ cathode i)erforms (‘xartly llie same iiiiiction 
as the grid in the (riode and is usually referretl to as the " control 
grid", while tlie additional grid acts as an electrostatic scrc'cn 
between thi‘ I'onhol giid and tlie anode, anrl is therelore called thi' 
" scrLM‘n-grid ’’ oi " screen The screen is maintained at a high 
j)ositi\i‘ ])ot('nlial appioaehing that of tlu' anodi', and has a con- 
sidt'rahlf' elha't on the election strf‘ain 1 )l tween control grid and 
anode. 

Consider the L’lectrostiitie lu*ld bedween the electrodes in terms 
of lilies ol InriM' If the screen were a solirl metal jilate maiii- 
tained at a jiolimli.il eijiuil to that of the anode, lines of fori'c 
lea\'ing tin* r.ithode ami grid woiihl teiiniiiali' on the screen, and 
there would he no elei'trostatic lielil in llie s])ace between screen 
and anode, flius theie would be no capacity between anode and 
screen, nor hetwecii grid and anode. Now consider the screen 
inailc up in the form of a close wire mesh and maintained at a 
potential not necessarily erpial to, but apjiroaching, that of tiie 
anode. Jhis lime the screening eifect will be considerable but not 
perfect, thoiigh with a line mesli structure it will be practically so. 
The result is that there will be rapacity belweeu the pairs of 
electrodes grid and screen, screen and anode, aiul anode and grid ; 
though tile grid-anode capaeity will be very much reduced from 
tliat ill a triode. In commercial types of screen grid valve the 
residual grid-anode capacity varies from 0-001 (ipF to 0-02 ggF, 
as compared with 2 jj^ixF to 8 gjiF for a triode. 

Fig. 316 shows a typical anode characteristic for a tetrode, 
drawn under conditions of constant grid voltage (E^) and constant 
screen voltage (E,^), Wlicn the anode potential is zero, all the 
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( initled electrons are attracted to the screen, giving a fairly high 
scTCcn current (/,J ; the anode current (/J will be zero. If, now, 
tlic anode potential is increased, some f)f tlie electrons passing 
through the meshes of the screen are carried on by their momentum 
and come under the influence of the anode, to which they are 
.ittraded, giving an anode current which will increase with 



I'jti. SJCi.—AEnrlr charfirteristic of a screen gtiil valve or iciiode sliowiii^ 
the elfect of secoiulary erinssitjn, 

increased anode jtolentiah Due to the screening etfecl of the screen, 
liowevt^r, the potential of llie anode will Jiave very little effect r)n 
tlie electrostatic field in the vicinity pf the cathode, and an increase 
in anode potential will not ajiprcciably increase the total space 
current. Any increase in anode current will llierdore be at the 
expense of the screen current [see portion OA of curve shown in 
Fig. 316). 

Secondary emission 

As the anode potential increases, so also will the velocity of 
the electrons on arrival at the anode. 7'he effect of boml)arding 
the anode with fast mt)^ang electrons is that other electrons may 
l>e ejected by the force of impact. The (juantity of electrons thus 
ejected (or " secondary electrons as they are usually called) will 
vary with the material of the anode and the velocity of the 
electrons reaching the anode from the cathode (" primary electrons *'). 
In certain circumstances as many as ten* secondary electrons may 
be liberated by one fast-moving ])rimary electrr)u. This phenome¬ 
non of " secondary emission ” also occurs in the diode and triode, 
but in these cases secondary electrons emitted from the anode are 
attracted back into the anode and have no effect on the beliaviour 
of the valve. With the tetrode, however, the velocity of the primary 
electrons is sufficiently high to cause secondary emission while the 
anode is at a lower potential than the screen grid ; there is therefore 
a tendency for the screen to collect these secondary electrons emitted 
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from the anode, thereby causing an increase in screen current at the 
expense of anode current. A further increase in anode potential will 
increase the velocity of the primary electrons and therefore 
increase the emission of secondary electrons ; if the screen is still 
at a higJier potential than the anode it will collect practically all 
these slow-moving secondary electrons, with the result that the 
anode current will actually decrease with increased anode potential. 

This state of affairs is represented by the portion AB of the 
anode cliaracteristic (Fig. 316). Under the operating conditions 
that give this portion of the characteristic, the valve behaves as 
a negative resistance device, since an increase in anode voltage 
causes a decrease in the anode current, and a decrease in anode 
voltage an increase in the anode current. This negative resistance 
property is used in the dynatron oscillator [see Chapter 10). 

If the anode potential is still further increased, the majority of 
the secontlary electrt)ns will no longer be attracted to the screen, 
but and more will be drawn back into the anode and the 

am)de current will once more increase with increased anode potential, 
at the cxpt'iise of a decreasing screen current. The portion of the 
tetrode cliaract eristic that is useful for most purposes is that portion 
well to the right of the vertical line XY in Fig. 316. In this region 
the curve becomes practically straight, and the anode current is 
ncarl}" inde])eiulent of anode voltage indicating a very high value 
of AC resistance Ra- "Hie (‘fh'ct of the grid, however, is practically 
the same as if thii ^crcuui and anode together formed the collecting 
electrode-- that is to say, the mutual conductance is of the same 





lUG. 317.—Anotic diaractcristics fur a icirode showing effect of varying 
screen potential. 

order as for a triode. Hence, from the relationship between the 
valve constants, the ainjdihcation factor fi is high. The mutual 
characteristics have much liie same shape as those of a triode, 
but the curves for different values of anode voltage are closer 
together, indicating the high AC resistance. 

The screen potential, as might be expected, has a considerable 
effect on the shape of the anode characteristic since it determines 
at what anode potential the effects of secondary emission will cease 
to be apparent ; it also determines the total space current, and 
hence the maximum standing anode current. 
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Fig. 317 shows anode characteristics for a typical tetrode plotted 
Kir high (curve a) and low (curve 6) screen voltages. The screen 
■oltage is obtained either by a tapping on the HT battery, or more 
commonly by connecting the screen to HT positive by means of 
a dropping resistor of suitable value or a potentiometer, as shrwn 



(a) (b) 

Fig. 318.—Simple circuit of a tetrode arranged as an amplifier. 


in Fig. 318a and b respectively ; the value of the resistance may 
be calculated from the fact that the screen current is t normally 
about a quarter of the value of the anode current. 

The screen-grid valve as an amplifier 

Fig. 318 shows a tetrode arranged as a voltage amplitier. With 
an alternating voltage ap 2 :)lied between cathode and grid, there will 
be fluctuations in screen current, just as there are fluctuations in 
anode current. The screen current will therefore cause fluctuations 
in the screen voltage due to the potential dro]) across Since 

there is capacity between grid and screen of about the same order 
as between grid and anode for a triode there is still a leakage path 
for the tran.sfer of energy from anode circuit to grid, tlicrcby 
nullifying to a large extent the advantage of a low residual grid 
anode capacity. This cffi'ct is overcome by connecting the screen 
grid to the cathode through a condetiser. This will represent a 
negligible impedance at high freipiencies, and the screen grid and 
cathode will be virtually at the same (alternating) potential. There 
will then be no coupling between anode and grid circuits, apart from 
the very small re.sidual grid-anode capacity. It should be noted 
that the advantages of low grid-anode capacity will be nullified 
unless great care is taken to screen the grid and anode circuits 
external to the valve. For this reason most valves are now metallised, 
and eitlicr the grid or the anode lead is brought out to the top cap 
to which a connection is made by means of a screened lead. 

Due to the restriction on the working part of the characteristic 
imposed by secondary emission, the screen grid tetrode is of little 
or no use as a power amplifier, and its use as a voltage amplifier 
is limited, since it can handle only a very small grid swing. These 
valves are practically obsolete. 

The critical-distance tetrode 

In practice, in order to retain the essential features of the 
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THE CRITICAL-DIbuxxNCE TETRODE 



1 iLf 319.—Anodti chararlpiistics of a critical-distance tetrode. 

tetrode (i.c., Juw prid-anode caparity and h\^h amplification factor), 
and at tJic sami* time to increase its voltage and power handling 
capacity with limited anode voltages, it is necessary to suppress or 
reduce rcjnsiderably tlu* elfects of secondary emission from the 
anode. There ai(* several ways of achieving this 

(hie way is to design the valve with a small grid-screen and 
larg(i anode-screen sejiaration combined with the use of an o])en- 
me.shod screen 'riu* sc ieon potential will still largely govern 
the spare ciincnt, and the open-meshed sereeii will allow most of 
the elections to ])<iss through and come under the influence of the 
anode. 



Fig 320. —Potential distiibulion between screen and anode in critical- 
distance or beam tetrode. 
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Even if the anode potential is very low compared with that of 
the screen, secondary electrons emitted at the anode will have 
to travel a considerable distance before tlic attraction of the 
screen is f^rcater than that of the anode, 'riius the eilect of secondary 
screen current is entiiely eliminated, and the anode char actei is tics 
of a " critical-distant e tetrode" are as shown in Fi^. 319. The 
screen current is made small by optical alifTnmeiit of the wires of 
the control grid and of the screen, so that the latter will 
intercept a minimum number of elections. 

Fig. 320 shows the potential distiibutioii bidw'eeii screen and 
anode for a critical-distance or beam tetrode. 


The beam tetrode 

To reduce luitlier tlu' (dfects of secondary emission idditional 
I'lectrtides may b(' provided bedween scieen grid and anode. 



Plate 18. — CV 1343 (ARP 3B) beam tetrode valve. 
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These electrodes are connected to the cathode inside the valve 
and will repel the electron stream. The electrodes are arranf^ed so 
that they concentrate the electron stream into a comparatively 
narrow beam [stc Fi^. 321), and for this reason are usually referred 
to as " beam-forminf^ plates The concentration of the electrons 



(a) 



I'lU. 321.-- Ai of oilus in ihv bi'ain tctroilii. 


into a beam,combined with alarf;e distance Ijclwcen screen and plate, 
^dves an intensified space-char{.;e cflect in the scrcen-anode space 
which will repel the secondary electrons back into the anode. The 
screen cnrreiiL is a|:,"ain made small by havin^^ an f>j)en-meslied screen, 
and optical alignment of control grid and screen. Such a valve is 
called a “beam tetrodedhe 6V6 being a typical example. 
A set of anode characteri.stics for tiiis valve is given in Fig. 322. 



Fig. 322.—Anode characteristics of the 6V6. 
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Plaie 19.— 6V6 Pram tetrode valve, showing electrode structure. 


Valves of the critical distance and beam tetrode types are often 
referred to as “kinkless” tetrodes lor obvious reasons; in view 
of their suitability as power amplifiers they arc also called “ output 
tetrodes 



Ca) (b) (c) (d) 


Fig. 323.—Graphical symbols for the beam tetrode. 

In Fig. 323, a, b and c show tlic graphical symbols used for 
a beam tetrode. Fig. 323a is the general symbol, b is that used 
when internal connection is made between the beam-forming plates 




358 


THE PENTODE 


and cathode, while c is used when the beam-forming plates are 
brought out to a separate terminal. The symbol of Fig. 323i is 
sometimes used, though strictly it refers only to a true pentode 
{see next section) that has the connection between the fourth 
electrode (suppressor grid) and cathode made internally. 


PENTODE VALVES 

An alternative method nf reducing secondary emission is the 
introduction of an additional electrode, in the form of a third grid, 
between tlic screen and the anode. Tliis third grid is called the 
“ suppres.sor and the resulting fivc-elcctrodc or " pentode ” 
valve is one of the most important types. The suppressor is given 
a negative potenlial relative to anode and screen, and this prevents 
the low-velocity secondary electrons from reaching the screen; 
it is usually built of very open-mesh wire so that it does 
not interfere appreciably with the passage of the high-velocity 
primary electrons towards the anode. The suppressor-grid is 
usually connected to cathode, but, since some other connection 
may require to be made (as, for example, in suppressor-grid modu¬ 
lation), the lead to the suppressor-grid is usually brought out of 
the valve to a separate pin and the connettion made externally. 
In rerlaiii rasi'.s when; a y)ciitode is suitable only as a power 
amplifier the connection is made internally, and the pentode then 
has the same external connections as a LeLrodi; Fig. 323d). 





of a typical pentode (CV 1056) typical pentode (CV 1056). 


Fig. 324 shows the mutual characteristics, and Fig. 325 the 
anode chararteristics, of a typical pentode, the CV 1056 (VR56) 
(EF36). The constants of such a valve are approximately :— 

£ = 2-4 mA/volt; R. = 1-5 MD, and pt = 3600. 
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Vaiiable-mu pentodes 

The variable-mu pentode is a pentode in which the control grid 
is made to have an asymmetrical structure. This is normally done 
by making the pitch ol the grid vary along its length, the meshes 
of the grid being closer at one end than at the other. An alternative 
method is to allow the cathode to project some distance outside the 
control grid. In either case the result is that various parts of the 
valve reach cut-off with different grid bias voltages, so that the 
overall cut-off comes gradually rather than abruptly. 


la Cm A) 



Fig. 328. —Anode characteristics (for Fig. 327.—Mutual characteristics 

various Eg) of vanable-rau pentode (for various E^) to log scale. 
(CV 1053). 


Fig. 326 sliows a set of mutual characteristics of a typical 
varia^ble-mu pentode CV 1053 (ARP34) (EF39), plotted for constant 
anode voltage, but variable screen voltage. As given in valve data 
sheets, such curves arc often plotted with anode current on a 
logarithmic scale of microamps, in order to include the whole range 
of anode currents, and at the same time give an accurate picture of 
the lower part of the cliaracteristic. A set of curves plotted to 
such a scale is given in Fig. 327 and does, of course, look entirely 
different from Fig. 326, but is nevertheless equivalent to it. 
Fig. 328 shows the anode characteristic of the same valve, plotted 
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for constant screen voltage but variable grid voltage. Fig. 329 
shows mutual characteristics, plotted for constant screen and 
\’ariablc anode voltage ; and Fig. 330 shows anode characteristics, 
plotted for constant grid and variable screen voltage. 



T'IG. 329. — Mutual rhaiac liuistiLs Fjr,. 330 — Aiiiiik^ rliaraL’Ifriiitic.s 

(fi)i vaiioiis Ea) ‘0 \arjablc-mu (lor vanou.s 1'.,^) nl Vrinablc-mu 

pniiiorlc* (CV 1053). ppiitoile (CV 1053). 


The object of a variable-niu vah'e is that it enables the stage gain 
of a voltage amplifier stage to be AarieJ over a wide range by 
varying the bias voltage on tiie control grid, and therefore the " g " 
of the valve. 


The pentode as an amplifier 

The general principles ol amplifier stages using either tetrodes 
or pentodes are tJie same, but they rliflcr Iroiii tJinse employed for 



Fig. 331. —PentodL* arran^rd as a voltage amplifirr, with cnn.stant ruiTcnt 
geniTator form of equivalent circuit. 


the triode amplifier stage. For tlie moment all reference to power 
amplifiers will be omitted, and attention concentrated on voltage 
amplifier stages. 

F'ig. 331« shows a pentode arranged as a voltage amplifier, and 
Fig. 331 & shows the constant-current generator form of the 
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equivalent circuit. Wlien using a triode as a voltage amplifier 
a load resistance somewhat higher than the AC resistance of the 
triode is chosen in order to get as high a value of stage gain as is 
reasonably possible consistent with the available HT supply voltage 
and the drop across the anode load. With the pentode, the value 
of is limited by supply voltage considerations to a value that is 
noimaUy small compared with the AC resistance of the valve. For 
example, a reasonable value of anode load for a pentode having 
an AC resistance of 1 - 5 MD may be of the order of 100 kD. 

For pentodes, the const ant-current generator form of equivalent 
circuit (Fig. 3316) is therefore preferable to the constant-voltage 
generator form. 

Clearly the stage gain is given by :— 

M = — = g {see equation 20) 

Cg -f- 

U. M = g—^ (21) 

^ K 

If, as is usually the case, R^ is very mueli larger iliaii Rj^, the 
rosuh for a pentode may be written as :— 

M g. R, (22) 

Now suppose that the pentode of Fig. 331« is a CV 1091 
(ARP35) (EF50), anode characteristics of wliich are given in 
Fig. 332. 



Suppose that an HT voltage supply of 300 volts is available, 
and that it is decided to try a load resistance of 10 kD. Using the 
same method as for a triode (p. 341), one can draw the load line, 
and choose the operating point Q, From the equal intercepts it 
can be seen that grid swings up to 1-5 volts may be handled without 
undue distortion. 

The peak value of the alternating component of the anode 
current corresponding to the 1*5 volt signal will be 9-5 mA, giving 
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a peak voltage of 95 volts across the anode load. Thus the stage 
^^ain (M) would be :— 

il/=- ^ = 63 

Using the formula of equation 22, this result can be obtained 
easily, for from the valve data g — 6-5 mA/volt. 
i c. g 6500 M-mhos 

M -- gRj, -= 6500 X 10-® X 10^-65 
which is approximately the same lesult as before. 

If an anode load of 20 kD is chosen, another load line is obtained 
with the operating jioint P This time the intercepts indicate that 



Plate 21 —CV 1091 (ARP 35) (EF 50) pentode valve. 


a peak signal of only 0 5 volts may be applied wathnut undue 
distortion. The peak value of alternating anode current corre- 
s])onding to the 0-5 volt jjeak signal is 3-25 mA, and the peak 
alternating voltage across the anode load is 65 volts. Thus the 
stage gain is given by :— 


M = || = 130 


Alternatively, using equation 22, since g = 6500 [imhos and 
Ri = 20 kfl 

M = 6500 X 10-« X 20 X 10» = 130 


which agrees with the figure previously obtained. 
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The greater the anode load the greater the voltage gain, just as 
in a triode, but an increase in anode load may give a considerable 
increase in distortion, unless the signal applied to the grid is very 
small. This question of distortion will be considered in more detail 
when considering power amplifiers. For voltage amplifiers, the 
input signal voltagCvS arc usually very small, and tlic highest possible 
load is taken eonsistimt with Hie available HT voltage and the 
magnitude of the signal to be amplified. 


BnSCELLANEOUS VALVE TYPES 
Frequency-changer valves 

If th(‘ potenli;d on the siqqiressor grifl of a pentode is varied, 
there will be a corresponding variation in the anode current. This 


A A 



Hzi^odr anode Htpiotie anode 




(C) TAi/OJi£-S£AM-HEMOh£ (5Ke) i^) raiObE - H£PTOb£ (6J8) 

riG. 333.—Frequeiii y-tliani/i'r valves. 


fact can be used to allow two independent signal voltages simul¬ 
taneously to control a single anode current, by applying one voltage 
to the control grid and the other to the suppressor. Owing to the 
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Don-linearity ot the valve, intermodulation between the frequencies 
uf the two inputs will take place, as vill be seen in Chapter 11. 
The anode-suppressor capacity of a pentode used in this way has 
the same ill-elfects as tlie anode-^iid capacity of a triode ; special 
" frequency-changer " valves, as they are railed, have therefore 
been developed with electrostatic screening between the anode 
.md the second signal grid. 

The hexode 

The hexode is a modified pentodi' valve, having an extra electro- 
‘-Latic screen interposed betwciai the tliird (“ siqipressor ", or 
“second signal-") grid and the anode [see Fig. 333i/). This 
additional screen is nsnallv connected internallv to the existing 
screen (GJ, and is maintained at a steady positive potential, so 
lliat it functions in exactly the same manner as the screen of a 
tetrode, and the hexode forms a rniicli more stable Jrequency- 
changer than the pentode. 

The heptode 

vSince, in the hexode, a screen at positive polenlial is adjiicenl to 
the anode, trouble may he ex]UTieiu'ecl from secondary-emission 
eif(‘cls as in the case of the tetrode (sre ]). 351). This difficulty can 
1)0 overcome eitlier hv emplo 3 dng the ])rmriple of tJie beam tetrode, 
or bv the insertion of a .sn])pr(‘ssf)r giid bt‘twi*en screen and anode. 
In tlifi fir.st (;\se, the resulting \alve is tailed a " beam hexode", 
and in the latter, a "lieptmU* " (see Idg. 333^, whicli represents a 
ty])e 6L7). 

Triode hexodes and triode-heptodes 

Freqiiency-clianger valves an* noim.dly used to intennodulate 
two signals, one ol whicli is gi'iiiTatcd 1 )\' an osi'illator coupled 
diieitly to one of its two rontiol or signal giifls. To reduce, the 
number of valves needed in a ])iere oJ erpiipmeiit, Jiexodes and 
hoptodes are sometimes built into an envelr)})!* that also contains 
a triode ; this triode can be used as an oscillator, and has its grid 
internally connected to one ol the two signal giids of the hexode nr 
heptode. Fig. 333r shows a iiqiresentation of a trioilc-beam-hexode, 
such as the type 3K8, in whicli the liiode grid is internallv connected 
to the hexode grid nearest the cathode, while Fig. 333ri shows 
a triode-heptnde (r.g. the BJ 8 ), in which tlu* triode grid is connected 
to the third grid (G 3 ). 

The co-planar-grid valve 

The co-plauar-grid valve, exemplified by the 4045A (sec Fig. 334), 
is sometimes used in the output stage of multi-channel canier 
telephone equipment. 

It is virtually a tetrode in whicli the screen grid and the control 
grid are intermeshed so that they are co-planar and equidistant 
from the cathode. In operation, the control grid [a) is given a 
negative bias of 60 volts so that it can handle a very large grid 
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Fig JJ4 — Co-planar valve (4045 A) 






Plate 22 —4045A Co planar grid valve. 
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]"iG 335.— Annrlp characteristics of the Co-planar valve (4045 A). 

swin^ witliout brcomiiig positive ; the co-planar-grid (^^) is given 
a positive bias of about 60 volts. As far as anode current is 
concerned, the valve behaves as a trinde in which the grid potential 
is zero—that is, the anode cunent is large. Fig. 335 shows anode 
characteristics for this valve. 



Fig. 33(S. -Cn-planar valve cmployin^^ grid bias battery. 


METHODS OF BIASING 
Bias 

It has been seen that a steady negative bias must be applied 
to the grid of a valve used as an amplifier, in addition to the signal 
voltage. The various ways in which this can be done will be 
considered in the ensuing paragraphs. It will be noted that, in 
every case, a DC path exists between grid and cathode ; this is 
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most important, tor as has been seen (page 348), if an open-circuit 
or even a high resistance path exists between grid and cathode, 
damage may result. 

Battery bias 

So far it has been assumed that tlie grid bias voltage is obtained 
from a battery in the grid eircuit. This is known as " battery bias ”, 
and is only one of the various methods by which a steady potential 
diltercnce may be maintained between cathode and grid. The 
method is seldom us(m1 nowadays, about the only example in line 
equipmejit being the — 60 volts grid bias for the co-plaiiar valve 
(see Fig. 336). 

Filament current bias 



This is a ronveiiient method lor obtaining bias with directly- 
heated valves, pariieidaiiy wlnni a number of valves are operated 
with tlieii (ilaiiuMit^ in series, an example lieing shown in Fig. 337. 

TJie lliri'e valve fdanicnts are in senes with various resistances, 
and the whole' lilament circuit thaws 0-25 am])s tilament current. 
Valves VI and V2 take 0-25 amps at 2 volts, aiul V3 takes 
0-25 amijs at 4 volts. The vf)ltag(; drops across the various fdamenls 
and resistanees are .sJiown in the diagram. It is easily seen that 
the potentials of the various grids relative to the negative ends of 
the re-Si>eetive lilaments are as showii in the diagram, and that 
these are maintained by the flow of hlament current. 

Bias from HT supply 



P'lr;. 33S.—Metlmcl fif obtiLiniin; bias from ITl' .suppl 3 ^ 


If a large grid bias voltage is required, the cathode of an 
indirectly-heated valve may be made positive with respect to the 
grid by employing a potentiometer across the HT supply, as shown 
in Fig. 338. When determining the values of and R^, it should 
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be remembered that carries not only the potentiometer current 
Out also the cathode current of the valve. The bias apphed is 
iierefore (/^ + I^) -Rg- 

The disadvantage of this method is that the resultant HT 
voltage available to be applied between anode and cathode of the 
valve has been reduced by tlie amount of grid bias voltage applied. 


Cathode bias 



Fig -Mi'tboil of obtaining cathoilc current bias. 

Fig. 339 shows the metliod of producing bias that is most often 
iiscil with indirectly-heated valves. A resistance—in this case 300D 
—is inserted in the catJindc lead of the valve ; lliis resistor has to 
‘ arry the whole of Ihe standing cathode current, i.c. the sum of 
'lie steady anode and screen currents. Across this resistor therefore 
will be developed a steady voltaf^c in the sense shown; this will 



Fig. 340 —Another method of decoupling the cathode resistor. 


make the grid negative with respect to cathode, the amount of 
bias depending on the value of cathoile resistance and on the cathode 
current. The large capacity condenser shunting this resistor is 
provided for decoupling—that is, providing an alternative low 
impedance path for the oscillatory currents. If the condenser were 
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not connected^the variations in anode 


current would cause 
variatloTis in : I'hftsr!" 

"would be l ed on to Ih e^n^an^woSd be dT such a 
' “ dhe omission of llip. rnthnde decoupling 

c urrent negati ve^ 
1? bias only is^ 


^o ppose the appiieu signaf _ 

condenser is a convenient way of obtaining 
Teedback^ and is luily discussed in Chapter 9. 


^required, the cathode resistor must be decoupled, otherwise both 
bias and current negative feedback are obtained. 

Another example of the provision of cathode bias without 
current ncf^ative feedback is shown in Fig. 340. 


The only essential difference between this circuit and the last 
is in the method of decoupling. A large resistance is included in 
the grid circuit, and this enables the cathode resistor to be efficiently 
decoupled using quite a small decoupling condenser. At 1600 c/s, 
the reactance of the 0-1 [jiF condenser is in the region of lOOOD. 
Thus the voltage developed across this condenser and applied 

between cathode and grid will be only —r — _ —^ — ^T^th 

\/500,00()2 + 10002 500 

of the alternating voltage developed across the cathode resistor. 


Grid leak bias 



Fig. 341.—Griil leak bia5. 


This form of biasing, which depends on the How of grid current 
for the production of the bias voltage, is frequently employed in 
oscillatory circuits. Fig. 341 sliows three circuits for ])roducing 
this type of bias ; all three are in common use and the action is the 
same in each <'ase. Consider Fig. 34\a\ when a signal is applied to 
the input, tlie grid will become positive with res]Micl to the cathode 
on every positive half-cycle, (hid current will flow, developing 
a voltage across the resistor R and charging up the condenser C in 
such a direction as to bias the grid negatively. During the negative 
half-cycles, no grid current will flow, and the conilcnser C will 
start to discharge througli the resistor R. If the lime rnustaiit of C 
and R is large compared with the periodic time of the input signal, 
the condenser will retain its charge from one positive half-cycle 
to the next, and a steady negative bias will be produced. 
Fquilibrium will be set up with the vaJvc running into grid current 
on the peaks of the ]) 0 -sitive half-cycles {see Fig. 342), the grid 
current flowing being just sufficient to maintain the charge on the 
condenser. 
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Fig. 342.— ICxpIaining oporatinn of griJ leak bias. 


Tills circuit is cquivaleiil to that sliDVvii in Fif.^. ; for the 
valve will i)ass riirriMil from ^rid to l athode, l)uL not in the reverse 
ilirection, and it can tJius be ref^anletl as a rectifier. TJiis is a half¬ 
wave rectifier circuit, aiirl it produces a DC voltaf^e across C as 
‘liown in Fif>. 3436. If i\ui rij)plc in the output is to be small, 
1 1 follows that tlie time consLant CR must l)e fj^reater tlian the period 
ul one cycle. IJ CR is hiv^e, the voltage across C is almost constant ; 
and as has beiui seen, this voltage t.onstituli‘s Llie bias on the grid 
ol the valve. 



Fig. 343.— (a) Equivalent circuit fur leak bias, anil 
(2y) Voltage across grid comlrnsi^r. 


If the amplitude of the signal on the grid increases, the bias 
will also increase to the new peak value ; and if the signal decreases, 
the bias will decrease, though the rate at which the bias follows 
the signal will depend on the time constant CR. If this method of 
biasing is used with a variablc-inn value, a type of Automatic Gain 
C'ontrol (AGC) results, for the larger the input, the larger the bias, 
and the smaller the amplification factor of the valve and the stage 
gain. In this way the amplitude of the output can be kept more 
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or less constant. In the arrangement of Fig. 341 a the voltagi* 
developed across C and R can be applied as AGC bias to other 
stages. 


DECouPLma 

The circuitaof Fig. 344 and Fig. 345 have already been discussed, 
but they arc now repeated for emphasis. As regards Fig. 344 it was 
stated (p. 353) that fluctuations in screen current would cause llie 
potential of tJie screen to vary with respect to cathode, and woulil 
eventually feed back into the grid circuit unless a condenser C is 



Fig 344.—T)rr(m])liTig of J ig. 345 —Decoupling of 
hcrcfn circuit in a pentode cathode lesistor. 

01 tetrode. 


inserted between cathode and screen to provide a low impedance 
path for the alternating screen current and prevent it llowint; 
through R,^. The condenser C is said to decouple R,^. In Fig. 345 
the cathode resistor is common to both grid and anode circuits, 
and it was noted that if the alternating component of the anode 
current were allowed to flow in it, the lesulting alternating voltage 
would be fed into the grid circuit. It was also noted that if the 
cathode resistor were shunted by means ol a large capacity 
condenser, the alternating component of the anode eiirrcnt wtinld 
have an alternative low impedance path, and very little alternating 
voltage would be applied to the grid circuit. The 50 gF condenser 
is said to decouple the cathode resistor. 

Decoupling, then, is effected by providing an alternative low 
impedance path for the alternating components in order to prevent 
alternating vjiUages being developed across an impedance. An 
impedance that is common to two or more circuits will always 
introduce interaction between those circuits, unless it is decoupled. 


Grid ciicoit of directly heated valve 

Fig. 34011 shows the circuit of an amplifier employing filament 
current bias. This filament current bias is derived from the 4-volt 
potential drop across the 1612 resistor in the filament circuit. This 
particular filament circuit is connected across the LT supply in 
parallel with a vibrator, which produces disturbing voltages across 
the LT supply. 

In a directly-heated valve the potential of the cathode varies 
along its length, so that if the length of the filament is divided into 



GRID CIRCUIT 


373 

L large number of short elements, each of which may be regarded 
equipotential throughout its length, then the potential of the 
..node relative to the “ cathode will be greater for an element 
icar the negative end of the filament than for one near the positive 
ud. Similarly the grid will be more negative with respect to the 
positive end of the filament. The result of these two factors 
that the various elements of the filament contribute unequally to 

I he anode current (sec Fig. 347), E, -|- — being greater for elements 

near the negative end of the filament. The total anode current may 

E ' 

I)c regarded as a function of E/ + —, where E/ and E„' are the 

i^rid and anode potentials respectively relative to a point, called the 
' mean emission point wliicli is off-set towards the negative end 
of the filament. The position ()f tlie mean emission point varies for 
different valves, but is generally about one-third of the way along 
tjjo filament from the negative end. 



valve. 

(Kj) Iu]uivalent circuit .shewing thr* mean emission point. 


Returning now to Fig. 346&. The point X is the mean emission 
point of the filament. All emission will be assumed to take place 
at this point. The resistors AX and XB represent the resistance of 
I be filament on either side of this mean emission point, and the 
I wo resistors AP and PB are chosen so that APBX is a balanced 
Wheatstone bridge, 

AX 

* XB ~PB 
Rt ^ 675 
“ 325 

Thus if the vibrator circuit applies an alternating voltage across 
AB, the point P will be at the same potential as the mean 
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emission point X. The 1 (jlF condenser connecting P and Q pro¬ 
vides a low impedance path at the vibrator frequency and ensures 
that there is no alternating potential difference between Q and P, 
and therefore none between Q and X. Thus as far as the disturb¬ 
ing alternating voltages set up by the vibrator are concerned, the 



Fig. 347.— Tllustratinp; mean emissinii point nf [lin'ctly-hoaled fikimi'Tit. 


grid is at the same potential as the mean emission point of the 
filament: the space charge and hence the anode current will there¬ 
fore be indepeiiLleiit of these disturbing voltages. The grid circuit 
in this case is said to be decoupled to the mean emission point 
of the filament. 

Anode circuil; decoupling 

Fig. 348 shows the arrangement of an amplifier stage that is 
one of several sharing the same HT supply. In this case the internal 
resistance of the battery (or other form of supply) is an impedance 
common to two or more anode circuits (and also screen circuits, if 
pentodes are used) ; to prevent coupling between stages, it is 
necessary that the resi.stance of the battery be decoupled to prevent 
alternating components of the various anode currents flowing 
through it. A resistance R is placed in each anode circuit, and the 
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(ondenser C provides an alternative path wliose impedance is low 
(Dmpared with R. In addition, since the HT supply to this stage 
is fed via the potentiometer formed by R and C. alternating 
I omponents from other circuits connected to the same power supply 
will be reduced to negligible amplitudes, provided that R is large 
compared with the reactance of C at the frequencies concerned. 



Fig. 348.—Dctouiiling of an HT supply common lu several stages. 

The values of C and R used may vary with tin? degree of dc- 
[luipling recjiiircil, which will depend on the number of stages 
-haring the common supply, and the relative importance of each 
si.ige as a disturbing intluence on the others. Typical values arc 
SOOOD and 2 gF for audio frequencies ; at carrier frequencies 
L smaller capacity cf)ndenscr may provide a sufficiently low 
nnjiedance aUernative path, and 5000D and 0-5 gF are typical 
^ lines. The degree of decoupling is inci cased by increasing both R 
aiul C—e.g. 20kl2 and 4 pF" may be used in an audio frequency 
Binplifier where decoupling is particularly important. 
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VALVE AMPLIFIERS 

"Waive amplifiers may be divided into " voltage amplifiers and 
^ *' power amplifiers — i.e. those which are designed to deliver a 
large voltage (but no current), as when feeding the grid of a subse¬ 
quent stage ; and those which are designed to deliver actual power, 
as in the case of an output stage feeding a loudspeaker. Those 
within either of these classes can be sub-dividcd into " wide-band 
amplifiers ** and “ narrow-band amplifiers 

Wide-band amplifiers are designed to give more or less uniform 
amplification over a wide frequency range, which may be from 
very low frequencies (of the older of 100 c/s), up to a maximum 
that may be anywhere from 3 kc/s to several Mc/s for fine equipment 
amphfiers. For convenience in treatment, wide-band amplifiers 
may be further subdivided according to the type of coupling, 
of which resistance-capacity coupling is the most important. 

Narrow-band amplifiers are designed to give amplification over 
a narrow band of frequencies, e.g. from 480 to 520 c/s, or from 
460 to 470 kc/s—the word narrow ” meaning, in this connection, 
that the difference between the highest and lowest frequencies 
amplified is small compared with the mid-band frequency. 

BESISTANCE-CAFACITY COUPLED VOLTAGE AMPLIFIERS 

Fig. 349a shows a simple resistance-capacity coupled stage; 
when a signal is applied to the grid of V^, alternating voltages are 




*«) (b) 

Fig. 349.—Resistance-capacity coupled stage with equivalent circuit. 

develop>ed across the load resistance which is effectively between 
anode and cathode of V^. Anode and cathode are connected by 
tte circuit consisting of C and R, in series, and the voltage across R, 
is applied between grid and cathode of V 
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Equiralent cirouit in constant^voltafe senerator lorni' 

The equivalent circuit in the constant-voltage generator form i$ 
shown in Fig. 3496, and it will be noted that two capacities CJ 
and C/ have been included which do not appear in the original 
circuit diagram. C«' is the output capacity of Fj, made up of 
anode-cathode capacity plus any stray wiring capacity to the left 
of the coupling condenser C, and C,' is the input capacity of F, 
plus stray capacities to the right of the coupling condenser. 


From the equivalent circuit it is clear that, since the network 
contains capacity, the voltage applied to the second stage will 

€ 

vary with frequency, and therefore the stage gain - will also vary 

^9 

with fiequency. A complete dnalysis of the behaviour of this 
network is difficult, but the analysis can be simplified by dividing 
the range of frequencies into three parts. 



{a) (b) [c) 

Fig 350 —Equivalent ciicuits of R C coupled stage foi medium, low and 
high frcquencirs. 


Over a certain intermediate ranffe of frequencies the small capacities 
Cf and Cf will have a high reactance and will not appreciably 
shunt the resistors and Rg respectively. Ajso, the series 
condenser C will have only a small reactance, which can be neglected 
in comparison with Rg. The n'sultmg equivalent circuit of Fig. SSOtf 
IS therefore substantially correct for medium ficqueiicies ; since 
this is a purely resistive cii euiL, tJie stage gam will be independent 
of frequency over the range where the simplihcation is valid, and 
this range clearly depends on the values of R^, Rg, C, Cf and C/. 

At lower frequencies, where this simplification is not admissible, 
the reactance of Cf will still be negligible as a shunt on 
and Cg' negligible compared with Rg, but the reactance of C may 
be quite large and will increase with decrease m frequency. The 
equivalent circuit for low fiequencies is shown in Fig. 3506. Since 
the reactance of C increases with decrease in frequency, and 
C and Rg form a voltage divider across R^, and hence the stage 
gain will decrease as the frequency decreases. 

At high frequencies, the reactance of C will be negligible compared 
with Rg, but the capacities Cf and Cg' will together form an 
appreciable shunt on Rj, and Rg \ this shunting capacity is denoted 
by C, in Fig. 350c, which is the simplified equivalent circuit 
applicable for high frequencies. The shunting effect of C, across 
the load becomes more marked, and causes a reduction in the 
gain at higher frequencies. 





VafWicm 43/1 gain witb beananog 

Fig. 351 shows the way in which stage gain varies with frequency 
in a typical R-C coupled stage. The three ranges of frequency are 
clearly seen here, although the boundaries are of course not sharply 



to log sea e. 

Fig. 351 - -Gaiii-f] equency response of a typical R-C coupled stage. 


defined. In particular, the medium frequency range, over which 
the stage gain is substantially constant, is seen to be from about 
100 c/s to 3000 l/s. 

From Fig. 350a, the stage gain at medium frequencies is seen 
to be :— 


M = 


+ Rl 


( 1 ) 


where Rl = 

Thus M IS always less than /i, but may be increased, subject to 
this limitation, by an increase of R/, and equation 2 shows that, 
for a high value of R/, both and R, must be large. 

Suppose, then, that an effort be made to secure a high stage 
gain by selecting very huge values for Rj^ and R^. At high 
frequencies the shunting effect of C, Fig. 350c) will become 
appreciable at much lower frequencies than before ; that is to say, 
the stage gain will begin tu fall off at much lower frequencies. 
Thus although the stage gain at middle frequencies has been 
increased, this iiicieasc is obtained at the expense of a reduction 
in the frequency range over which the response is flat. The design 
of an R-C coupled amplifier is therefore a compromise between 
the stage gain at middle frequencies, and the frequency range over 
which the response is flat; one can be increased only at the expense 
of the other. 


B4I stage using pentode valves 

Fig. 352a shows a simple R-C coupled stage using pentodes, 






HT+ HTf 



(a) (&) 

Fig 352 —Resistance-capacity coupled amplifier employing pentode valves. 


and Fig. 3526 the corresponding equivalent circuit in the constant- 
current generator form. Figs 353ti, b and c show the simplified 
equivalent circuits for medium, low and high fiequencies respec¬ 
tively. 



(a) (6 {€) 

Fig 353 —F qunalent ciicuits of Fig 352a for medmni, low and high 

fr<»qucncies 


In the case of medium Iri'qucncics (Fig. 353») ;— 
M- g.R^ 

where A’_ -- 

- + - +- 
A. ^ R,.^ R. 


For a pentode, Zi, is large Lompared with Ri, and R, in parallel, 
so that only a small error is introduced by neglecting F compared 



Rr + R, 


( 4 ) 


If, as is frequently the case, is much larger than (e.g., 
= 30 kf3, Rg - 0'5 MQ) this can be simplified still further, 
giving:— 

Rtg — Rl 


Thus for a pentode, with the proviso that '— 

M = g . iJx (5j 

It will be clear from Fig. 3536 and v that the ^tage gain decreases 
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at low and at high frequencies, and that the general shape of the 
gain-frequency response is the same for a pentode as for a triode 
(Fig. 351). 

Stage gain of R-C stage at low and high frequencies 

A rather more detailed examination will now be made of the 
stage gain of an R-C coupled stage al low and high frequencies. 


A 



{a\ [h) 

Fig 354 —Kquu'alent ciiLuits uf an K-C coupled stage at high frequencies. 


Fig. 354a shows the equiv^alent circuit for high frequencies. 
By Thrvenin's theorem, tJiat part of tlie circuit to tin* left of AB 
can be replaced bv a simple generator. The impedance of this 
generator is the impedance looking into AB to the left, i.c., 
and the EMF of the generator will bo the open circuit voltage 
at AB, t.e., the voltage output of the stage over the medium 
frequency range, t e., - (’g ^ R^t equation 3). Tlin« 

Fig. 354& is another form uf the eciuivalent cin'uit. From thivS 
circuit - 



^ J. _ 1 _ 

Taking the mnduliis of both sides :— 


i/l + 


/, from equation 3 :— 

„ , . Stage gain at medium tieuuencies 

Stage gam at high frequencies -^-_- — —— -1- - 

-yT -f 

As the denominator increases with f^eqllenc 3 ^ this shows that 
the amplification at high frequencies decreases with increase m 
frequency. 

Equation 6 also indicates that the amplification is a 

vector quantity ; tliat is, signals suffer a phase change in passing 
through the stage. This phase-shift tp is given by :— 

(p = 180° tan-i c.>C\7^^ . (7) 


From this equation, w appears to be a multi-valued function; 
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the correct result to take is that for which tan“^wC,7?^ lies between 
0^ and 90° ; because, as w decreases, so fp approaches 180°, which 
the value of the phase-shift in the stage for medium frequencies. 

Tt is customary to disregard tins 180°, and to say that over the 
medium frequency range there is no phase-shift, and that for 
hiRh frequencies there is an advance tp' in phase relative to medium 
fieqiiencies, given by ; - 

(p' — — tan~^ (8) 



""I 

I 


I 


( 



(«) (?d 

1 Jc 355 —hquivakiit fiiciiits of an K L LOupUnl sla^r at Inw fieqiuMiLit^s 


Similarl}', TlnnTinn's tlieoiein can be applied to the low- 
Jicquencv equivalent ciicuit of Fig 355a, the result being the 
LIT cult h. 


From this it follows that •— 


Ilt'nri' 


c. ■ 


R/ 


K ' Rl a>. r, , j , 2_ 

R, \ R, ^ O.C 

f^R^R. 


(''■' ...0 


where R f A, 

A, I l\j 

This may be re-arraiiRerl thus ■ — 

i\ _ ft R, ■ R, 
rv ' (A, I A,) • 




— fi.tRi^.R, 

'RJi, ^R.R, t /^,AV 

- g • A^ 

^ " U'R 


(>- ,L) 


(9) 


Taking the modulus of both sides:—- 



from equation 3 :— 
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Stage gain at Idw frequencies — 



Smn inrnasr'^ willi dccieasf in fii-quency, this shows 

lljdt the st ifj(* pain it h)w ficqueiKUs dtcieases with duLredse in 
frpquuic) 


Ahf) from Kiiiahnn 9 th( phasf-^lllft at low frequencies 
IS triTi ^ to 1h( })liase-shilt at medium frequencies 


Witli tlie fentioii of zno ])Jiist-slnfL at medium 
tht plii^<-shjfl it low fitqut n< n's IS tin It fore - 



frequencies, 


(11) 


rims f t]u ilioii 11 inihutts IliiL at low frequent les there is 
a])f)siti\L phist-slnfi (ulitni tothephisi at medium freqiu nrics), 
and tins pJiise-slnlt iiKieisis is tlie fierpienev decreases, and 
equation h iiidu itis tli it llitu is a nepilive phase-shift at hiph 
freqinnen *1 wliitli men is s with mtleased frequency 



I iL. J5b l li LSI fi I ([iiL III V Jiai irttiistic of a t} pic il R C CDuplcil sta^e 


1 or i single R t tou])Ud st i,^i tlu phasi-shift will never exceed 
90' iithii wa\ It ni\ ii(qutu(\ \ ^rajih showing a typical 
phasi [uqiuiu\ i li \i u U nstii (tin pliist-shifl bomg measured 
relati\e (o iniddK Iituiuiuits) is shown iii Jut; dS(S 

Universal response curves for R-C coupled amphfieis 

Tt IS otlcn coiniiiieut to ha\e a lospoiise tur\e tint ma> he 
applied to all RL i oujili d amphheis Cousideimg first the low 
frequencies Let /„ he the ficqucncy at which the reactance 
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^ of the coupling condenser is nimierically equal to 

the resistance R — -f Rg. This /roqucMiry ronies vvilhiii 

Kg A-i 

tlic range of low frequencies. 


Then, from equation 10, the ^tage gain at/„ will he 0-707 limes 
the stage gain at medium fKHpienGics; and from e(|uatiou 11, tlie 
])hase shift at /, will be T 45'’ relative to the ph.isi -sliilt at medium 
frequencies. In the same way thi‘ stage gain ami phase-shift may 
be found for any other low frequency expressed as a multiple of 
Table XIV is pre])ared in this way. 


I ABCE XI\ 

Gain ot R-C ampli/jer at low fiequoncies 


’requeue}^ 

Relative 

amplihcalioii 

(voltage 

ratio) 

Relative amjdifir.itum 
in di'i ibels 

^ 20 . logjo (\ olt.igc ratio) 

Relative 

plKis(‘-sljift 

0-17. 

0-100 

-20*0 

S4^ 18' 

0-2/, 

0-196 

— 14-2 

78° 42' 

0-5/. 

0-447 

7-0 

05° 20' 

/. 

0-707 

3 0 

45° 

2/. 

0-895 

0-97 

20 ’ 54' 

5 7, 

0-980 

0-17 

11° IS' 


Now considering the high freiiueiirir^s, 1(4 fj be tin* frerpieiicy 
at which the reartame of the total shiniling Crip.uitv is 

numerically equal to thi' resistam'e R^ - —^- - - — 


lABLE XV 

Gain of R-C amplilier at lii^h fieipieni-ips 


Frequency 

Kelalive 
amplili cation 
(voltage 
ratio) 

Relative ainjilihcation 
in decibels 

-=20 (vnltrLgri.Oiu) 

1 

Relative 
pi lase-shill 

0-2// 

0-980 

-- 0 -17 

-11° 18' 

0-5/.' 

// 

0-895 

— 0-97 

—26 ’ 54' 

0-707 

- 5-0 

-45° 

2/.' 

0-447 

- 7-0 

—65° 26' 

5/.' 

0-196 

-14-2 

—78° 42' 

10// 

0 100 

-~20 0 

-84’ 18' 
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Then, from equation 7, the stage gam at // is 0-707 timps the 
stage gam at medium frequencies, and from equation 8 the phase 
shift at f/ IS — 45° lelative to tJiat tit medium frequennes. 
Table XV is compiled for otliei liigh fnipuiiiies expressed m 
terms of// 

>ig 357 shows a univeisal icsponse Liir\i for a lesistanre- 
capacity amplitier The procedure for obtaining the response 
Lurv^es tor a particular ampliliLi is as follow^ 

(i) lalculate the stage gam at middle frerpieiuies using 
equations 1 or 3 

(iij Calculate the frecpieni \ _/, liom the lolatioiiship 

/ — - 

‘InCK 

and lead off the gain and jdiase shift at low fiequeurus from 
the curves of 357 

(ill) rsnrnale the total shimtmg i iprU it\ T, ind tal'dilp 
till tie(pienty/« fioni tlie ul itioiishu) 


tliLii lead oif th( gain and ph is[ -shift at high fn qm ni n s from 
thf* nil \ L s of big 357 

/ xamph — 




^ ^ nf k/ 



* -.jr- 

1 lu clS8 R C Luiiplf f| st i r li^ 
jllusticitc use irf univtisiJ 
1 Lsi)onse <- urve 


Consider luiiuil fs(t’Fi£j 338ai,iMi)f,'tlu following'constants, — 
[1 100 K, 100 00013 

/v’i- 200 000X3 500 000X3 

C, - 200 niJiF C - 0 01^1' 

Find the mid-frcqueiu gain and those frequennes at the top and 
bottom of the range at wlurh the gam lias dropped bv H db 

Step 1 — Mid-frequenry gam 




143,000X3 
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frain 


nR/ 

Rjf \ R. 


100 . 


143,000 

243,000 


=. 58-8 


Steft 2- -L()W'-frequoni V pain 

f. J,I /f. -567,0000 

in'* 

. r _ l 

‘ 27r . ' 

But Ja IS l]i(‘ inHjiUMU'v at whiJi tlin 0-707 limes its mid- 

frei^iiL ‘111 \ \Mlur The fitqiionrv rri|niied is lli.il dt which the pain 
has dr(tp]UMl hy 0 dh ; i.c , the viiltape gain has dnippod to lialf 
its iniddreqiK m y value. Tins tan be ioiiufl fioni Fig. 357, and is 
equal in about O-O/^, i e alioiit 10 t/s. 


Skp 3,— tlipli frt'quiuity paiii 

fj whm {J\a, A/i and in parallel) 

A'i' -- {Rf and R^ iii paralh^l) = 143,0001^ 


/. 


143 000 . 100.000 
243,000 
101^ 

2.71 . 200 . 58,SOO 


58,800 A) 
13,500 r/s 


hVoiii Fig. 357, th(‘ frerituiuy at which the gain i^ half the niid- 
freqiu'iirv gam is abruii ^ - 7 f„, i c about 23,000 rA. 


Load line for B-C coupled amplifiers 

It has l)i‘i 11 set'll that lJu‘ load hue foi a valve with a resistance Ri 
in tlie anodi- tinuit ])issi^ lliiough the IIT supiily voltage point 


, F 

± :: 

' 1 


i-i' 



Ik. 359—Illuhtiating AC 
sliiinlini; nf load rcsistanre 
fij bv iij, 


on the horizmiial axis In the circuit of Fig. 359, this is true only 
as lai as dneti i inieuts aie concerned ; the DC load line will pass 

through and will Jiave a slope and th<^ operating point oJ 
the valve wall lie on this line. 






T IG IhO — J>L mil \L 1 ^ I I ru s 


lor ripul A jLTi itions of xiindi \ oil u ( h)\\cvtT ( Ji is i low 
iJiijipciinrf (ill IJif woil Ills, fiKjLiim^ i i t) mil llu lc|ui> lUnt 
In id on tlu \ ilvt 7^j is ccjiiLl to uul A^ ii pirilltl) 

7\’ 7v’ 

y, SofardsAC iiiiLlioiis 111 roiHiiiKii tlunfou tlio load 

“r -t'tf 

line has a slope of [ \ md pissis tliiou/^k tin opci diii^ point 

7'x I 

lliis will not be identic il with tin DC 1 id Inn (whosi slopi is ) 

iiilcss Ap > A/ Iln two lo id lim s iit sImwimh 1 JbO 


CHOKE AND TRANSFORMER-COUPLED VOLTAGE AMPLIFIERS 
Choke-capacity coupling 



liG 361 —A simple cliokt cipacil^ luupJcd stif^i 
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Fig 361 shows the simple circuit of a choke-capacity coupled 
amplificT stage A comparison with Fig 349a shows that this 
diffeis from Trsic-tarice npacitv foupling only m that the anode 
load resistor is rejilatifl by an iron-coicd indnctanrc L This 
has the adv'antcige that, although it offers a high impedance to the 
altprnatiiig fomponeiits of tin aiiodt cmicut it tan be made to 
have a low 1)( resist im e I hi* DL voltage drop across it will be 
small, and under statu (ondiLions prac tic illy the whole available 
HT voltage wall be apjiliLil to the anode, thus enabling lower 
voltage HI siijiplies to Ik used llu frt quenry response is rcdisoii- 
ably flat n\(i i ccntrLl range of fnipiLiicies, but at low frequencies 
the gain falls off her uise of the dei leased ini])( dance of the choke 
at low InejULiirus Jn oTtlfT to evlcnd the flit iLsponse to lower 
IreqnciuiLS it is lutessaiy to have as higJi a v line of inductance 



Iff, Kii (am 111 (iiH ni ^ iisi msi il i t\ [ ii I lIidKi L»Hp.uitv iiiipled 

sla^t 

as jiossible so tint the impidiiui of the cIioKl is still quite largi 
at low' freqiii lu thus tee give in miiKnluRe* e)f bO kL> at 500 e /s 
tlie ihoke would ii(|uih an induetuiLe of about ^0 luiiries The 
toii]>hng i ondtiisei liIso e uisis a J illiug oil of gam it low frequencies, 
]us1 as in till' K ( e oii|)K d ainplilui , but its rajKUitv e an always 
be nude so luge tint tlu falling oit iii gam at low frequencies 
diu' to tlie dine isi m load imjKdiiiu oi i.urs eonsidtrablv before 
that due to < \e t ssiv i e onele nsei i l u t me e 

As the' ireqiuiKN is lULreistel flu gun tends to iisi due to the 
iiureMsi' in the nail iiiee of 7 and the lediution in the reactance 
of C with iiulease in fieejiuiui llic nse in eain continues until 
freqiiinciLS ate* rmcheul it wliieh the reactance of f m.iv be 
neglected ind the uutame* of 1 is vt'r\ large eoinpaied with 
and Rain paiallel Flu value of 7v^, affects not oiil’^ this gain, 
at medium liLqiuiuus but dso the lange o\cr which the gam is 
substantially flat \X high fiequencies the gam drops off due to 
the shunting cftt'c t of tlie input lajiacit^ of Fig 362 shows 

a typical gain-frequency response curve for a choke-capacity 
coupled stage. 
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Load line for choke-capacity coupled amplifier 

A reactive load on a valve is represented on the characteristics 
as an elliptical load line, and not a straight line. This follows from 



rjCi —Roartivi load l'11j|»si‘ 


Ihe fact that, with a reaedivo load, the anode volta|:;e and current 
are out of phase, and so iHMks occur at dilfeient instants. The load 
linr‘, beiii^ the luc'us ol points ie])resentini^ thf' curient and voltage 
at diflcrenl instants, can be shown fiom llie (HjuatioiLs forand 
/« to be, in fact, iiii ellipse, as shown in Fic,^ 

Transformer coupling 


Mr+ 



Fxe. 364 (a).—^Simplc transformer-coupled stage. 
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Fif^ 364fl shows a transfonner-coupled amplifier ; it will be seen 
that the pnmarv of the tiansfoimer lonns the load impedance and 
the secondary is fonnerttd between and cathode of the 

followinff stcijLjc 



f^rfect trdnsFormer 

I iCi 3b4 [hf - rtiuivahnl iirruit of transfoimer coupled stage. 


Ing 364Z) shows a simplified equivalent circuit, compare this 
with Fig 207 (of ( haplcr 5) 

= primary induutance of transformci 

— Ly 1 ^^2^- total leakagt indiiLtance, referred to primary. 

1( akigi iinlmt inrt of piimiiy winding. 

Z2 Uakigc ludiKtauu of set oiitlar\ winding. 

(^ sliiml ( L])uil\ nude up nf thi si lf-( apacity of the 
piimu\ uindnij and ol tJ^t sell-rapatity of the 
suoiu]ir\ and th( input f ip t(it\ of both lefeired 
I 0 tti( pnm ITV 

lilt full t (|ui\ dint I ill ml voulil also contain lomponents to 
aicoimt foi pimiii\ and stroiidaiy resistince, eddy current and 
hysteresis lossfs and ( ipuiLy betwun thi‘ windings, but all these 
are small ( noii'di m ])i n Ik f to hi ni gli ( U rl and liave been omitted 
for siinj^liLilv 



[a\ (/;) (c) 

1 Hi ^bS Siiuplifif'd equivalent urcuits of Iraiisformer-coupled stage 
apphe ible to iiicdiuin low and high frequenues 


Fig 365 gives the simplified equnalent circuits relating 
respectively to th< niiLldk low and high ranges of the frequency 
band Over the middle laiige (see Fig. 365fl) the impedance of the 
pnmaiy' inductance is high (L may be about 20 henries), and the 
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reactances of and will be small They can theiefoie be 
ne^jjleuted, and the stage gtiin wjll be — 


(^jiL (idvantagt ol IriHislornui i lliiuloK is tint 1)\ 

using a stci>up trimfornur li is j)()'=;sibl( Id ol>l uti a stage gam 
fM ceding the aniplilu ition fattoi dI Ihi \ ilvi 

\1 low fictjuduits tlu leactiim ol Hit li iiisloiiiiii piimu\ 
will be lowtr iiid must lx Ltnisidcicd wliilsl tlu iLiLtuKiscit 
md aie still mgligibb llie npin iltiii (iiniit n thin that 
shown m fig 3656 Tn tins rase 

nf I ..I''. I .. ‘ 


1 / =- fin 


J' > m 


Ihis show's tint the stage gim f ills as tlu ft ijia ii ^ is du nasid 
tlu 1 itr it whuh it 1 ills bung dipnuhnt on ll is m nh 

* o 

lii^^ti the stage gun will inn uii ii i oiiil>lv lonsl at dovni to 
1 lower fu(]ULiu> 1 ui i wide fu lunuv i in i woikmg (lov\ u to 
low freqiicnucs i \nv In h \ iliu ol ]>Tiiini\ mdiu t inn is 
ntressary 

At high fILqnnl(l(^ tin u irl nii es oi I uicl (^^betonn 
important and tlu numl ot li; 3b5i aj)])!]! s llun 




Now supiiosi Llic sniLs H son ml fuqiinm of / ^ and Z is t) 

1 


inrl let 


Snbstitntmg n in t qu Uioii 11 
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1 e 



( 17 ) 


wlure 


Q 


1 


Ilf 




t e <?„ IS Ilu fiTiuxt O it tht frcijudicv ti)i whiih 6 
seru s n sftii uik 


( 18 ) 


cind arc' in 


1^\ diHi n iilialin^:, c ]ii dion 17 it ( m hi slirmii that the sla^c 
gam IS ni L\inuim with r(s])ut In x when — 


1 



(19) 



1 K <h(i un f f|ii(n \ 11 I tis( film I iniri r iij 1 sla_,( sh )\\ij 

LII t I I ^ 11 I li In )iu II \ 1 sp ns 


1 IL, ihli shnw s t\])M d 1 < p HIM iim i s f h l ti insl )i iiii i cnuplcil 
si uid iJic c ll( L L Mil ^ Liii at In li lu pn m i< s nl l \ in itinii iii 

1 1 nin tin i iiT\ i s it i-. (li ii 111 it Uu 11 uti st ii ^]i nisc is nbt mud 

^\lull is sllL^lllb U Ss tilLll llim\ IJlls niL LTiS tllll IdI \ glVLll 

tianslnimi I Mun is l pi )]ui \ duL nt ubuh must be iis( d to 
gi\i llu (unit \alui 111 (> IntindxL ti msformc rs in usii 11^ 
])ioduc i d tn wui k with \ d\Lso1 \( nsisUiULuf ibout 10 000 ohms 
ic wiili i inndt lnlLi\ lI\( tr iiisfoiinci i oiiplmg is not often 
used ^M^ll junlodi', om i the ludio i iii^i but vvlun U is used tht 
traiisfoinii [)Tiniir\ must In sluntidbv lusistintr (wt I ig db7) 

llu simjihlu d I rpiiN di nl (iiiuit is shown m 1 ig d68t/, this 
ileiiK udiifts(b\ I 111 M inn tliMiiLin) to ih it of 1 ig 

is llu upn\ dt nt n sist mi t o' nul R m par ilkl and 
siiut, foi I pi nlofli 7v„ IS \ (n lu^c R^ /v \t high ficquenrits 
llu n foil Z\* dt Unnnu s 1 lu \ dm of 0^ iiid lunii the high lmqiienc\ 
rtsponsi the a dm ol R sikiiul is ihns llu \ due gning the 
optimum lire lilt Q it tlu nsnnml tuque nc'v of /.j^and 

T [One requisite of an intLivahe transfonner for use in the circuits 
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lie, Jb 7 lim hiiiUF LDupkl^ti t iisiJif, ])(lit )ili 


I fii ( nii-ulm il IS Hill il Hull lini i laii^i uilui ul |)iJiiiai\ 

1 uiiK 1 mu -iiul *1 till sJiiH liim sli ill In uijiibli dI i.iinnif^^ Ihe 
1 iiuliiiuT uhmIi niiJinl iii its juiin i\ uillniil uiiilin itui .itiiiii of 
M non fMi If sitiniLioii ouiiis (Intoitun will In-* j>i oilur lmI 



kr) 

in I |iiis il II 11 ml I 1 nisi iiii i ni h I U f ii n pinln k 


111 uldltioli fill \ lIlK »l till iinliK t 111 I o^ 1 lii 1 l iilsloiiiiLT 

umliin, > Will ill op 1 'iis jil inpi o hi 1 li mL il nuis on |hi tr.ins 
iiirnn I iiukin^mt l)nlk\ mil olio \ sh p up i 1 1 lo 11 i iiij; i v liokf* 
juTiilkllufl uiiint IS III I iv^ -{(i*-) tliisi (Iiltiuilln s mi 1 ir^ady 


iHi ♦ 

-)lii 



Fit, 369 — Irausknin'r touplnii^ using parallel feed. 


^ L 


(07<nj) 
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oveicome; thf; resulting transformer can l)e made more compact, 
ivitii a ccae of ver\' Iiigii ]jeriiiea]iility matcTiaJ. Comparing two 
transforintTs f)f tlie sainc size, one rhisigned for paralJel feed and 
the otfier for sei ics f(‘ed : tlic p;iral!el-feed 1 l ansfonner can be iiiade 
to haAo:: aljont tlirt'o times tlio i)iiinarv inductance, and roughly 
the same value of leakage ijuiiictance, as the series-feed transformevr. 
Ihe cliok(‘ can geueiafh l)e mede tn have a larger inductance than 
a traiL-.fonvuT foi use- in the saiuf* l ircuit, for it has only one winding 
and iron lossrs are i :ss itu])i atant. The overall result is a flatter 
gain herjuimex' res])i)iise at low frequencies, altliougli. tliere will 
still l)e a falling-n|[ at very low frequencies produced by the choke 
and t oil]ding i;nnd(‘iiser. 

Input transformers 

When^ it is necessary to eorqilt^ the grid of the hrst stage of a!i 
anipliliea to a low iinjiedaiua; snch as a transmission liiK.g, this is 
usua.ll}' done [)y lueans of a step-up traustonner as in Fig. 'i7(). 


-I- 

1 u;. ag!. !;i[au. [ I'M US former. 

ll ^v^lj be sfaSi that llris is. in ah esseiitiai iealiiros, e(]uiv"a.I(’‘i!l to 
the inli-rshigt* coU]''ime of hig. bF 4 wills 'ihe impodauce ol 

tile liin* j'eplacing tins At' ii-sislanre of Vj. Tlius t!a' iM]iii\ei!eiit 
cireint ol log. aial liu' *oi.d’\.'^is which tollirws, iioMs tor injiiit 

transiormers as wadi as interstage transhu imos. riu* juiiuarv 
iTulucta.uce will be in pro]>ortiou li» tiie inijKolaiKa* of tlie hue and 
tile liaiistuiiiu r nia\ have a high sUqeiip ratio (c.g. 1 to !^ 2 l. In 
order to obtain the tatna-vT input inq^edauco, an im|iedance Z ma}' 
be jilared aci'oss the si‘eorLilar\ ol the traustonner. . 

TUNED VOLTAGE AMPLIFIERS 

Ill the comiuonest l\'pe of tuned anqaiitier llie load irupedance 
is supplied b}' a jeirallel resouauL eircuit, vvliich gives the necessary 
hi^h inipedauee load ‘>\a.a' a eornparati\'ely narrow band of 
frequencies. Such aniplihers can be made very selective with 
respect to fia'quenry, making it possible to amplify signals of 
a desired frequency whilst eliminating other signals. 




I. 


ZC; 

“a 


allife 
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for a Vl^ si^^iiallin; ’etfjMi wlieie j*^ is drsiud 1o s( It ct only oi 
^rt^]Il^ncv, if Ji IS ngnuLd to Jji\t i const int ^^a^) omi a briii l 
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Band-pass coupling; 
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rectifier and produces a rectified component giving a potential 
across A'g of4>olarity as sliovn in Ing 379 The negative potential 
of the top end of 7^3 relativ e to i arth is applied, via the resistor 
(derouplf d by C^) and via indi\idudl smoothing ciiLints such 
as 7 ?B and f 3 to the grids oftlu laiiable mu pe nlode s ot the preceding 
amplifier stages Sinci thcs< amplifitis ha\e tuned anode loads, 
the output IS piutieall\ free fumi an> hiimomr distortion that 
may be prodiir f el in the \ .lU f due to wot king on the curved poitinn 
of the mutual di iraete iislit 


H !)v + lie / / 



Vjg ^SO dii)\i>. uiollui \(»t i ire ml tins time used in the 
rttiivi sieU eil 1 ^l t(l<gii]>li (epupnu lit Part of the output e)f 
a tuned ain])lilu 1 is ipplie el to a ^ nit ige eloiiblei Lire iiit that 
diMle)])s L 1)( potiiitial leiDss ( ^ is shemii Ihe \(jC bias is 
applie el to I ^ anel 1 > via i potiiiliil dnielii tint gnts a larger 
AGC bi IS thin T l)ili\ \ oil igt is ])ro\ieled bv a potnitinim ttr 
(b 2 kSJ end 24h 2 kD) between 111 positn e and eaitli If the 
incoming signil lUliases m amplitiuit the negative bias vrdtage 
piodueeel b\ ilu \iiC (ireuil i id ipplie el to ]\ and Ig 
inereast el and tlu gun of llit amplilui itelueiil If the inceiming 
signal dee 11 isi s in iniplitudi tlu lugative bus will drciease and 
tlu gam of the? amplitui itieie isi In this wav tlu output voltage 
acioss thi^ se 1 enidarv of th(‘ tiinsfuinuT is kept substantially 
constant <\en though lu dianges m iv oeeur in the input level 
In this I me the Vfit is so itlntivi tint a elecicast in th< input 
voltage as iniidi as 900 tiiius (59 eib) inav have no appreciable 
effect on the output v olt ige This enablts the appai at us concerned 
to opeiate^ satisfactoiilv on all input voltages from 1 8 volts down 
to 2 millivolts without anv manual gain contiol 
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\iiotliri (lUTiit Ihit ]n.i\ hi r 1 lss< il i l\p« of \(/C 

IS sliowji 111 iMir lln>. IS tin Insl si i£;i of l \ I sunLillin^ 

u"((i\LM <uul Its flint tom IS to ;i\i L ii)ii-.liiu \ oil i[»i output 
null ]■)[ ndt n1 ol tin Lio])litiidi nl tin ( s input piovuUil tlnil 

tht ini)Ul o\i 11 (Is 1 I ( ! 1 im niiiiimuiii h \ I I llwilllx sun Unit ii 
consists mtiilv of \ tuu< d iui])liliM if) AvlinJi ;^iid Itak bias is 


IIG, a 82 Action of limiter amphtipr 
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applied. I^ias already been seen that when grid leak bias is 
applied to fPvalvp, the bias voltage on the grid is just sufficient to 
cause a small amount of grid cunent to flow on the positive peaks 
of applied signal (5cc p. 370). 

In Fig. 382 theie arc shown three signals of var\hng ampUtinh's 
For vsmall signals siuli as A, the opiTating point is at a, and the 
output signal a applied to the tuned rnniil in the anode will give 
a voltage output that varies with the amplitude' of tlu' input signal 
If the amplitude of the input is inrreasi'd to that of the signal B 
the operating point recedes to b and the output will 1 k‘ p. That 
the output now becomes independent of anv liiither increase in 
the input level is seen from a considciation nl the ini>ut signal C, 
which gives the output y. It is thus the \ahie of the cut-off bias 
that detej mines the value o1 input signal above which limiting 
takes place, and to make this value .small it is usual to supply tin* 
limiter valve with a low anode voltage 11 will be .si'en that the 
distortion pioduced hy suih n limit('i with laigi* input signals is 
very great. 



As a last example of AG(', coii.sider the amplifier-detector 
of a VF telcgiaph system (see Fig. 383). The standing biasanange- 
ments of this eirruit (filament bias) have already been consideied. 
The hist stage Vj has a 2-\olt bias, and the second Fg a 12-volt 
bias. The first stage has a high gain, and lor large signals Fj 
tends to run into grid current on the positive peaks. When 
grid current flows, a potential is developed across R.^, and the two 
parts of condenser Cj are charged with polarity as shown, and the 
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voltage across these condensers is applied to Vi as AGC bias, 
TIil; discharge path foi Cj is via iv?i and giving a constant 
of 6-5 seconds. In order to prevent the amplilier being cut-off by 
its AGC bias due to a sudden high level transient, Cj and with 
a time constant of 60 millisreonds, impose a time delay on the 
application of the AGC' bias to \\ ; thus the bias on will not 
increase until an increase in the level ot the received signal has been 
maintained for a peiiod of that order AGC bias is also applied 
to Fg, but it has practically no effect on this Valve, since the AGC 
\nllagc is small compared with the large initial bias. 


DISTORTION AND NOISE IN AMPLIFIERS 
Distortion 

Any transmission system (an amplifier being a ])articular 
example) is said to iiilrodnre distortion il the input and output 
signals aie not idciihml i}i wavejonn. This change in wa\a^form 
may occur diu‘ to one or inme of a number of causes. These 
(liileienl tV])es t)f chstoitioii aie ligidly ilefnied below for the sake 
of lefeienc'e, although in practice il may be cliriicult to sepLiiate 
llio distortion pnalui ('<1 by a j)ailicul<n system into these sub¬ 
divisions. 

Attenuation distortion 

The' name “ attemiation distoitif)ii " is ap])lied to the case ot 
a tiansinission system where there is a variation of gain or loss 
with frequeiiry It is assessed with the syst('m f)peialed under 
vStendy-state conditions by appl^dng a si‘iii‘.s of signals of sinusoidal 
waveform at difteient fief|U4‘n('i(‘s. 

Phase distortion 

riiase distortion occurs when the time of propagation through a 
transmisMon systi'iii viiries witli frequ(‘nc\. Owing to the difffTcnt 
I dative phase relatioiLsliips then existing, the output waveform may 
appear to be quite different from the input waveform, even though 
the same frequencies arc present in the same rc'lative amplitudes. 

rir Si distortion will alwa\s be present unless the graph of the 
OA erall phase-shift plotted against frequency is a straight line pass¬ 
ing through a point on the phase-shift axis corresponding to zero or 
some integral multiple of 27 r radians. 

It may be noted that the phase distortion encountered in an 
audio frequency amplifier is, in general, not important, since the 
ear is insensitive to small ditferenecs in phase. 

Non-lineax distortion 

" Non-linear distortion is tin* geiii‘Tal name given to a certain 
type of distortion that occurs when the transmission properties 
of a systc'm are dependent on the instantaneous magnitude of the 
applied signal, and it may be sub-divided into amplitude distortion, 
harmonic distortion, and intermodulation distortion. 
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Amplitude distortion is defined as the vanation of gain or 
loss CJ* a system ^ith the amplitude of the input. It k 
measured with liie sv'.tein operated under steady-stati 
conditions with an input sinusoidal waveform. 

Harmonic distortion is diu to the pioduition of harnionim 
111 the oiitjnit wJinii a siniisnidal injmt ol s])erified amplitude is 
applied Jt IS e\pnssid tlie latio ol iJie KMS voltage ut 
all the haimiJiiii s in the outjiut, to the total RMS voltage at 
the output 

Intermodulation distortion is due to the ]nodiutu)n of Lombina- 
tiori Ittfpnnius in the output wlaii tv\o oi more sinusoidal 
voltagf s oJ sp( ciliL d ,iiii])h1ud( an applud at the input For 
two “ pan lit " fiiipienfus p and r/ the output may contain 
fiequciKies siuh as (/> _j_ 9) (2^ jF (P zh 2y)i j ni 

addition to the iiequinciLs p and q. 

Noise in amplifiers 

All ain[)hlHrs <,onm outinit (\Ln win n llure is no input 

sigiiid wSiidi output IS loniinonix iihritd to as "noise", a general 

term that is tuilhci sub-dividid attouhug to the eausis producing it 

Hum 

The ttnn ' luini " is applnd In i\tranenus output voltages 
having tin ir oii^ui ni i sociatul ni uljicint powei Liicuits Ihe 

chu 1 1 ausi s oi hum in tin usi dJ \( hi itirsu]q)l\ poor smoothing 

in an 111 siqiplv pnului i d b> n i tiln ation lioin an AL supply and 
pirk uf) diiL to sli i\ (hitiostatu and eki tioinagneUc fields 
jnodiKed liy uljuint [)o\vii It ids \ll inoflLiii mdiriLtlv liealed 
valves aie dtsigned to icdufi luun fiom lit itei su|jpl\ to a workable 
mimmiini, anil a fiiilliei iLihution in iv la obtained by rouneitiiig 
the ceiitie ta]) of the he.iu 1 suppU to III Hum dm to A( ripple 
ill tile anodi siippK ( in bi iidiKid by ])io\iiliiig a more adequate 
smoothing liltti and tJiat dm to sLia\ tii Ids by siitemiig of grid 
leads, taitliiiu’ of nutal ili issis ind llie use of tvMsted lieater leads 
It should bf not id Ilia I Mbiator jiowir puks dermng their power 
from a DC sonni may cause strong alteiiiating fields in the 
neighboiiihood ol the battery leads y\diuh slioiild tlierefore be 
twisted 

It IS piaitic 111 lily important to siippiiss as fai as possible any 
hum picked up in tlu laily stages ol a multi stage ampliiier, since 
any extiaiieous voltages jirodmed lieie will be subject to amplifi¬ 
cation in the later stages Tins st itement will apply equally to 
other types of noise 

Microphonic noise 

The term " minopliomc noise ” is used to cover effects arising 
from mechanical vibration ol jiarts of the circuit, particularly 
valves. It may be minimised b} mounting the valves in such a way 
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that they are protected from mechanical Mbratioiis Iraiismitted 
thiough the chassis, e.g. by usin^ sprung valve holders."®^ 

Thennal agitation noise 

The random motion nt tlie elections iu a conJncior produces 
minute voltages across the teiminaK of tlie eoiiiliictor, and these 
voltages are constantly cJjanpng in v.ilue. TJiis is liable to jiroduce 
noise, particularly in thf‘ oarlitT sta^^os of an amplifier, where it is 
subject to further amplification. Since the random motion of the 
electrons is dependent on the tempeiaturc of the conductor, this 
effect is known as “ thermal a^^itatimi Luid it produces noise 
voltages that are distributed ovei the whole frequency spectrum. 

Valve noise 

Thermionic valves introduci^ a certain annaint ol noise into an 
amplifier, since the anode cun cut is subject to randcnii variations. 

Contact noise 

Noise may also be tausetl by jxior or intermittent electrical 
contact. This may arise from diily oi ilainagcd switch contacts, 
terminals, or connections, h'akv roncUnst‘is. laidty lesistances, etc. 
Carbon resistors also are liable to intiodnce noise, due to changes 
in contact resistance between .ulj.iccnt granules. This effect in¬ 
creases witl) increaseil rnrnait, atul pietliides the use ol carbon 
resistors as ai>odc loads in tlu* eaiU stage;: of a liigh gain amplifier 
if a low noise level i.s essential. 


POWER AMPLIFIERS 

So far, only voltage anqdihiation has bee n cojisifit'ied ; that is 
TO say, the .sole aim ha.s been llic production ol a large voltage across 
the anode load. The case will now be considered where the 
importajit factor is the power devclopeil in the aiiorle load. Power 
amplifiers are most coiivenientlv clas^ifii'd according to the 
conditions under which they opeiate, as deiermined by Lluj jiotcntials 
applied to the grid and anode and [)y the amphtude of the applied 
signal voltage on the grid. In geiieial, Llu' o]ieratioii is the same 
in the case of wide- ancl narrow^-band am]diliers. 

Class “ A ” power amplifiers 

An amplifier is said to opeiat(‘ under “ Class A " conditions 
when the waveform of its output is llu' same as that of its input, 
as is the case with the majority of voltage amplifiers. This is 
achieved by biasing the valve to the ceiilre of the straight portion 
of the mutual characteristic, and applying an input signal 

that is small enough not to entail ojieration off this straight portion. 

Triode Valves .—Consider the triode amplifier shown in Fig. 384a, 
and its equivalent circuit given in Fig. 3846. As is usual with 
power amplifiers, the AC anode load*for the valve is connected 
through a transformer; this has negligible DC resistance so the 
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steady D^anode voltage is equal to for all operating con¬ 
ditions* Tife transformer turns ratio has been taken as 1 : 1 for 
convenience ; any value might be found in practice. 



(a\ (b) 

Fig 384 — Simple tiiode amplifier with er^uivalent circuit. 

The important problem in this circuit is to determine the 
conditions that will give maximum undistorted power in the 
load Rj, for a given supply voltage E^. It miglit at first appear, from 
the maximum power transfei theorem, that the value of giving 
maximum power output is Rj^ - R„. This is true only for a git eii 
small value of and iiiulei these eoiiditioiis the power output is 
low, although it is .i maximuin with ies]KTt to R^^. The ahsuliitc 
maximum power outjuit is obtained hy miiknig the inLiximum 
permitted liy the slraight poitioii ul the d\iiiimie i Inn .h teristii' 
for the paitiiuhir value ol UiuIit these erinditioiis, the only 

quantities that can be varied arc thus the anode load and the 
grid bias E^. This can he sinqilihed still further ; lor, given any 
value of Ri, tlie opimuiin vahio of the grid bias is the one that 
puts the operdtiiig point at the eenlie ol Uie straight part of the 
valve characteristic. Hence variations ol R^ alone will be 
considered, il being assumed that the bias and the input are 
adjusted in each case to the optimum values. Thg optimum value 
of is most easily obtained from the anode characteristics ot the 
valve. 

(Consider Fig 385, which shows the anode characteristics of 
a triode. It is assumed that all the anode characteristic curves are 
linear above a fixed minimum anode current Let the anode 

voltage corresponding to for IC^ - 0 be E ^; so E„ is also 

fixed. The slope ot the curves is given by tan 0 = The load 

■* V, 

lino for R^ is drawn with the “ usable ” portion as a solid line ; 
it is bounded by the curved region of the characleristics at the 
bottom, and by grid current at the top of the range. The operating 
point Q lies on the line and is adjusted so that it lies at the 
centre of the working part of tlie load line. This is done by adjusting 
the fixed grid bias. 
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CtAS^ A-wTRtOlSE VALVES 

Before the output power c«m be calculated, an expression must 
be found for the peak AC anode cuirent obtained witlst maximum 
pennissible f^rid suing Now is the conesponding pealc AC anode 
voltage and it follows that — 

^ ( 20 ) 

An cquaLioiJ loi Tna\ be obtained fiom the fact that the 
distaiiLe AC — AB -f- BC , 
i e Ef — - AB \ t 

— BD 1 ol 0 \ 0 ^ 

^ 2 1 cm 0 
= 2 A, 4 ^ A‘, 



Lb C. 

1 ii \iiL)iU Lhari(teri'itiis dJ a tiJocJr showin;;j load luii 


The output power tan n[)vv 1 )l caltiilalcd 

** i' du(‘ to i, being a peak, 

1 ut RMS, vmIul) 

7* = ^ ( 22 ) 

2 {2R^ I 70- ^ ^ 


The maxminm value ul I\ will occur when = 0 

alir 


i e , when 


(A. - A r_L _ _ 1 __. 

2 “ L(27v^,4 KlV (27^a + A!,)«J “ 


i.ff., when 27?„ 4- = 27^^ 

when Ri = 2R^ 
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Hence the optimum load for a tiiode valve is twice the AC 
resistance The maximum output power is — 

j, (/. _ 

{2A, ^ 2A>J* 


1 e 


» ar «1 

P _ ^ 


(24) 


It Ccin iKi) l)t shown llul llu l,iuI bias is ^ivin by — 
j 3(7, 7) 

4 /I 


(25) 


Pentode and Tetrode Valves Wiili llusi v ih tthe chaiaUei- 
istiLs III in I the sum sh l]>l is iJiost ih l tiioilf nicl thi 
above itsulLs do not ipiiU Jii this t ist it is best to draw tht 
anode chai irt (iistn s iiul (i\ in opiiitiiif^ piiiiit I ^ is given 



and/„ is iisii ill\ iIil hi.^h si sti id\ inimit ])Liniissiblp determined 
by ttie imMinnin anodi disipition \ iiious lu iil lines should 
then be di iwn nnl iJiU oiu MUrted whuh gi\ps minimum 
(listo^tum J his will usn dh bi tlu hiu tint is diawn-froin the 
operating i>omt low mis tin knit of iht th n iLtciistic 

big d86 shows llu t h iru It Iislus ol x (A(S vahe with three 
load lines diawn Methods ol Lstiniiting percentage distortion will 
be* discussed later, but it can bu seen that on the 2000-ohm line. 
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the gnd voltage curves become widely spaced at the top and ciosd 
togethei at the bottom of the line In the case of the 10,000-ohm 
line, on the other hand, the cuives are cramped at the top. It is 
clear that the 5000-ohm load affords the best compromise. the 
grid voltage swmg for this load should not exceed the — 5-volt 
curve- 


Efficiency of a Class A power amplifier 

In a tiiode the piodui t of the anode voltage and the standing 
anode cuircnt 1_^ repiesent the powci dissipated in the valve itself, 
m the form of heat Tins is known as the anodo dissipation, and 
must not be confused with the output powci developed in the load. 
In tetrodes and prutudes the piodurt of sdeen voltage and screen 
Luirent ropresents an additional power dissipation, t the screien 
dissipation , the sum oJ anode and scretm dissipation in a pentode 
or tetrode is (ailed tlie total dissipation The amount oi anode 
1^01 total) dissipation that ran be tolLrated is limited by the cooling 
in iijgeineiits witliui the valve Valve data sheets give maximum 
permissible values foi anoile dissipation in the case of output 
tnodes, and for total dissipation in the case ol output tetrodes and 
jji ntodes 

The effitnncy of a class A power ampliiiei is given by the ratio 
I f the po^vfr output to the power supplied by the HP supply. 


Ihus 


I-iinuiuy 


Po^vcr out])ut 

Powi r sup])lu (1 by III supply 


Powt r output 

PowLJ output t(;tal di-jsijiatioii 


i . I. 


(26) 


( onsidei a dass A ])ow(i ainplifiei, and lit L,,^ and 
ind be the mavnmmi and niiniiimm \ allies of anode voltage 
uid anode ciiiunt lespidivilv lluii the RMS value of the 
h - 1 

illeinaiing voltage is and that of the Lurrent is 

2 2 

^ mat 


V2 , 


Powei output — 


{K 


(Pmet* 


(27) 


For a triode, the power drawn from the IIT supply is 
v^he^e is the voltage of tin supplv, and /„ is the standing 
anode cun cut at the opeiating point 

ij^max ~ {Jmax ~ ~ ^ lait^ (2S) 


IttfiLiency ~ 


8 EJa 


Thus it will be seen that this efficieucy c in never exceed 50 per 
cent ; for and ran never be li'ss than zero, can never 
be more than twice and must always be less than twice 
In practice the efficiency of a tnode is never greater than 25 pcar^ 
cent., although in the case of a pentode or beam tetrode tha$ 
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efficiency may go up to about 35 per cent Prom equation 2 b 
with this limitation on efficiency clearly the maximum undistorted 
power output is roughly proporliondl to the maximum ^rmissibL 
total (anode) dissipation , mat i-^ lo siy if a larg.e po'^^r output 
Is required, a valve having a large maximum pcimissible totii 
dissipation must be chosen 

Calculation of harmonic distortion 

(a) Tnodes 1 ig dN7 shows a dyn iinn mutual chaiacLuistK 
for a tnode If the opcialing pinut Q chosen in the middle of tht 
straight portion tlii^ iipiisi its cliss A woikiiig It the workup 
portion of the ihai iiteiistic is not ibsolutely straight the output 

A 



j I wave torni 

lie 3 S/ l)\]ijniif nuitu l1 [hT-n tu Li tf itn i h)\\in^ iiLtition 
f 11 cU uliti n i Ji 11 n iiu list rLir n 

waveform will not npioduci iCLiiratcly a sinusoidil in])ut voltage 
waveform and llu itsull will bt liirnionu distortion m pirticular, 
the output will cinitaiTi a l^C and second h umonie comjioncnts as 
well as the Iniulinuiilal In Chiptci 2 it wis shown how a 


Founei s analysis could be made of an input output cun e 

With 

the notation of 1 ig 387, it c m Oe shown th it — 

Direct current i omponent — — — 


(29) 

1 uTul imental 

j ^max ^ n Ii* 

2 


(30) 

Seeond lurnionir 

A ^ mat "b 

4 

‘M±. 

(31) 

, hecoiid harmonic 

_ Imim ~ 

21, 

(32) 

Fimdamental 

A,- 



blSTOBitlOK 41* 

In a triode amplifier, only the second harmonic distortioci is 

impoitant and it is this ratio ~ which determines the percentage 

distortion; i.e. for niaximuin undistoitcd outputmust be less 

Ilian 0'05 to give the arbitrciiy limit of 5 per cent, distortion which 
IS selected as being the smallest amrmnt of harmonic distortion 
that can be detected by the human eai. 



I'lc 3SS Imp for a tuoile, showing notation foi calculating 

hriininnif distortion 


Fig. 388 shows the same notation applied to the load line on 
the anode iJiaracteristics ; equations 29 to 32 also apply in this case. 

(&) Pentodes and tetrodes.--Class A power amplifiers using 
pentodes or tetrodes require speend consideration because the 
anode current depends on the scieen voltage and is substantially 
independent of the anode voltage. Consequently the mutual 
characteristics for a constant scietii voltage arc as shown in 
Fig. 389, t.c. they are practically coiiindent except at low anode 
voltages. The dynamic tliaiaclenstic will therefore be as shown. 
As compared with tlie dynamic characteristic of a triode tliis shows 
much greater curvature and instead of becoming straighter as the 
load resistance is increased, develops a point of inflection and the 
curvature increases. Such a dynamic characteristic gives rise to 
higher harmonics than second, the main distortion being third 
harmonic. 

From the dynamic characteristic {see Fig. 389) the anode 
current corresponding to certain values of applied signal can be 
obtained. 

CWJJai) 
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Let = anode current for zero agnal voltage. 

^max = anode cm rent for maximum positive signal peaks 
^mtn ~ anode ciinuit foi maximum negative signal peaks. 

/g = anode cunuit ior 0 707 of maximum positive sigiidl 
jjeaks 

/g - anode current for 0 707 uf maximum negative signal 
peaks 


Anoa 

Lur ent 



Fig a89 —liyiiiiiiir niutml cliaidctLiisti s laptntoh ‘•ln)\vin noiitjcn 
fi r I ill iilaln II nf li U 11 iiiii ilislriti n 


With tills notation it can be shown tliat — 


Direct current (ofnpoiunl — 



,j I 

.) 4(/.4-/.)-t 
4 


(33) 

Fundamental = 



-I. 

)-r V2(/.- 
4 


(34) 

Second haimomc = 



+ /, 
4 

^ 27 

in/ j 


(35) 

Ihird harmonic — 

A,^ 

(/„„ 

“ ~ \/2 (1 2. - 

4 

B 

(36) 

Fourth harmonic — 

^4- 

^ (/ a 7 

„ V-* max • 

{I. 1 /j) -+ I. 
4 

(37) 

Total harmonic distortion = 


“ \-A 




(38) 
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i ifj 

1 ict {^)() —I oacl liiiL foi a piulnflc sli iiolalirm for caluilatioii of 

haiinoiiiL 


390 shows J]L)w ihi? Vrinoiis aiioili* cm i nuts necessary for 
fhstnition aie chined from the load line on the anode 
chill act Christ I ls. 


Push-pull Class A amplifiers 

In llie jnish-pnll amphhci two valves are anatif^ed as shown m 
hig 391. 
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The sip[iials applied to the two grids aie 180° oat of pha-^e but 
equal m amplitude. Tlicse signals may hv ublained by using either 
a centre-tapped tiansfnimei, or a phase-sphtter valve (s£?e Fig. 392), 
and the outputs of the two valves are combined by means of an 
output transfoimer having a centre tapped primary. 

Fig. 393a shows the output waveforms ot the two valves and 
th6se are combined in the load impedance as shown in Fig. 393 




I'lfr 3.^)3 C ombiualit>ii nt cjiiiputs ut t\\ u valves m class A push-pull. 


In Fig. 393a the iridivadiial outputs ol the two valves have been 
drawn very rich in second and other even-order harmonics, but it 
will be seen that the rombined output is entiielv free from second 
harmonic distortion. 

Let the alternating component of the anode ciiirent flowing 
through the valve F, be given by the soiies . 

A . t- n . -I- c . -1- I) . r/ + . . . 

where A, B, t\ D, etc,, are constants, and e is the applied grid 
signal. 
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Provided that Vi and have similar characteristics, the 
alternating component of anode current flo’ving through valve K* 
will then be given by — 

-A{^ e,) + B(- t- C{ c,)’ 4 D{- c,)* |- 

^ - A e, B 1/ C I D e,* - 

The alternating flii\ produLcd m the output transformer will be 
piopoitional to the diffeienre between these two currents — 

^ ^ k (f„ - l.a) 

= 2* [A f, 1 C e,^ -1- ) 

Even liarmonic distortion terms thus cancel out, leaving only 
Hie odd haimoiuc terms 

In class A push-pull, the \alves are operated m substantially 
tiie same way as for a single \al\c m tliss A , that is the optiatmg 

point IS at the (entie of the straight portion of the dynamic 

(liaraclLrislic and the maximum signal that m ly be applied to eatli 
gild IS limited to Hie stiaiglit portion of the cliaracteiistics The 
in LMinuni signal lint ma\ be a])plicd to the two valves in lU< ^ \ 
pudi pull, and hence the m iximuin power output obtainable for 
cl given percentage distortion is gre iter than twice that for a single 
\ dve owing to this rancellation of even liannoiiir dislortion 

llie advantages of the push-pull connect ion. assuming identical 
vdKes, arc - 

(a) The direct currents in the two hahes of the output 
transformer produce opposing fluxes so that there will be no 
direct ciincnt saturation m the output transfoimcu 
^^6) The signal-frequency components of current in the HT 
supply cancel out and heme there is no eoinmon-impedance 
coupling with other stiges using the same power supply 

(c) If the HT supply is derived fiom AC mains, Ihcie is no 
tendency for mains lium to be introduced in this stage 

{d} Due to canecll ition of even harmonic distortion, a greater 
power outjiut per vah e can )n obt lined befoie the jicrmissible 
distortion limit is reached 

Class B power amplifiers 

In a class B amplifier, the grid bias is adjusted to “ projected 
cut-off "— t e to the point P (lug 394), wlieu' the stiaight portion 
of the dynamic char act onslie when extended meets the axis of 
zero anode current Except for verv small input voltages, the 
anode current on positive half cycles is directly proportional to the 
input voltage, while on negative half cycle s it is viitually zero When 
no signal is appbed the anode current is very small, and cathode 
gild bias IS therefore unsatisfactory for this method of working 

The output (anode) current of a single valve workmg under 
class B conchtions is thus seen to be a succession of pulses that are 
almost identical in waveform to the positive half-cycles of the 
input voltage , so that if a sinusoidal voltage be appheci to the grid, 
the anode curient will consist of a senes of half sine waves similar 
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In 



Fig. .'^94,—^Dynamu mnlii*il cliara* tt tislii, sliowiiicj class li bias conditions 


to the output from a half-wave lertifuT (sre Fit;. 395fl). Cuireiit 
thus flows for ai^proxiruately 180'' ol Ihe iiipiil rytJe, and the valve 
may be said to npciate with an an^h' of flow " of 180° (as opposed 
to 360” lor a valve in class A). T he distortion piodutetl by such an 
airan^^ement is sp great as to piohibit its u^e in an audio-fiequency 
amplifier. If two such valves be opeiatctl in jnisli pull, however, 



then each will contribute one hall-cycle towards a combined anode 
current ihat is idi'ntical in wavetonn to the grid input (excitation) 
voltage ; two vah es in push-pull under class B conditions may 
thus be adjusted to give a distortionless output. 

Provided that the impedance of the grid ciicuit is low, the 
dynamic characteristic of a valve is still substantially straight for 
small positive grid voltages, and it is possible to run into the 
positive-grid region on jicaks without introducing excessive dis¬ 
tortion > This give an increase in the maximum permissible 
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input voltage and consequently in the output power, but in order 
to obtam the low gnd-circuit impedance, it may be necessary to 
use a step-down (instead of a strp-up) tiarisfornier to the push-pull 
stage Grid current will flow on the ])ositive peaks oi the incoming 
signal, and tins represents a loss of power Ihis power must be 
supplied by the previous stage, known as the “driver" stage, 
wliuh must be designed accoidingly 

IJiiis to obtam maximum eflitieiicy in class B opeiation, the 
gnd IS allow! d to btcome positive nii the peaks of input signal The 
jTiaximum excitation amplitude is then over twice that peimissible 
for llu sime valve when working midei cliss A condiLinns, and the 
pnwar output fiom the two valves in ilass B push pull may be 
JiDin five to SIX tunes that obtainable fiom a single valve working 
tUss A Owing to the low value ol anode Liirienl in the no-signal 
roiidilum the efficunrv of a class B ampliliei is nun h higucr than 
that ol a class A, the theoretical inrixiTnuin being 78 5 pei cent , 
in pTdLtice efhciLiK-ies of from 50 to 65 per icnt irc usual 

It will be seen from big 895c lliat tJie tolil HI supply ciirient 
to the two valves vanes at twice the signal Irequciuy , aricMjaate 
decoii})hng must thciefoie be piovidtd, as m the case of a single 
\'il\L in class A if kedback to euliei stages is to be avoided 
1 urtliemiorc llu in< in \alu< of thi^ uiode ciuniit ot each 
individual valve —inrl Uicufoic Ih ii of tin t it d HI sujiply cuirent 
-rises as the input sign il voll ig( iiicieLsi',, good ugiilLLtioii of 
Ihc jiovvei siip]i]y is then ton is>^cijLil 1 A iurtliLi disadvantage of 
(lass B amplilicis is tli it ii tlu bi is volt igi is iiuonci t nr if the two 
valvis aie not ])cif(cLlv inatilud, sr v en dutoitiun may be 
introduced 

Class AB power amplifiers 

Class AB aiiiphlurs ate ust d to obtain iffuiendcs gieatcr than 
aie oblainrible finm ilass \ ainjililicrs while at llu s inie time 
Lvoidmg the ciUiccd adjustnicnl^ necissiry foi distortion-free 
nptratinn of (lass B ampliiuis Iwo \ d\es ire iis< d in jnish-pull 
and the bias is gieattr than that fur class \ opiraLion but not as 
griat as foi cl us B, the opeualiiig point P is thus anywhere 
between tlu icnttc Q of the ' slrughi^ poifioii of the cUaiactenstiC 
lug 896) and the point B eonesponding to priqecttd tut-olf 

bias 

Where an alternating voltage^ is qiphed to the gnd of a single 
valve operating under tlies( tondilions, the output is badly 
distorted, as showm in hig 896 , when two valves are usi d in push- 
pull, however, the distoition is vc^r) small This miy be venlied, 
by drawing the individual dynamic chara* tenslirs ol the two 
valves as m Ing 897, with the twM operating points Pj. and P 2 in 
hne From these may W diawn the combined dynamic charac¬ 
teristic, which can be seen to approximate to a stiaight line over 
most of Its length With careful design the distortion can be 
kept within reasonable limits. 




CtASS AB PUSH-BULL If 

■i 

When 110 gnd turrent flows, the suffix 1 may be added to the 
name (class AB^) Wlien the gnd is aUowed to run positive on 
tne peaks of the mcomipg signal, the suffix 2 may be added 
(class ABj). 

As in the case of the class B amplifier, the mean value of the 
anode current of each vahe uses as the input voltage increases, 
so that good regulation of the power siippl} is nectssaiy The 
alternating component of the total HT supply current, however, 
IS smaller than m the case of a class 13 amplifier paiticularly at low 
input signal levels, since the current taken by one vaKe does, to 
a certaui extent decrease as that taktn by the other increases. 
Class AB amplifiers do not require quite such elaborate and carefully 
designed decoupling, nor do they iiquire such careful supcivision 
as do class B Quite appreciable unb ilancc between the two valves, 
and deviation fiom the intended bias conditions may be tolerated. 



B Tv 

Fig 398 —Amplifici employ in{ two bVb o in push pull in output sta^e, 
workinjj imdLr class AB conthlioiis iml 13 witts output 


The efficiency of 40 to 50 per cent obtainable in practice, together 
iMth these considerations makes the class AB amplifier very 
suitable for use m public address systems where medium power 
output and efficiency are required and moderate distortion can 
bf tolerated 

Class C tuned amplifiers 

The class C tuned amplifier diffeis from an oidinary tuned 
amphfier in that the valve is given a bias several times greater than 
the cut-off value. When a signal is apphed, anode current flows 
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m pulses that last for only a fraction of a cycle {see Fig. 399) 
C^HOng. tQ_thiLdi‘5lorlio^^ such an amplifier is m)t used for 

audio-frequeiicy amplifiL atiun hor radio-frequency amplification, 
tliQ pulses of anode current arc pissed thiough a parallel resonant 
circuit shaiply tuned 1o the fiuiueriLy of the input, the output 
across the tuned iiir ui*- is llicieloie sinusoidal Since anode current 
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flows loi onlv a fiaitioii of i half (\(k the ptfiiienc\ of a class C 
aniplilur is \(iy high iiid ni ly appH>uh 100 pii cent Its 
catioii liowivir is limited Om ius( Iht^ outpiii \olt ige is not 
diieutly ])iopoTtioiial lo the input \nil l,c In cl iss (. opuation 
it IS Usual to allow tlu i^iid to become jiosiuvl on the peiks ol the 
mimt signal 1 he itlaniicy will be gn ilti if tlu ihnation ot the 
pulsc'- ol anndt lUiient is iccliicid this also n duce s the power 
output, alllinugh this (uUj)ut is deii loped at higher elfiiieiuy In 
praUiu^ the anndt luinnl is mule to flow fur about one thud ol 
a cycle, giMug efhcienrus ol the oidti oi SO pei cent , this is 
the Ixist (oinprmmse between h.gli output and high efficiency. 
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FEEDBACK 

Qoon after tlie rlisrnvery of Llie property of tlie triode 

valvci, it Wiis found that the f^ain ol an amplifier could be 
increased by feeding back a portion ol the output si^^tial into the 
in})Ul, ill such a way as to aid the inconung signal. This form 
' oJ in-})has'e fe(‘dl)ark was originally known as “ regeneralinn or 
" Tcartion and is now' known under llie general title oJ " positive 
ieedbark In adtliTion to hicreasing the gain, it w^as noted that 
thi.^ foiin of li^edbaik led to a ilecie.ise in the gain stability of the 
ainplitier, and lor this reason this method ot incieasing the gain 
ol an amplitiei is sehlom ustal to-day. 

On the other hand, the advantages to \k obtained by sricrihcing 
gain l>) the apiilication ol anti-pliase or negative " feedliack have 
^I'een realised only m i I'cent years. In this lorm ot feedback, a portion 
of tlie f)utpnt siginil is ted back into the input in opj)r)silion to the 
iiiroining signal, ^fliis results in a decrease in thi^ gain of the 
aTn])liliei, but, provided siilhcieiit teefiback is aiipiied, a great 
improvement in the gain slabililv and geneial pertfiniiaiiee of the 
amplifier is obtained. In la^'L, it convei Ls a valve amiditier from 
a d('\ii(‘ wiiose gain df'pemls on inimeroiis factors such as supply 
v’oltage and age of valves, into a i)ieri.sion device whose gain 
may be made independent of lliese external factors, 

EFFECT OF FEEDBACK ON GAIN 
Positive feedback 

The ajiidicatiou of positive teefiback to an anijilillcr having an 
initial gain M will now' be considered. Assume that positive 



Fig. 400.—Application of powtive feedback to an amplifier. 
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feedback is applied in such a manner, that a fraction p of the 
output voltage is fed back into the input circuit in phase with the 
incoming signal (see Fig. 400). In such a case, /? is known as the 
'' feedback factor 


Since a valve is a voltage-operated device as far as the grid 
circuit is concerned, no power need be fed back, and the presence 
of the j?-network need not affect the output voltage. 

Let the input voltage at terminals 1-2 be Ej, and let the output 
voltage at terminals 5-6 be E 2 . 

Since a fraction p of the output voltage is fed back into the 
input, the voltage fed back is p . E^. 

This fed-back voltage is in phase with the incoming signal E^, 
and hence the total input at terminals 3-4 will now be Ei + p , E^. 

The gain of the amplifier from terminals 3-4 to 5-6 is M , 
therefore the output voltage E^ — M + p . E.^, 


P'rom this, it follows that:— 

(1 - (8 . M) = M . ' 

The overall gain (M^, of the amplifiei with positive feedback is 
therefore:— 


M =-—“ 

" £1 


M 


\ — p.M 

The application of positive feedback to the amphfier is thus 
seen to increase the gain of the amphfier from M to 


M 


1 - p.M' 


Example of positive feedback .—An anijihfiot has a voltage gain 
of 200. If 4 r)i)th of the output voltage is fed bark into the input in 
phase with the incoming signal, find the new gain. 

In this case, M — 200. The gam with feedback is there¬ 
fore 


M.= 


M 


1 - p.M 
200 


^ 400 


= 400 


Thus the gain has been doubled by the application of positive 
feedback. 


Find the new gam, if the positive feedback is so increased that 
^^^th of the output voltage is fed back. 

The new gain with feedback is :— 

M 


M.= 


p.M 

200 

= 1000 


I - 


200 

250 
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InstaliiUty and cMcOlation 

II too much feedback is applied, the amplifier may become 
unstable and o^icillations may orcur This may be considered 
simply ds follows — 

Consider the pobilive feedback amplifier shown in Fig 400, and 
assume thit there is no input signal Owing to a tiansient elfect, 
let a voltage ^2 appear at the output terminals 5-6 A fraction p 
of this voltage vill be fed back tia ilie fiedback path into the 
input of the aiiiphlier Here it will enter the amplifier as a 
\oltage P and after amplifiLalion will appt ir m flip output 

as p M If the gam of tlie amj^lilai is such that p M 

(qiials the initial tiansicnl voltage \Llttige will have 

* regenerated' itself and flu cycle will be repeated Ihcri will 
thus be a continuous output \ oil age and Die amplifier is Dicn siid 
to be in a state of oseillatio i 



It IS evident that oscillations occur when p M oi n 

othci woids, when —■ 

71 / 1 ( 2 ) 

pM ” IS known as the "loop gaiu , sum it rppiesents tJie 
gam that may be measured by lireaking the fr edbaek loop at any 
point Considermg the point P in big 401 it will repiesent the 
gain measured from teimmals 7-8 to 9-10 


It follows fiom the above, that an unplilier with positive 
feedback will be stable pro\irled that the loop gam pM is less 
than one Since the gam with positive feedback is — 


M = 


M 


1 - pM 

it will be seen that when pM 1, the gain o) the amplifier is 
infinite Jt is under these conditions tliat an output voltage may 
be obtained even with no input signal. 


To be more accurate, oscillations oceui when pM = 1, 

The ^gle 0® is introduced here to ensure that the feedback is truly 
positive, which denotes the gam of the amplifier without 




m POSITIVE FE^BACK 

feedback, will, in general, be a vector quantity having both modulus 
and angle, since the output voltage will, in ah probability, not only 
exceed the input voltage, but will also be out of phase with it 
This may be repicsenled mathematically by writing ‘— 

M - \M\,^ (3) 

where \M\ gives the absolute ratio of the output voltage to input 
voltage, and 0 is the pliisc angle between them 

Ttie coniliLinn loi oscillation is therefore tint — 

1M| - 1 

and / ~ O'" 

It is only at the frequcin y for which both these conditions aie 
fulfilled that the system wdl fjscillalc 

It should 1)0 noted that, in most piatio d casi s, oscillation will 
occur il pM appears to exceed 1, })io\idcd that the angle of pM is 
exactly 0° this is bcciuse iii a viho ajnplihei |1/j wdl auto¬ 
matically adjust itself to give the ef)iitct oscdlatory condition 
1 licit IS generally no such self-adjnslment as far as 0 is concerned 
(5f6 “ Resistauce-capaeit} fisiillitois in Chapter 10) 

Measurement of amplifier gam 

This piiiKiple jiroAidcs an cmsv metlioil of cairying out a rough 
check on the gain ol an audio-Jicqucne y nn])lifici without the use 





1 j(> 102 Ml thud oi uhtUun^ nf aTnplUiLr 

of claboinle test equipment Ihe output terminals aie connected 
back to the inpul tciiuinals via a network ot known attenuation, 
in such a manner as to ap]>l\ positive Ucdback A high impedance 
telephone icceivei is plae t d acioss the oulput teiniinals, so that 
any oscillation mav immediately be detected hig 40^) Then 
either the gain ol the amphlu^r oi the aiienuatioii ol the network 
IS adjusted until oscillations just start At this setting the gam 
of the amphher and the attenuation of the network must be such 
that '/3 |A/|wl hrom the known loss of the network, the 
Voltage' g*un of the amphher can be calculated. Using the decibel 
notation, if p is, say, a 27 db loss, then \M | must be a 27 db gam* 
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The frequency of oscillation is that frequency for which tire 
pha'^e shift through the amplifier and network is zero, i.e. the 
frequency for whicli p . M has an angle of 0°. 

Negative feedback 

The case f)f an amjdiher emidoying negtitive feedback will now 
be considered. In this case, the voltage fed back opposes the applied 
signal, ^ud the voltage at terminals 3 4 Fig 403) will therefore 
be {E^ — jS./ia), instead of (£j -f P ■ ^ 2 ) ^^s in the positive 
feedback case. 



ImCi 4U3 —Anjilicalinn L>f lu e IciMlback to an ninplifjei. 


riie gam ol the aniplilici lioin tiMiuinals 3-4 tf) 5 (> is sfill M ; 
ijence tlie output voltage *) 

E,{i , PM) M.L, 

liie oveiall gam ol the ainphlKM Ironi 1 1*111111^115 1-2 to 5 6 with 
negative lecdbai k is ilieieloie . -- 


A/„ - 


W 


A. ]I 

/ij 1 {- P^I 

1 lie aiipliraiion ol negati\e leedback Unis ji'dint's tin* gam ol llie 
M 


airjplifiei from Ai to 

* 1 + pM 


I xamph. — 

Consider an amplilior liaving a voJlage gain of 240. Let ,/,,th of 
tlie output voltage be fed batk into tin* input in f)])j)osilioi) to the 
incoming signal; lliat is, p ,'n- d'lie new gain, with leedback, 

IS :— 




M 240 

14 p ^ 240 

* (SO 


The voltage gain is seen to be leduceil from 240 to 48 by the 
application of this amount ol negati\e feedback. 


Application of a large amount of negative feedback 

Considering the result that the gain with negative feedback 

Af 

IS 2 ^ ' it will be seen that, if pM is large compared with 1, 

ill, 


(97U31) 
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then the denominator may be considered to be approximately 
equal 1 o pM, and the gain Af, becomes :— 


M. -- 


M 
14 PM 


M 

pM 


— provided (5) 


This approximates to the piartiral case of applying a large 
amount of lecflbaek to an aniplifiur having a very high inherent 
gain. The fact that ilio elfcitive gLiin of such an amplifier 


approximates to-- is very imi)orLanl, since it means that the gain 


is now indc])endeiit of M. Any fadoi that may cause a cliange 
m M wall not alter thi‘ etlectui* gam of llie negative feedback 
amplifier. Thus while changes m valves, vaiiaLions in the ainplili- 
cation factor of a valve witli age, and vaiiatiims in supply voltage 
may liavc a large effect on the gain {M) of the amplifier before 
feedback is ajjjdied, tliey will nevertheless have little effect on the 
gain after iiegaLive feedback has been applied, since these factors 
do not affect (i. The gain of such an amplifier is said to have been 
“ .stabilised ” by the aiiplication of negative feedback. 


Example. — 

Considei an amplifier liaving a voltage gam of 20,000, and 
let of the output voltagr‘ be fed back into the input in 

opposition to the incoming signal. 


This reduces the gain of the ainphfiei down to : - 




1 . 20,000 


- 49'9 


Suppose that, fur any nasim, the inherent gain of the amplifier 
dioi)S to 10,()0i). Tins diastic lediiction in gain reduces the 
gain of tile amplifier with negative feedback to ; — 


1 I- , 10,000 


-- 49*75 


Any other metliOLl of leduciiig the overall gain of the amplifier {e.g., 
by an atlenuriloi iii the m])ul) wamld still giv'e a reduction by 
one-halt w^hea the inheieiil gam M dn)p]jed from 20,000 to 10,000, 
whereas altci the appluation of negative feedback tlie overall gain 
drops only horn 49-9 to 49-75 


Adjustment of ^ain of a negative feedback amplifier 

10om tlie lotegning, it follows that once a large amount of 
negative feetlback has been applied, imy normal gain control that 
may be a]iplied to the ampliiier itself wathin the feedback loop 
will be iiiefleclive. Alteralions in the overall gain can, however, 
be made by making (i variable. In practical cases, two methods 
of gain control are adopted :— 

(a) p is fixed; the amplifier has a constant gain, and 
alterations in " apparent gain ’* are obtained by attenuating 
the input signals by means of a network or potentiometer 
outside the feedback loop. 



EFFECT ON DISTORTION 4^* 

(h) is variable : the gain control then takes the form 
of a “variable-/?" control. In such a case, the gain can be 
varied only over a small ran/^e, othervdse too great a change 
in performance and in the input and output impedances of 
the aniphfier would result. ' 


EFFECT OF NEGATIVE FEEDBACK ON DISTORTION 

In addition to the effect it has on the stability of gain, negative 
feedback can be used to reduce all forms ol distoition pioduced 
in an amplifier. 


Attenuation distortion 


Attenuation distortion, which is distortion due to a variation 
in the gain of an amplifier with frequency, is greatly reduced by 
the application of negative feedbar k over tlie range of frequencies 
tor which § . M is large, provided that p is made independent of 
trequency (say, by using a simple resistive network). This follows 
directly from the fact tliat the gain in such a case approximates 



and if p is independent of freipicncy, so also will be the gain. 



10 100 1000 loooo icwtxw lono 000 

Cv'-lf'v/ xc 

Tig 404.—Gain-liequcuLy u'spoii^c of an ainplifiiM with and 

without nef^alivf* fc'f'dback 


Consider an amiilifier not emjdovmg negative feedback, and 
having a fiequenry response (liararteiistK as ’‘liown by t'urve “ A " 
in Fig. 404. It will hi* noted that such an amplilitT exhibits 
attennatinn distoition. The vrllage gain rises from zero at 10 c/s 
to 10,000 at 100 c s and at 1000 r s, leaching a maximum of 
-0,000 at 10 kc/s, and falling to 10,000 again at 100 kc/s, dropping 
to zero at 1 Mc/s, Fioiii 1 kc/s to 10 kc/s, the gam rises from 
10.000 to 20,000—an increase ol 100 per cent. 

If negative feedback is applied so that ,.|,th of the output voltage 
is fed back into the input, the gain will vary only from 49-75 
at 1 kc/s to 49-9 at 10 kc/s—a variation of only 0-3 per cent. The 
response curve for the amplifier after feedback has been applied 
is shown in Fig. 404 by curve " B 

( 07 ^ 1 ) 
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Fig. 405 shows the gam-frequency response curves of an actual 
three-stage amplifier taken before anil after the application of 
negative feedback fi;i vsIikIi p — ^ It will be noted that the 

effeitsof negatiVL fiidbruk do not lx tome leally piunoimLed iiiitiL 
the iiihiniit gun M has biioine liieu inough to make pAl ver^ 
much gie.itLr thui 1 1 Ins onlv uciuis abo\L 1000 r/s. 



i yj 5 S-J I OiX) ^ ^doOo iooodo 

Cyclic/S ol. 


I ri q fncy 


I IL. lOS — 1 II it (X lu \li\ III Ibirl oil Mil ^ ill! frt jUL nL\ ii'-potise 
nl an i Lu tl tin i sl.i ' iinp'ili i 


lu il lia^ htui issinni 1 t’ il a ll il In [luiu}, ii^ponsL ruivc 
has bteii disind, aiul this his lx cii atluevid bv making p indi- 
peiident of luqiuniv It should, howt\ei, be jintid that the 
indtixxidLnLe ol /) on tii(|uiiitv is not an Lssciilial condition for 
tlie ajiphL.ilion of iugiti\t feedback fii fait, in cirtam (ircum- 
stanres attiiiualioii distmtinn is desired and p is then made so to 
vdrv ^vltll fiequuiL\ as to give the ULg.itive leiilbick amphfiei the 
leqmred g iin-liuiiKi.rv nsjrcmse ciiive (sec Thapter 23, 
'* Equalisers 

Non*lmear distortion 

In geneial the percentage of non-liniar distoition Trrtfie output 
of an amplifier wnll be reduced bv the application of negative 
feedback. Tlus follows from the fact that; when negative feedback 



KOt^-LlNEAR DISTORTION 429 

is applied, ally harmonics in the output will be fed back into the 
input, will be ami)liiieLl by the ampliticj, and will appear in the 
output 180 '' out ol phase with those a])j)tMrinf; in the output due 
to distortion ol the original ininit signal, 

liowe\x‘r, it should be leuieinbered that tlic aiiplicatioii of 
negative (evdbac k will rcdiicp the gain ol the aiiiplihor, and hciice 
a larger inynit will bo required to obtain the same oiUjiiit with 
lerdback than withf)ut. It tins increased input has to be obtained 
from a })re-:unj)lilUT, eaie must bo taken to see tliat this pre- 
ampliiier is not now or^erloaded, othorwase the increase in disiorlion 
j)rfjduL'cd by the yire-amidiiicr may exceed the reduction in, 
ilislortinii achieved by the ajiphcation of negalivt* feedbatk. In 
the LMse ol a multi-stage amplilier. the term " pre-ainphrior '' reters 
to rdl the previous stages outside tlie locdbaek loop. Thus, in a 
Iwn-stage amjddier, negative ioedbaede .slu)uld never he apjdied to 
tlie seeonrl stage alone, nnle^s it is ('iTlain that the first stage can 
sup[dy the required increased output without oveiloading. It is 
giaieially bettiT. in siifdi a case, to ai>ply overall leedback from 
the output of the second stage to the input of the first. 

It (an l)e stated lliat, in a nuilli-stnge anqilifier, most of the 
iioii-lineai disLoitimi will be yirDiluted by the last (output) stage, 
since this stage is handlmg the signal of I.irgesl amplitude, and 
that the distoition will, in general, be a Junction of the amplitude 
ol the nutjnit ol tlie .stage, lieing veiy small lor small outputs, but 
increasing as the output incieases. It iollows, Ihtuifoie, that when 
I iijisideinig an I'xjnessitin loi the iiMliutioii ol distortion due to 
the application ol n(\galive It^alhack, the input signal must be so 
adjusted tliat the' same ontjiut is oblaiiual in all cases, otherwise 
an int'oru'Cl coiiqiaiison will be obtained. An appioximati' formula 
will now be derlined hi iJie cdfei t ol negative' leedback on the 
]>ercentage ilistortion in the oiitpiil ol an amplifier having a noii- 
hne.ir gam chaiai'tciistic;. 


Wiikoiit nc'^aiivc feedb.jck ,— 

Consider an amplitier siiidi that, wilhoul iii'gativi* feedback 
(lug. 4(j6n), llie ulatioiiship bc'lween the inyjut vcyllagi' h and the 
outjnit voltage is given by •— 

E.,--^'m.E y-N.E^ 

M .E reyiresents the amplitude of fundamental iiefiueiicies in 
the output, and N . represinits the amplitude of distortion 
Irequencics in the output. 

Then the percentage distortion in the output is ;— 

amplitude of distortion frequencies 

IVicentage disLoition -jr——r -.—^ --lb0% 

amplitude of lundaniental frequencies 

- % 


N 

= 100 .^^- 


100 . AT 


M 


% 



yisOAtlVE feedback 




piodun d b} an anipIUiei. 

With negative fecdluiik - 

Li‘t a frartinii /•' oi IIil nutput \oltapc l)o ft il b.irk into the input 
in opposition to tlu* nicoininc; signal (Fij; Lit the input 

voltaf{i' at tciniinals 1,2 be .Kljustid to some \aliu‘ lli.it will 
pive the saiiu^ fiinil.nnental rnitpiit «is befoie the* .i])]>hcation of 
NFB ; lei the K'sullnif^^ \oltaji^(‘ at teiinmtils 3 4 be 7t,, and let the 
coircspondniL; output xoUaf^i (with hivlbaik) at tenniuals 5,b be 
En. Then the 1 elation bttwiuithf iiipiil ami output oi thi‘amphiiei 
itself will bi . 


/:/ M . h. 


AT. E, 


The volta^i' at terminals 3, 4 is L;iven b\ 


whence' 


P 


li. 

M) 

E. 


El P 

Zij - li 
Ef /? 

1 + /hi/ 


/'/ 

M'.Ei - 1. 
N . h 
f,NE./ 


N. E,^ 


E,' ^ 


M 


(r 


1 - N . £ 3 ^ 


1 + PM 

Substituting’ in the oiigiiial itpi ition for E./ 

_ \ 

'+ pM 1 -b pm) 

1 I pM ' 1 i- pM 
Tile value of the input voltage must, as stated above, be 
such that the fiuidanK'ntal component of the output is the same 
(M Z:) as befoie the application of feedback. 

M . E^ 


- 


Hence 


1 


PM 


M . E 

=- (1 + PM) . E 
^ F ^ 

1 -h i5M 


whence 
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Thr-n 




PNE ,^ y 

j3Uj 


V I ^ 

~= M E\~ if til' distoi tinn IS siHrill 

J i) M 

Hiiiue tlie pciccntAgo uislmtum wiUi NTF?, for tin snne 
fundamental output (1/ L) as lit foil Ihi i])pli( itinn of NFB is 

^ ^ ^ 100 TV L 1 

pcrcentcif^n- distortion - - - • i —"^rr % 


1 H P^I 


'Jill pnnntigc distortion is thiufoio iidinifl iccordin^ to tlie 

lllrltlOll 

Piiuntaf^c (li^toiLion 

\vUh 1( odback 1 

r^riLiitaf^L distoition Y | pM 
without fi c dbai k 


[Jills if lliL ejain of an uiipliliii is iiduud l>\ dO db duL If the 
ilion oi nef^itive Ic^flbuk flio hiinioiiK ilistortioii priseiit 
111 tlu outjiiil will .dso Ik uilund by dO rib foi the same output 
^ olt u^e. 

ft should be iioled that iUhou^.,h the gun i^ ndun.cl, the design 
])iocoduie tor an iniplihci is iiiialtcLtcd by the applnalion of 
iui,ati\e ieedback Ihc' coiiict ojiei ding point and anode loxd for, 
s iv, the output stage of an iniphliu ifiniin for all practual 
piir])oses iiiu hanged but by u dm nig tin harmonic content for a 
given oidjnit jiowii lugxlne ludloik will all )w i still grcatei 
output jiowei to be obtaiind Inline tlu pcnmissible ihstoition limit 
is exceeded. 


Phase distortion 

The apphe ition of negative fLcdback rtdnrcb the phase shift 
through an amplifier As has been slated, iheiL will, iii general, be 
a phase-shift thromdi an amphtiei so that the outjmt voltage will 
be out of phase with the input \oltage and the ampldiratinn M 
will be a \ertor qiiintity having both a mudulus and an .ingle 
Let M - 1T1/| ^ 


Ihcn the gam with feudback is .— 
M. - |A/„1 /O, 


1 I-/3 M 


1T1/| /O 


\M\ /O 


Hence 


0_ — 0 — tan" 


1+/? lTtf|/0 IH p |3/| cos 0^7 p \ M\ sin 0 

p |Tl/| sin 0 
\ + p . \ \i\ ( os 0 

Thus, by the application of negative feedback, the phase-shift is 

P \M\ .sin 0 


reduced by an angle tan“^ 


I p , \ M\ . cos 6 


(7) 
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Noise 

The applitatinii of ncf^alive feedback reduces noise in the output 
of an amplifier. This noise may be due to the valves, crosstalk 
from neighbomiiif^ amplifiers, or power supply hum such as that 
produced by a pooiiy-smooth("d HT sup])ly. The only limitation 
is that the noise must Jiave been |[,UiinTated or picked up by the 
amplifier witliin the feedback loop. Noise iiickefl u]) by, say, an 
input transformer, uliiidi is outside the feedback loop, behave.s 
])art of the iiuomin/jj signal ; the si^^nal-to-noise ratio in such a rasr^ 
will therelor(‘ 1)(‘ unaiieeted b\ tlie a|)plication of nef^^atiee feedback 


M 

I-1 


i 1 


r>i 


& 


Ml 


M2 






% 


(a) 


A\ 



i’lo 407 I'.lltv I (i( ui’';a1i\f fm tlbLick on thi* muse p’Oiluccd by an 

.iinjilihcr 


Consiilei an aiiipliiiet witli no feedback .ipplied to it. It is 
assuiiied that noise pieseiiL in the oiitjiiit is prodiicecl by a {generator 
of KJMF A' sihialeil wathin the amphlior (si^; Fig. 407rt). 

T.et I he gain of the ampliJier pn^ceding the generator be M^, 
and let the gain atter the generaloi be M Thun if M be the total 
gain ol the aiiijdilier wilhout feedback, 

M -- 

The noise N is ain]ditied by succeeding stiiges of the amplifier, 
and will appear in the output as a Amllage . N. 

Apply negative feedback so that a fraction of the output 
voltage is led back into the injnit in opposition to the incoming 
signal, as shown in Fig. 4076. Let the noise voltage in the output 
in this case be n. A fraction jf? of this output is fed back, and will 
be applied to the input as a voltage — fin at temiiiials 3-4. Thus 
N will be opposed by . n. In the equiUbrium condition, 

the noise output voltage n is therefore given by ;— 
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n=[N - p . M^n) . M, 
n[\ + /? . = M 2 . N 

n = A/,. AT . 


1 


n = A/n. N . 


1 + /?. A/.A/. 
1 

1 + it?. Af 


( 8 ) 


Thus the noise with nei^ativc feedback 


= Noise wi til out feedback X - 

1 -h a .M 


It follows that nc{ 2 falive feedback reduces noise in the output of 
an amplifier hy the same factor as that by which the ^miu is 
1 educed. 


Example .— 

Af = 240 ; noise level in output without feedback = 100 mV. 
■What is the noise level when p ^ ? 

The noise level 111 tlie output after iiejL^^ative feedback lias been 
apjdied is:— 


n 100 . - ~- 


1 + ,',..240 


= 20 mV. 


This redurtiou in noise level from 100 mV down to 20 mV may be 
compared with the leductiuji m ^e:aui from 240 to 48 (sre p. 425). 


Summary of effects of negative feedback on amplifier performance 

Before proceediiii^ furtluT, tie; fnllowiiif; is a summary of the 
effect.s of the apjAication ot negative feedback on the performance 
of an amjdifuT ; — 

(1) A'he gain of the amplifier is rcducetl. 

(2) The attenuation dislrirtion due U) tlic variation in gain 
of the aiuiiliher with trecpieiiev is reduced. 

(8) The phase shift through tlie amplifier is reduced. 

(4) DLstortion due tt> luiii-lmcaiity of the amplifier is 
reduced. 

(5) Noise in the output of the am])lifier is reduced. 

(6) Change in overall amplification due to change iu 
inherent gain (A/) is reduf'cd. 

(7) Frequency ro.sponse may be adjusted to any desired 
value by choice of a suitable feedback network. 

All the above have already been mentioned ; in addition :— 

(8) Both input and output impedances of the amplifier are 
modified. For example, the output impedance may be so 
modified that the voltage gain becomes independent of the 
output load. 

The effect of negative feedback on oiitjmt impedance depends 
on the method of applying the feedback. Typical methods will 
now be discussed. 
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VOLTAGE NEGATIVE FEEDBACK 

In this type of feedback, the voltage fed back is proportional to 
the voltage across the anode load. 



Fig. 408.—Funtlamental ciTLiiit tor voltage negative feedback. 


The voltage fed back is usually obtained by placing a potentio¬ 
meter across the anode load. Consider Fig. 40B, where and R^ 
constitute the potentiometer. R^ and R^ are large compared 
with Zi ; it is assumed that the input impedance to the amplilicr 
is so large as to be considered infinite. It follows that, since 

jU = -j;— ^-rr, the gain M. of the amplifier with this form of feedback 
+ •‘^2 

will be:— 


M _ M . (f?, + R^) 

A\ + Ajj • 


( 9 ) 



Fig. 409.—Equivalent circuit for voltage negative feedback amplifier. 


An alternative approach is to consider the equivalent circuit 
(Fig. 409). L et the output stage of the amplifier before negative 
feedback is applied behave as a generator producing an EMF Afie^, 
dSid having an internal resistance R,. For a multi-stage amphfier 
employing a 1:1 output transformer, ft and will be the 

amplification factor and AC resistance respectively of the last 
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stage, and A will be the voltage gain of all the preceding stages. 
In a simple single-stage amplifier not using input and output 
transformers, A will be unity, and p and will refer to the valve 
employed. 


Let the current flowing in the anode load be i. Considering the 
circuit 6, 5, 7, 8 :— 

Ajue„ =- t (7^^ + ZJ 

A/^Z^e, (7^^ -h 

AflZjC^ = E2 {Ra 

But ~ — voltage fed back 

= E^— 

Substituting in (10) :— 

AfiZi — pE^) = E2 (Ra H- Zj) 

Eg {7^a Z 2 , + AfipZi) — E^AfiZj, 

Ej E, Zr (1 + Af^p) 


Thus 




( 10 ^ 

(H) 

( 12 ) 


Effect on output impedance 

When negative feedback is applied to an amplifier an apparent 
change occurs in the AC resistance ol the valve employed in the 
output stage. vSince the output iinpedancc of the amplifier depends 
on this AC" resistance, a cliange in output impedance will take place 
when feedback is a])plied. The ettect of volluLgc negative feedback 
on the output impedance of an amplifier will now be considered. 

Without feedback.— 



Fig. 410fl.—Output impL'dancc* oi ampljlici without negative feedback. 


The impedance Z looking back into the amphfier is :— 

Z - R, (13) 

assuming that R^ and R^ are largo compared with R^. If Ri and 
are not large compared with R^ then the output impedance will be 
reduced by the presence of this shunt resistance in both this and 
the feedback case. 
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With feedback ,— 



Fin. 410/>—Output impcrlanco uf amplifier witli negative feedback. 


J.ei a pciiorHlriL' of ElVlk li he a]i])lit‘fl. and let a riirrent I flow. 
Tlieii, by Ohm’s haw, the new impedance looking back into the 
amplifier, Z , is : — 



Consider the current 7 (lowing. 

_ h A p E 



_ 7v\_ 
h ~PA~/r 




z 

i~\ pAn 


(14) 


Vohafije negaliv(‘ fet'dback thus di'creases the output imjiedance 
of the anijdilier in an or dance wilh the relation > '■ 

Oiitjnit impedance Ontjuit iiiija'dance without tcedliack 
with feedliack “ ~ f j_ 

Eolc Unit u'inic the ^ain is reduced ?i_v the finior (1 1 p. M), the out¬ 
put itnpedaiue is reduced by the fuctoi (l-f p Afi) —Nm (\-\-p.M}. 


Single-stage voltage negative feedback amplifier 

J^'ig. 411 lepiesents a single-stage netiative leetlback amplifier 
employing voltage negative teedback. -\- /v’g will be large 

cornjiainl wilh Zj^ ; C is inserted to pioveiit JIT Irom reaching the 
grid, and will have a leai lance small coinpaied witli (A, + Ag) 
over the woiking laiige. 

If the valve has an amidification tact or fi, and an AC resistance 
R,, then tin voUagt' gain 71/ without negative feedback i.s:— 

,, _ (15) 

The voltage gaiji M, alter feedback has been applied is :—■ 

M 
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i.e. 


M„ = 
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(16)' 


'h A* • P ■ ■^L 

It will bii noted that this result ran be obtained from L'ljuation 12 
by juitting .4 


- 1 . 


liquation 16 may be rewritten as ;— 

A*' • ^/. 


^f.= 


A’.' -h 


where 

and 


a’ _ ft _ 

^ (1 + Ai. m) 

n'= - 

‘ (1 + fA. ^^) 


(17) 



r 



Fig. 411.— Siii^lu-sta^r an)|ililu*r with vMlta:.; • iiL'^ralivi* ir^i^ilback. 


TliU'^, after feedback lias been ajiplieil, tlu' valve i»eli.ivt‘s as il both 
ils amplihcatioii factor and its \C re-^istanue hail \)vmu reduced in 

the same ratio— i.c., multiplied by . V,—-r. Tliis reduction in 

impedance is of ^reat importance in the output staple of au amjdilier, 
since it facilitates tlie matcliin" of a hi;.(h-iinpedance vafve, such as 
a pentode, to a low-impedniice loarl.* 

In the limitin^^ case, when a lar^e amount of feedback has been 
ajtplied (/J./a'^I), the valve impedance becomes so low that the 
valve behaves as a ronstaii l-voltape p;^eiierator ; tliat is, the output 
voltage is independejrl of the anode load Z^. 


* It will he realiseil from this that although tnode valves are used avS 
examples throughout this chapter, the arguments apply equally well to 
tetrode and pentode valves. 
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Fig. 412.—Example of single-stage amplifier with voltage negative 

feedback. 





Fig. 413.—^Example of single-stage amplifier with voltage negative 

feedback. 
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m 


Let this equal 


/i 


(27) 


where R/ ~ J r fi) (28) 

Thus after currenL negative feedback has been applied, the 
valve behaves as if its aniplification factor is uncliaiifjcd, but its 
intcinal iinpedance has been increased by r[\ \ //). 

If fir ^[Ra T the gain appioximatcs to The output 

voltage, 1'^ y )• inoportional to Z^. The 

E, 

output cmreiU, ?, (wliirli is etpial to / . ? c. to is independent 

of Zj The Vrih’e impedance thus becomes so liigli lliat llie valve 
.uts as a ronslant-r’UTirut generator, providing an output current 
independent ol the value ul tlie load imjxjdance. 


hxainple, - 



A GV6 valve has the following constants :— 

R, - 50,000 ohms. // - 200. 

It is used in a voltage am]iliher (scr Fig. 421). 

Determine the effect on the output impedance Z of removing 
condenser C. 

Without feedback :— 

Z = R^ = 50,000 ohms. 

With feedback ;— 

^f= + r (/I + \) 

= 50,000 4 500 X 201 
= 150,500 ohms. 

Removal of C thus increases the output impedance by 100,000 
ohms. 


r97»3U 


IF? 
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Practical methods of applying current negative feedback 

Single-stage current feedback 

Fig 422 shows current negative feedback applied to a single 
amplifier stage, where the feedback resistance is [a) equal to, (6) 
smaller than, and (c) larger than, the cathode bias resistance. 



1 rij 422 1 i.uliLd] inrllinds nl apphin^ (unfiil iiL/^alivL liulb.LLkto 

ti siiip^k st.i,,L ain])ljliti 

(a) k'f })i I \ nil s bias .iiiil iji liulb'iik 

(/) pi DA icli s in ^alivi ftidbaik he [• juoMik bias 
{i) J\ I ! A'2 hf puiMdis lu f itivi JLtdbatk, A*j piDVidts bias 
(A’^ 2 inef^cdims) 

S ifigh -stage I itr) f nt ft i dback varying tvith fnqucncy 

higs <Liul 424 sluiw how miient negative feedback can be 
applied tn make the gain inciease 01 decieasi witli frequency 

111 iMg 42d, A" is compaiable with R ovtr the working range 
Negative fceclbai k applic d depends on fieqneiuy, being greatest at 
the lowest fiiqiiency Ihe gieater the iiegatu e feedback, the lower 
the gam. 

In big. 424, imreascs willi increase in frequency, and 
therefore the negativr fiedback increases Thus the gam decreases 
with increase in ficquciiL^ 

Multt-stage current feedback 

In Fig. 425, single-stage current negative feedback has been 
applied by not decoupling the cathode resistors and Feedback 
over two stages has been applied, since all current through the 
load (Tg) flows through part (/?) of developing a voltage that 
is in opposition to the incoming signal. 
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I b 423 Single stac^c cniieiit fe(fli)afk 
var\ni|^' fiiquenty intrLasis 

\Mtli iiiLfL-asi* m frociucniy 


i4Si' 



Img 424 Luni'iit fiLclbauk 

\tirviiii^ uith fitfiiuiicv -gajn (liLii‘as"‘> 
with lllLllMse 111 tlLM^UlMliy 



^iiiv-- 4- -1 

^ V' r'lbA^-K. 4. \r ?L 

Fig 425 —Two-staqc cuuiint negative leeilbaek amjjlifiei 


COMPOSITE NEGATIVE FEEDBACK 

Simultanenus application of both i urrent and voltage ncf^ative 
feedback is called " composite feedl^ai k " (see Fi^ 426). 

Ill this form of fc^edback, tlie voltage fed back m o])position to 
the incoming signal depends on brdh tJic voltage and the current 
in the anode load. The value of the total feedback iactor (pj in 
such a case is 

ft P, b (20) 

where ft - [30] 

When calculating the gain Of a composite negative feedback 
amplifier (r + Zg) is considered to be th^ load, but as in the current 
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I'lG. 42G. —Basic composite feedback circuit. 


feetll:)ack case only llic voltaf’c across imisL bo considered when 
calculating^ the overall volta^^e gain. 

Alternatively, it may ])e assumed as before, that the output 
stage of the amplifier behaves as a generator of^EMF and 

having AC resistance 7v^. 



Fig. 427.—liquivalcnt ciiLuit for composite feedback amplifier. 


Considering Fig. 427, let the current flowing in the output 
circuit (i, 5, 7, 8, be i. 

Tlu-n = £, - ir . E, 

T- Ry ■ y 

■■ ■ A’, + 'Aa ■ * 

I-'* S7T«, - "■ 

c, = A, - ir — p^iz^ 

H.CO 

i Rg ir — A fin — A p^fiiZ^^ 

i=: _iMi_ 
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The gain M„ with feedback is 


£*2 iZj^ AuZj^ 

E~~' ‘E~: K -I- ^(1 + Am) + /.(I + P,Am) 


(31) 


Effect on output impedance 

Consider the effect of composite negative feedback ou the 
output impedance of an amplifier. As'^iime, as before, that the 
output stage of the amplifier behaves as a generator of EMF Afuc^ 
and internal impedance 

WttJwui feedback (Fig. 428).— 



i^iG 428 —Output impcJauLC of a,n amplifiLi wjtlnuit iio^Mtivr fB[*Jback, 


The impedance Z looking back into the amplifier is:— 

^ - E\ I r (32) 

assuming that J\\ 4 ] / 


With feedback (Fig. 429).— 



Fic 429 —Output impedance of an ainplilier with composite feedtar^k. 

Applying a generator of EMP' R, let a current I flow. Hence, 
the new impedance Z looking bark into the amplifier is: -- 



T|ie current I is given by :— 

j _£ - .4/i/r ]- AfjiE 



m 


and 


NEGATIVE EEEPBACK 

I(R, + r + A^r) = E{1 + ft Afi) 

7 ^ + Afi) 

I 1 -+ p^Afi 

^ ~l- ^(1 4- Afj) 

Z [K^ |- r) (1 + PiAfi) 


By a caicful rlioicc of /?, and r, Zj can be made to have any 
value, i e. less than equal to, or gieater than Z 

Y 

If A i=i large and P^Afi^ 1, approximates to — , which is 
independent of any of the valve characteristics. 


Single-stage composite negative feedback amplifier 

Fig. 4»I0 rcpiesents a composite nef^alive feedback amplifier. 



lie 4J0 - Siii^U ‘td^c LomposiU nc,dli\L IrcrlbaLk amplilmr 


Let the valve have an amplification factor fi and an AC 
rc.sistance 

FiiUing A - 1 in Lquation 31, the gam with feedback is : — 

A/ _ - - --_ 

7ii Rg + ?(1 I /c) ^ 4" Pif^) 


Let 


■ li.' + 

(35) 

wllC'lC 

n 

/* = 

1 + ^j/* 

(36) 

and 

K.' = 

/?. + (/.+ ]) r 

1 + Plf* 

(37) 


Tluis after composite negative feedback has been applied the 
valve behaves as if its amplification factor had been reduced to 

^ - — and its AC resistance changed to — ^ ^ ^ 
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Plate 24 —Thice-stage aoiplititr employing compobite negative feedback 
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u 1 





Fif;. 431 sliows a single-stage negative feedback amplifier 
cin])l()ying romposile leedbark and desigiiefl to Wfiik into a 400-ohm 
load. 'Ihe pentode valve used has the following constants :— 

— 10® ohms 
G„. -2-2mA/V 

fi - 2200 

What is tlie gain and outjiiit impedam e ? 

_R^ _ 20,000 _ 1_ 

'' R~ I- ll, ' 20,(K)0 1,000,000 “ 51 

Hciicc •2200 = 43-2 

The anode load on the vahe is the reflected iinjiedance of 
400 ohms through transfonner ]\. 

400 X IP 

- 48,400 Q 

The gain of the stage with negative feedback is : - 

1/ ___ 

Ra 'h ^ (1 -f- /^) 

2200.48,400 

f.OOOdMr-h 4d0"(r I 2200) + 48,400 (1 '+4^^) 

2tv5 

Siiue the input tiausfonner is I : 10 step up and the output 
transformer F.^ 11:1 step down the overall voltage gain from 

input to output terminals — X 26*5 - 24-1. 

The impcddiice looking bark into the anode of the valve is :— 

y Ea + ^ (1 d ^0 
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10« + 400 (1 + 2200) 

“ 1 + 43-2 

= 42,500 ohms. 

The ratio of transformer is 11 : 1 step down, 

42,500 , 

Hence output impedance olnn^. 

II leedback were iioL iL])plicd llie output iiiipetkiiue would 
depend entirely on ilie ol the valve and on the turn^^ ratio of T.^. 
Il would be :— 

10 ® 

= 8270 olims. 

SERIES AND PARALLEL FEEDBACK 
Series negative feedback 

In all cases of feedback so far discussed, the si;i;nal led ]>ack 
lias been applied in series with the incoininj’ sit^uial. dins type of 
liMHlback is known as " seiies ” feeilbaik. ddie ilisUii^iiidimg 



(a) (b) 

1 itt 432.— (fl) Si'iirs voltage fcodback ; in])ut imppflaiK i‘ inru'dSL'Ll ; nut]jiil 
imppdanr u rpiUuetl 

(/j) hiMirs Luiieiit IcMslbaLk ; inipcclain p iiu'ri‘cisi*Ll ; Dutput 

iiiJl)L*LlanLL* iiiLi (‘dscnl. 

piojierty of series feedback is thal the input iin[)e[lanre is inrreased, 
no matter whether the ieedbaik dei)ends on the volla^^e or current 
in the anode load or both. This latter consideintioii ailiTts only 
the output impedance (srr Fig. 432^ and Zj). 

There are two standard methods of apiilying the feedback in 
sciies with the incoming signal. These are shown in Fig. 
and b. 

Ill general, method (ti) can be adopted only when a iraiisformer 
input circuit is employed. Method (b) is used uidy in f'onjunction 
with an indirectly heatefl valve; siiiglii-slage current negative 
feedback also will automatically be applied to V^, since no 
decoupling condenser can be connected across R^. 

It should be noted that a voltage ap])licd to a resistance R in 
the grid circuit Fig. 433« will ajiply, between the grid and cathode 
of the valve, a signal that is 180° out of phase with that obtained 
when tlie voltage is applied to a resistance R^ in the cathode circuit 
Fig. 433&. Hence if the feedback obtained in (a) is negative, that 
obtained in (6) will be positive, and vice versa. 
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(a.) (b) 

I'lG. 433 Mfthnds of applyinf( series vnlta|Te feedback. 

(a) VcjlIagL* dfvelnped across resistor in grid circuit. 
(/)) Voltage developed across cathode lesistor. 


If inelhnrl (h) is to bo ajjplied to a pontode valve, the screen grid 
should bo dccouph'd to the cathode, as in Fig. 4M, and nut to 
HT as is the usual practice. This is to prevent alternating 
com])oncnts of the screen current from flowing through 7^^- 


NT+ MT+ 



Fig. 434 —VoUage developed across cathode resistor. Note screen 
decoupled to cathode. 


Input impedance with series feedback 

To prevent either the accumulation of electrons (grid —) or the 
loss of electrons due to secondary emission (grid +), there must 
always be a conducting path between grid and cathode of resistance 
less than a certain value. This value depends on the particular 
valve (f,g. about 2Mf7 for a high slope pentode, or 250kf3'for an 
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Fxample ,— 

A valve having tJie following constants is used in a cathode 
follower circuit working into a 5000-ohm load. Find the gain and 
output impedance. 

= 15,00013 
^ = 29 


Gain 

Output impedance 


+(1 

_ 


29 X 5000 
15,000-1-30x5000 
5000 X 15,000 
15,000 1-30.5000 


0R8 
455 L>. 


INSTABILITY IN NEGATIVE FEEDBACK AMPLIFIERS 

(Consider a feedback amplifier having a gain without feedback 
i)t M ^ \M\ y'O, Let the feedback faiirir be p. So far, it has been 
seen that oscillations may occur if positive feedback is aijplicd 
\\itli 1 and 0 - O'". A negative ft'etlback ani])li(iLT appe irs, 

at first sight, to be stable for all values of pM. However, whtui 0 
leaehes i n the feedback will no longer be negative but positive, 
since 

P\M\,^ 7 i^ - p\M\, / 0 ° . 

TJie change in sign of p indicates a change from negative to 
jjDsilive feedbat’k. Tlius if the loop gain P\M\ at the frerpiency 
III frecpiencies at which the loop phase-shift reaches ^ n is equal to 
iir exceeds 1, oscillations Avill, in all ])robability, occur. The 
Irerinency at which oscillation occurs will be tliat for which the 
iil)Si)liitc j)ha^'c-shift round the loop is zero, the circuit adjusting 
iis»‘lf to make pM exactly equal to 1, /0°. 

Consider a negative feedback amplifier having gain-frequency 
and phase-shifL-frcquency characteristics as in Figs. 441 and 442. 



Assume that the feedback path introduces no phase-shift, and 
that p is independent of frequency and equal to 

Let the gain of amplifier without feedback be \M\, /0. 

At 1000 c/s the phase-shift = 0, and pure negative feedback 
is applied. 

(97931) 2G 
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At 10 r/s and at 100,000 c/s, 0 has reached + and - 
respectively. These are known as the n” frequencies of Iht 
amplilier. At these frequencies the feedback has become purely 
positive ieedback; but even Ihougli positive feedback is now 
being applied, oscillations will occur only if pM is greatiu' tlnn 
or equal to 1. 

At 10 c/s, p M = 100 ; pM — 2 — unstable. 

At 100,000 c/s, P ■ M ^ 10; pM - - ^ — stable. 

Honce llie ainpliHcT will tenil to oscillate at the lower n frequenev, 
i.c. lOc/s. 


Tf 


e 


T! 



To obtain lull biMielit ironi negative* teialbiick u largt* ainoiinl 
must l)i‘ api)li('(l. 'riu* ])iobleni in .qijilving a huge ainounl 

ol Ieedback to a multi sl.igi^ anqililit'r is thus one ol stability. 
I’loviiU'd lliat the Inoj) jibase-sliiit aL the frefpiencies zero anil 
iiihuily tines noL rt'ach -{ .t, the system can never be luistable, 
no niattci how niurli negativt* Jeedback is ajqdied ; littli' ililJiciiltx' 
is thus e.\perienci;d o\’ei one- or two-stage amplitieis unless traiis- 
lormi'rs are jueseiit in the fei'dback louj). Witli a multi-stage 
amplilier tlu* loo]i pliase-shilt will ])iobably leach -\- .t al some low 
lre<iucni'\, and -t al soint* high ]i('t]iu‘ncy. TJiese “ tt ” irequenries 
may be lar outside the woiking range of the amjdilier, but to make 
ct'ilaiu th.it instability does not occur it is essential to ensure tliat 
the gain \M\ al these lieniiencies is low' enough to make P\M\ 
less than 1. 

At iirst it seems that the simplest method ul avuidiiig oscillation 
is to inakt* certain that tin* amplilier gain tails oft as ra])idly as 
possible oiilside the working range, so tliat tlie value of .1/ will be 
such as to make P\M\ less than 1 when the .a frequencies are 
reached. Ihiforliiualely .such a dn)])-off in gain can be prodiK'cd 
only by the inclusion of reactive coin})oneiits in the amplilier, and 
these compoiKuils wall increase the ])hase-sliift. In fact, it can be 
sliiiW'ii tliat il this “ cut-off ” ju'ocecds over an extended range 
at a rate greahr than 12 db ])er octave (hr. 4 to 1 drop in voltage 
gain as the trequencv is doubled or halved) a ]diasc-shifi of rr wall 
be produced, and a " .t " frequency reached. The design of modern 
feedback amplifiers is therefore concentrated on producing as rapid 
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ri- ]Kissib]c a fall-off in oulsido thr wnrkini^ ranfi;i\ bi'arint^ this 
hiol in mind. A docTea.se in pain of 10 db per octave is considered 
t(> cdlow am]>le niarpin for stability, v^ince resistance-rapacity 
(()ii])linp in an aTn]>lirier introduces a < hanpe in ^ lin that a])proaches 
ni]nnlicallv to 0 dbbcla\'e or a nndtipli^ ol 0 dli'oclave, 
tr)rrcili\e netwaiiks must be used to pi\e tlie iiMpiiied overall 



(a1 (b) (Cl (d) 


J JG 443 ( Diii'itiAL' iu‘1wuik. fiji si.ibilisiii” N I U anipliliris 


n spouse. T^’pical netwoiks of this L\ pe aie shown in 4-k'b 

^\ll(Me the leat'lance ol llie condenser t' is cnnijiaiLiblc witli tlie 
H'sisttim e R at the fi LM|u(*iuies consirleied. 


Conditionally stable amplifiers 

11 may liave been noted that, \Nh(‘n ielia linp to ]iosilivi‘ Jeudiiack, 
11 vas slaLed lliat wIiimi [>\M\ 1, osi illahoiis }niiy occui, and not 

lli.it rc///. 'riiis is bet ause it is j)ossibU‘to coiisttnet an amidiher 
Jor whiih tile Jei‘dl)<ick is a]ipaiently posiLi^a‘ and /i|d/| 1, vid 

llic .mi])li(iei is stable; althoupJr it bei oines unstable il tli(‘ valui' 
"I |d/| di ops. Sill li an am])lilier is said to l)e t'oiiditionLilly 
^'abli' 

That such an amjdilier is tlieorelii .dly posdblf' may be shown 
lioin tlie fact tlait the pain ol any Itedback amjdiliei is : — 

1 /?.!/ 

wlii're p is jiositive in .sipn lor posilive feedback ami negative 
in >ipn loi iiepative teedbaik. 

d'o b(' strirtlv’ accurate, botli AJ and (I should be corisiflered as 
v(‘cLor iprantities, sirii'e not orilv AI, but also fi may introduce 
phase-shift. 


anil /; ^ |/;| /v 

Tl„.n ,U. _ 

1 I pM\ r 

“I l".l IT^TWI 

Consider the cases where the loop phast'-shift is zero. 


( 97931 ) 


2 0 2 
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| 1 - PM\ < 1 —Increased gain 

|1 — pM\ being less than 1 means that p must be positive an(’ 
pM must lie between 0 and 2 if the loop phase-shift is zero. 

|1 — 1 —Decreased gain 

|1 pM\ being gieatur than 1 means that cither p can bi 
negative and [ pM\ can have any value, or p can be positive aiift 
I pM\ can be greater tlian 2. 

In the general case where the loop gain pM will introdiu e 
a phase-si lift y'0 ^ V' j the gain will be decreased if pM plotted 
in a complex plane lies outside the circle of unit radius and centre 
+ 1 f and will be increased if pM lies in.side the circle. 


jMACi^^Aay' 

AMIS 



I-/3M 


I 

Imij 44 4 lu'cilbadv inch' 


This is .sliown in big. 444, where OA rejiresents the vector pi\J, 
and Of^ ie])ieseiUs pM. OB is tlu‘n ailded to tlie vector OC 

(which rejneseiits 1) to give the result.ml vector OJt. so that:— 

OE - OC [ on 

-- L 1 + ( - pM) 

- PM 

If |1 - pM\ is equal to 1, the jioint E must lie on the circle of 
centre 0 and radius 1 : it can easily be .shown that the point A 
must therefore lie on a circle ol centie C and radius 1. 

For OCEB is a parallelogram, 

7:'r BO and EC is parallel to BO. 

Thu BOA is a straight line, and OA OB, 

IC OA and EC is parallel to OA. 

OhCA is a parallelogram. 

( A - OE 1. 

Although from this graph the effect of feedback on gain can be 
determined, no indication is given as to whether instability will 
occur. 
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Nyquifit’s condition for oscillation 

Nyquist’s condition for oscillation due to the application of 
positive fcf'dback states : — 

JaI ih' Jocits of f>M be plotted in a complex plane for 
frequencio'' from 0 to oo : then if the locii's encloses the point [1, O], 
oscillations will occur. Ij not, no mailer what may he the absolute 
value of I oscillations will 7wl occur. 



lienee in hi^. 445 the amplifier (r/) is unstable, is stable, 
(f j ]s conditionally stable. 

TJius the only cei tain method of detiTininiiif^ whether oscillations 
nmII o(tui, pLirticuLuly in doubtful rasi‘, is to plot the locus of 
I 1 /O i ip j and to see whether the point ,1, 0, is inclufled, 
Mli'inatively, oscilliLtions may be ])revi‘nti*rl by cnsiiriiif^ that 
I //.U| is less than 1 wlien ^ 0 -\ y leaches t ^ 

/ 

APPLICATION OF NEGATIVE FEEDBACK TO LINE 
COMMUNICATION EQUIPMENT 

Nef^alivc feedback is applied to the amplifieis employed in line 
I omnninication equipment to stabilise the gain, ti^ give lh[‘ correct 
output impedance, to reduce distortion, and tf) give the required 
gain-frequency response. 

It is essential in line equipment to prevent changes in gain due 
to power suj)ply voltage variations, rhanges of valves, etc. This is 
very important in, for example, the case of the repeaters employed 
on long circuits, where a change in gain of a few db at each rept^ater 
station might result in such a large ov’^crall change in gain that the 
circuit would become unworkable. 

With regard to obtaining the correct output impedance, two 
methods are adopted. The first method is to apply composite 
negative feedback, and this is adjusted to give not only the correct 
reduction in gain, but also the required output impedance. The 
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second method is to apply current negative feedback only. TJih 
in itself, will give a very high output impedance, and, in order h, 
obtain the correct impedance a shunting resistance is placed acros 
the output. A loss of power will result, but an outjnit impedam i 
substantially indei)endent ol the AC re.sistaiice of iJie last stage will 
be obtained. 

A j)articular case is that of an amplifier being used to dri\T 
a loudsin'aker. Only voltage feedback is generally apidied so as tn 
provide a low oulput impedance to damp the resonance of tht 
speaker. 

Series (and not parallel) feerlbaek is the form of feedbar'k most 
(reipiLMitly used. This tends to give the amplifiers a high input 
iiii])edaiice and necessitates the use ot au input traiisforiucr and 
shnuting resistance to obtain (he rerjuired input imi)odam’e. 

Ill the rasi‘ of earrier telepluine and VF telegrajdi rept^aters. 
where several liaiids oi freriueiieit's are amplified .^imultaiieousb 
by one ainjililier, it is essential to reduce fUstorlioii io an absolute 
minimum to piauTut iiilerniodidatioii between the cliamuds. 
Negative feedback eirablc's this low overall distortion to be, obtained 
in an amplifier having a higli gain and bigb output [lower. It is 
no exaggeration to say that negative feedback has made possible 
flic wicle-liand carrier systems in which several hundred cliannels, 
covering a freipieiicy band extending uj) to several megarycles/sei', 
are all amplified simultaneously by a singh'. amplifier witliout 
undue intermodulation. 

With ri'gard to response ciiives, feedback is used either with /? 
iiulepeudeiil ol liL‘(|ueucv to give tlie amiililuT a ILil ]rt‘quenf\ 
respoiiSL' rairvL' over a large frcijueiK'y range, or with p a function nt 
frequency, st) as lo jirovide the required gain-frequency eune 
to match, say, the attenuation of the line [see Chajiter 2[y 
“ Equalisers "j. 



CHAPTER 10 


OSCILLATORS 

U jifltT tlie genmil heading of oscillators may be f^rouped all 
ilevires that provide an alternating output, whilst deriving their 
input from a direct current source, without changing their circuit 
I Duiiguratioii by means of switching ; this proviso cxclufles rotating 
iiiachiiiery (whose commutators art as switches), and buzzers. 
\'il)iators, etc. The fretpicncy at the output may be fixed, adjust¬ 
ed )le in steps, or continuously variable. 

Osiallators fall into two main classes ; those of the first and most 
Miiiinion class have an fiiitput waveform that is sinusoidal; those of 
ilie st‘C()iul class, called relaxation'' oscillators, are rlesigned to give 
.111 output wiLli a large harmonic content. Oscillators of the tirst 
\\\n\ which produce a sinusoidal output, can be further subdivided 
ai cording Lo their principles of operation ; for althoiigh Lhe majority 
of oscillators employ thermionii' vxd\a\s, they do not all use them 
ill the same way. The onlv oscillator of the second class tliat will 
he I'onsidered in this I'liapter is tin* “ multivibrator”. Oscillators 
j)iorliK'ing saw-tooth wavidorms suitable for the time-b:ises of 
rnthf)(li‘ ra\' oscilloscopes will be found in rha])ler 12. 





l ie. 44(S—ciliii'.; Llic hasit' pnin ipli* of a frcilljai k osi ill.iloi, 


The basic prinriple of most valve oscillators is as follows. 
Idg. 446(^ shows an alteriiating voltage of installLaiieuns value c, 
and of some definite fixed frequeney, applu’d to the input of an 
anipiliher A. The anqdifier output is applied to a network N. 
Now suppose that the loss of the network N and the gain of the 
amjdifier A can be so adjusted, that tJie output voltage of the 
network is equal in ma^^nitiide and phase to lhe ainjililier input 
voltage. If the output ol the network is now rnmiected directly 
to the injDut of the amjdilier, as in Fig. AAiih, the amplifier will 
continue to supi)ly its own input, maiiitaiiiing the original input 
voltRge c at the original frerjiifuicy. 
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Thus if an amplifier output, or part of the output, is fed barl 
to the input, the system will oscillate at the frequency at whir] 
the feedback voltaf^e is equal in magnitude and phase to the inpii^ 
voltage. It is evident that if an oscillator is required to oscillat( 
at one particular froquency, it must incorporate some frequency 
discriminating circuit eitlier in tlie amplifier itself or in the feedbaej 
network. 

Suppose that tlin stage gain of tlie amplifier is M ; that is, 
if the input voltage to the ani])liriLT is c, the output voltage will be 
Me. Nf)w suppose that the feedback network is such that tin 
voltage fed bark is a fraction [i of the amplilitT oiitjuit vrdtagi' , 
that is, in tlie case considered, the voltage fed hack to the aniplihei 
input is pMc. The condition for inainteiraiice of oscillation 
thcreftire pMe - c, i f. pM = 1 ; the angle is inserted 

as a reniiiifler that the ]ihasc as well as the magnitude must be 
correct {see previous chapter). In a normal oscillator circuit this 
quantity pM is made slightlv greater than unity ; tins, in theor\, 
would give an oscidation ot constantly increasing amplitude. In 
practice, luiwever, due to tlie rnrvatiiie ()f the dynamic charac¬ 
teristic of tlie valve employed the stage gain M drops slightly as 
the input voltage incre.ises, and the circuit settles down to prodiire 
oscillations of inagnitude such that pM — 1 /0°. 

If initially pM is madi' much greater than unity, considerable 
overloading will have to occur before the stage gain drops to the 
value making pM 1 and in this case the output wav'eforin 

will he distort (mI. If a good siiie-wave oiitpul is required, it is 
therefore important so to adjust the fi'edbark that the circuit is 
only just oscillating. 

L-C CmCUIT OSCILLATORS 

Tiic simplest valve osiillatois are those in whirli the output 
from a .single-stage ainphlier is fed bark to its iiqnit, and in which 
the inainteiKiiice condiLifni [pM - 1), and thtaelorc the frequency 
of the resulting oscillations, is controlled by a resonant L-C circuit. 
It is important to hear in mind, that in a single-stage amplifier, 
a phase shift of 18(L exists betwccii grid and anode voltages. 
Hence if a single-stage oscillator is to be constructed, a further 
180*^ phasc-shiit must be intro hiceil into tlie feedback path. There 
are several ways of accomplishing this, the mo.st common being the 
use of a transformer ; other metliods will be mentioned as they 
occur in the individual oscillator circuits. 

Tuned-anode oscillator 

In the timed-aiiode oscillators shown in Fig. 447, a transformer 
is used to give the 180° phase-shift in the feedback. It is connected 
between anode and grid circuits, and to fix the frequency of 
oscillation the anode winding is tuned with a parallel condenser. 
The series- and parallel-fed circuits arc equivalent, the advantage 
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Fig 447 —funcd-annde oscillators 












L-C OSULLA L ORb 


4(hi 

of the p?iraJJeJ-/erI cirniit bcinf' that the anode winding of tl,. 
transformer docs not carry the standing anode current (s, 
transfornier*couplcd anipJifiers, p. 393). 


The frequency of oscillation is approximately the resonant 


frequency ol L and C ,, i.e. f — , . The condenser and resistance 

in the qrid circuit constitute a grid leak bias circuit. The output 
of this, as of any otlier oscillator, may be taken off in a variety ol 
ways- "C.g. from a third winding on the transformer, via a condenser 
from the grid or anode, or from across a resistance betwa^en cathode 
and HT -. 


Tuned-grid oscillator 

Tig. 44S shows fyj)ical seri(\s- and ])arallel-fed tiincd-griil 
oscillatois. 'Fhese are very similar to tlu‘ tuned-anode oscillators 
already disiussed, the only point of differenia* being that this time 




Fig. 449.--Tiineil-L;riLl (»srillalor emplnying feedback frnm cathcide circuit 
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the winLtui;^^ uf tlio couplini^ transformer is tiineil, instead of 
tlie anode winding. The frequcnry f)f the oscillator is a/^ain 

♦ 1 

.innroximaLelv the resonant li equencv of L and f , ? .r. 

A mollified tuned-^M'id oscillatoi is sliown in 449 In this 
iirciid, the feedback is fioin the cathode to llie f^iid, iiiste.ul of 
iioni tlie anode to the grid. 


Hartley oscillator 

111 Ihe Hartley oscillators Ihe Uined ciicnit is ronnecLeil between 
and anode, and the catliode is cnnnectial to a tap])ing on the 
iiiihu laiice ; in this way a ISO ])has(‘ change is introrlui'd into 


4 HT+ 




HTt 



HT- 


(r) Mf’dilird Hartley 


1 lu 450 ll.iitli V fj'.i illalfj] s. 


the feedback. In the normal Hartley o.'.cillator, either scries or 
parallel fed, the cathode is earthed (HT —). In the modified or 
"inverted” Hartley oscillator, the " anode end" of the inductance 

is earthed. The frequency is given by the relation / 

*l7i'\/LC 
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Colpitts oscillator 

The Colpitts oscillator shown in Fig. 451 is similar to the shunt 
fed Hartley oscillator, except that the cathode is connected to an 
intermediate tapping on the condenser instead of on the inductance. 



The fretiuency is given by /=^— - , where C is the capacity 

271'y/LC 

of Cl and Cj in series. 


Push-pull oscillator 

Fig. 452 sliows a simple push-pull oscillator. The operation ol 
the circuit is as follows. vSujipose the voltage across the tuned 


R. c, 



circuit LC makes the grid of momentarily positive and therefore 
the grid of Vg momentarily negative. This causes an increase in 
the anode current of Fj and a decrease in that of V^, producing 
a finite resultant current in the primary of the output transformer. 
The anode potential of will decrease, and that of Fg will rise, 
these changes being applied to the grids of Fg and Fj respectively 
via the leedback circuits R^, Cj and R^, Cg, Thus the feedback is 
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in the correct phase for the maintenance of oscillations, and the 
chaniyes in the resultant current through the primary of the output 
transformer induce an alternating voltage in the output winding. 
The frequency of oscillation is approximately the resonant 

frequency of L and C, -: 

LC 

This push-pull connection has the same advantages as the 
[)usli-pull amplifier, namely a higher output can be obtained with 
practically no second harmonic distortion. For this reason triode 
valves are used, since the distortion produced in a triode is largely 
s(U'oiid harmonic, and thus in a push-pull connection the output 
i.s practically distortionless. 

Grid bias 

Cirid leak bias is the method normally used in oscillators, and 
lias been employed in the circuits so far considered. It has the 
advantage that before oscillations begin the valve is operating at 
Uie steepest part of its characteristic, giving the best sLiuling 
rundilions, i.e. maximum stage gain. When tlie oscillations have 
readied a steady value the bias will be just sufficient to prevent 
the grid running too far into the region of positive grid voltage. 

11 le time constant of the bias circuit should be greater than the 
{leriudic time at the frequency of oscillation. If the time constant 
is too small, excessive grid current will flow on the positive lialf- 
L'ycle and will cause distortion ; if on the otlier hand it is too large. 
" stpieggiiig ” may occur as described below. I'ypical valui^s are 
0*5 MI2 and 0-01 ^xF for a 500 c/s oscillator; ix., a time constant 
of 5 milli-seconds where the periodic time is 2 milli-seconds. 

All oscillator employing lliis means of l)ias is, in general, self- 
starting and i.s capable of working satisfactorily over a wide range 
of values of the feedback voltage ; it is therefore the easiest 
tyjie of oscillator to construct, but has two main disadvantages. 
The first is that if for any reason the oscillator does not oscillate, 
the grid is not biased back, and the anode currenl may rise, to 
a sufficiently high value to cause damage to the valve ; to avoid 
this, an additional external bias is sometimes employed, usually 
in the form of cathode bias or battery bias. The second disadvantage 
is that the voltage output of such an oscillator is generally not 
constant. For this reason, where a constant output is essential, 
the bias is often provided externally, cathode bias or filament 
current bias being the usual methods employed. 

It is worth noting that in the case of an oscillator employing 
grid leak bias, the anode current drops considerably when oscillation 
takes place ; this property is sometimes used to discover whetlier 
a high frequency oscillator is operating or not. 

Squegging 

If the lime constant of the grid bias circuit is too large, regular 
or irregular interruptions of the oscillations may occur. This is 
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most likely to happen if the feedback is ^cater than required 
for in this case, initially \pM\>\, and the oscillations increasi 
rapidly in magnitude, eacli positive half-cycle increasing the grid 
bias voltage and reducing the effective stage gain. Eventually 
one positive lialf-ryrle increases the bias to such a degree that 
I pM\ - 1 : if the time constant of the bias circuit is small, the bia^ 
voltage will droji duiing ilie next Jialf-cycle to tlie ptniit wlien 
and nsiillalions will be maintained. II, on the (Uliei 
hand, the time constant is large, the condition \pM\'^\ will 
persist, and the oscillatitins will rapidly die out. The Vtdve will mm 
be biased beyond cut-oll, and oscillations will not recommence 



l it; 45''{ Wcivefonii nf r)utj)ut fiDin osi illater. 


until the bias condenser has disehaigerl to tlie point at whiili 
cint)dc cuiwiit flows once more and || 1. I hr^ wavelorm ot 

the output is as shown in Fig. 453. 

Mathematical treatment 

The frequency ol the output and the maintenance condition [or 
any oscillator may be calculated mathematicallv fi om the eriuivaleiit 
ciniiit. This method will lie demonstrated bv rnnsidering a s])f‘cial 
case iliat ot llu' 1 lined tinofle oscillator siiowii in Fig. 454. 

In tli<‘ cfiiiivaleiit ciicnii, the lesistaiiLe R is the resultaiiL 
resistive loail on the ciniiit, and will be made U]j partly by the 
resistance ol the windings and piiillv tlie output loail, all bidiig 
nderred to the amide winding. Let the alteinatiiig ciirienls tliruugli 
7. and ( be a ami y i espertivelv, so that the total alieinating anode 
current is t \ y, 11 tlie flow of giid current is iiegh'cted 

-jmMx ( 1 ) 

wheie M is the mutual-inductance between the grid and anode 
windings. Now applying Kirchholf's Law round the timed circuit- 

X (J\ + ] (oL) T = 0 

i.e. y--=jioC{R \-ju)L).x ^ ( 2 ) 

Also, applying Kirchhoffs Law round the complete circuit :— 

(7V* ~\-jcnL) T Ra l-y) 

- — jfjiUiMx (from equation 1) 

Eliminate y using equation 2:— 

A [R + Ra -\r + jo)CRa[R jv)L) x -] jfAwMx ^ 0 

i.c. X [R -f Ra — v}-LCRa ^ yTu (L + CRRa + /^M)] = 0 

If tlie circuit is oscillating, x ^ 0, and therefore the condition for 
oscillation is:— 

R + K- 


w'^LCRa {L + CRRa + fiM) - 0 
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i,c. R-\' K- - 0 (3) 

and “ 0 (4 

Till! first ol these conditions f^ives the frequeniy of oscillation, 
iiamelv : — 

o ' o 

■ LC 





Note that the fri'qiieiicv of oscillation dej)eiuls on and R, 
I (’ oji the output load. If, howevui,/C<'^/v„ (as is usual in practiri^, 
il ihe Oscillator is not on load) 


f - 

2ny,^LC 


Tlu‘ second condition (equation 4) may be written > - 

^ M henries (b) 

and f^ivcs what is called the " maintenance condition The fact 
that il7 lake'5 a negative value meielv shows that the tianslormer 
must be so connected as to give ISO"" phase-shift belwiM'ji anode 
and grid. 


OSCILLATOR STABILITY 

For most purposes, it is of great iinporlance that the Irequenry 
and the output voltage of an oscillator .shall be stabh* that is, 
that they should remain constant at the values to which they are 
adjusted. The factors on which stability depends, and means of 
ensuring it, wilLnow be considered. 
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Freauency stability 

Taking the example uf the tuned-anode oscillator investigateu 
above, the frequency is given by ;— 


and it has been seen that, if R this reduces to 

1 

^ ^ in^Tc 

In this rase the frequency depends only upon the constants of 
the tuned circuit. Valve capacities must be included in the value 
of C, but these are normally constant. 

Effect of temperature 

It was shown in the last paragraph that the oscillator frequenc\ 
was determined almost entirely by the components forming the 
tuned circuit If the oscillator frequency is to remain constant 
for variatiojis in temperature, it is important to ensure tliat the 
values of L and C do not vary. 



Vum 455 Typicdl iniluctance having high Icmperaturii-stability. 

With good condensers, the effect of temperature on C is very 
small. Condensers can be de.signed to have almost any desired 
capacity-1 cnipiTature characteristic ; they can be so made that 
the capacity wdl increase, decrease, or remain constant with changes 
in tcmiierature. Inductances, on the other hand, are more 
susceptible to temperature changes, as expansion will alter the 
inductance. Compensation is therefore required to ensure that the 
inductance has a small temperature coefficient. In addition, to 
prevent permanent changes in inductance, the former on which 
the coil js wound should have the same coefficient of expansion 
as thfe of the coil. If screening is employed, it must be so 
arranged that the fhange in its effect on the inductance of the coil 
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with temperature is negligible. Fig. 455 shows an inductance 
wound on a ceramic former, having a low coefficient of expansion, 
and screened by means of a copper-sprayed ceramic pot. Such an 
inductance has good frequency stability. 


Resistance stabilisation 

Now consider the oscillator working into a load. In this case, 
the condition no longer holds, and the frequency depends 

on R and on that is, on the load and on the valve constants ; 
ilic fienueiicy thus varies with a change of supply voltage. This 
m affairs is undesirable, and can be miiuiiiised by using 
])Lirallel feed through a large resistance, which has the effect of 
ni Cl easing artificially the value of R^. 



1 ir. J uiii‘<l aiiofle nsulLitf)!, jitiialifl fi'il, ivilh liidbaik u'sist.ime 

toiinpiini fni|UL'iic> stabiJit) 

I'lg. 45G shows a typical parallel fed tuned anode ciicuit utilising 
a ieedback resistance Rjr. Tliis resistance Jias also tlie advantage 
o) giving a fine control over the amount of leedback. The feedback 
lesi^tance R^ must be large compared with R„ and Rj^ in parallel, 
Mlu'ie is the load impedance in the anode ciicuit. Note that 
idtliougli vaiialions of output load may now have little effect on 
lii^quency, they may still have a consiilerable effect on the 
inaintenancc condition lor oscillation. 


Buffer amplifier 

The most satisfactory way of ensuiing a high degree of Iretpiency 
stability in an oscillator is, however, to use another valve as an 
amplifier stage following the oscillator. Sucli an amplifier is known 
as a " buffer " amphtier; and, since the oscillator works stiaighl into 
the grid circuit of the buffer amplifier, the load on the oscillator is 
neghgible and the frequency stabiht}^ is high. 

A typical circuit is shown in Fig. 457. 

Note that in this case the tuned circuit, parallel-fed from the 
anode of the first valve, forms the grid circuit of^the secortd valve. 
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f‘'jG 457.-- Osiiillator with buffer amplifier, fpvinp hi^li frerpieiiry stability. 


Electron-coupled oscillators 

An eleclron-con^^lecl oscillator, an example of whicli is shown in 
F'ig. 458, although cmyiloying only one valve, is equivalent to an 
oscillator followed by a buffer amplifier, and has the same high 
frequency stability. 



I'lG. 458 - I'.lection-coupletl Hartley uscillalor. 


The valve used is eitlier a tetrode or a pentode, and the screen 
is used as the " anode " of the oscillator ; thus in Fig. 458 the 
screen, the grid and the cathode arc connected up in the form of 
a series-fed Hartley oscillator. Changes in anode load (within 
certain limits) have no effect on screen current and hence the load 
does not affect the oscillator circuit. On the other hand the 
oscillating voltage between cathode and grid affects the anode 
current; since the output is taken from the anode circuit, the 
valve behaves as its own buffer amplifier. 
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I’LATF 2(S.—Eli'Ction cnuj)leil lunpcl-fTriil ostilLitDi oniplDyui^^ an 
additimial biiifi i amplihiji 


V 

Output voltage 

TJierc are two main faitors tliat aiierl tlio outi)iil M)lta^f‘ ol 
a \al\'f‘ oscillcitc)r- iiamc'ly, tho HT supply volUif^^i' riiiil (li(‘ ainoiiiit 
ol Ifedback VariatKnis of the loniier ])roilurL‘ a])pro\im<Lttdy 
juoporiional varicitioiis m output volla^;r'. TJio r)ntpiit is also 
UK 1 eased if the amount of Icedback is iiii leased, tliou^di tins will 
also lesiill in incieased distortion. IL is nevei p[)ssil)le to foierast 
aerurately the output volUiRe of an fjscillatoi. If, however, the 
leedb.iek is so adjusted that oscillation only just takes jdate, the 
output voltaf^e will rise to the jioint where the \'alvi‘ ihararteiisties 
f'ease to be linear, due cither to cut-oil at the b[)ttom end or to 
saturation or ^rid current at the top. If fixed bias is used, and is so 
adjusted that giid eunent flows on a smaller {^rid swiiif^ than that 
required to cut the valve oil, the jieak value ol alternating" voltage 
on the grid will normally just equal the fixed bias voltagi' ; for if 
the grid swing increases beyond this point, grid current will flow 
and the circuit will be heavily damped, thereby reducing the grid 
swing. It is important to lemember that, although an oscillator 
valve may be operating under conditions that would normally 
produce enormous distortion, the voltage across the tuned circuit 
may be almost sinusoidal, due to its impedance being small at all 
other frequencies. 


Stabilisation of output voltage 

The variations of output voltage with supply voltage may be 
minimised by the insertion in the circuit of some form of non-linear 

(97931) 2H2 
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resistance. A tungsten filament lamp, for instance, has a resistancf 
that rises rapidly with increase in the current through it. If sucli 
a lamp is placed in the cathode circuit without decoupling, it will 
provide negative feedback that increases as the current through ii 
increases (see F'ig. 459, which shows the carrier-frequency oscillatoi 
of a single-channel carrier telephone system). 



I'io 45.^)—CAinei-luMjiuMicV bhrmiu;' lamp 

fm stabilising iniliml xnlla^i' 


The inductance in parallel with the lamp carries most of the 
DC cathode curieiil, whilst forming a negligible shunt on the lamp 
at the oscillator frequency. An increase in output, consequent 
upon an increase m HT supjily voltage, Lheielore increases the 
alternating cuneiit in the lamp This results in an increase in the 
lamp resistance, an increase m the amount of curient negative 
feedback, and a redurlion in the stage gain, thus stabdising the 
output voltage. 

Neon stabiliser 

Another method of stabilising the voltage output is shown in 
Fig. 460. This melliod gives liettei stabilisation than the last 
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ajid IS used when a stable output voltage is essential, e g the pilbt 
oscillalor on certain ramer telephone systems The oscillator 
output obtained via a buffer amplifur, has a neon stabiliser 
(oniieited acioss it Ibis consists of a neon tube toiuieLied across 
d lliii J winding td the oulpnl tidiisluiinci Hie lu on lamp " flashes 
ir anil offers a low im]i( Jaiut^ when the \olttige across it exceeds 
a (Cl 1.1111 value This value is excel (led bv tlie pi iks of the output 
vvivcloim, which are Iheicfnic cut off The distoition introduced 
h\ this method is cliimnattd by a tuned iinuiL following the 
ibiliscr, as shown in Fig 460 

Lamp bridge stabilisation 

Another type of oscillatoi makes use of the piuprrtics of a lamp 
bridge to obtain constant output As exjilained in Cliaptcr 5, the 
lamp budge consists of a Wbe.itstone bridge made uj) with a 
tungsten lilameiit lamp in one arm and lixed resistances in the 


A 



1)1 lll^t si llilllst I 



^ 0 ^ H ~t 

1 u -402 — A mill 111 of ri sis- 

tiiur wjLJi aiuilu I \ r lli-f^c fiir a 
(t \ ]1 lull sir 11 (jlimtnl swill h 
1) » ulI iiulii ill r lamp 


oilier thiee (sit 1 ig 4bl) Jhc iisistaiicc of the lamp vanes with 
the voltage acioss it (ser Fig 462) and lunie witli the voltage 
If rOSS the budge 

F) a suitable choice ul coiiipomnts the liridgc can be inadi to 
lialdiuc at one paitieular vjlue of applied voltage, the balance 
being mdipdidcnt of frec|nene> Considtr the positive half-cycle 
of an applied voltage such as to in.ikc pfiinl 1 positive with respect 
to point B 11 the ap])li( el \oltag( is less than thit required lor 
balance the resistance of the lamp will be smaller lliau the vxilue 
icquiied lor balance Since the n sistanei of tlie lamp is now less 
than 7v, point D will be at a higher potential than point C, and 
cunent will flow in the output in the diiection as shown in 
big. 463fl. 

If, on the other hand, the applied voltage is greater than the 
value required for balance, the resistance of the lamp will be 
greater than R, point C will be at a higher potential than point Z), 
and current will flow in the output m the reverse direction, as 
shown in Fig. 463&. 

It will be seen that the budge introduces a phase-shift of 180° m 
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the output as the applied voltage increases through the valut* 
required for balance. Thi.s effect takes place for both DC and audio¬ 
frequency voltages. The bridge is inserted in the feedback path 
of an osi'illator in such a way as to make the feedback positive 
if the output voltage is below the critical value, and negative il 



(«) A}i[^ljeLl Mjltfii-o li-ss ilifiii ihcit (/j) A])i)1icl 1 vulta^L* ^icaLcr than 

n'qniunl fur halaiit t* that rerjuiiL'd for balani p 

I'm 4ti3.- -l^aiii]] biiLl^e, showing iL'ldtionsliip brtwL'iiu input and 

output on L^ithii snl(‘ cil balaiUL* i omlitioii 


above. On switching on, tlie lamp is cold, and oscillations are 
built uy) since positive feedback is being applied. The oscillations 
will increase in amplitude until the output voltage is just below 
the value leqiiired to balanre the bridge, and the output will be 
stabilised at this value. Fig. 464 gives an example of this type of 
oscillator. 



NEGATIVE-RESISTANCE OSCILLATORS 

Con.sider the circuit of Fig. 46vS ; a resistance r is connected 
across a parallel tuned circuit. Let the currents in the various parts 
of the network be as shown ; then considering the steady state 
only and applying Kirchlioff’s Laws :— 
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rx=-y(r-l^ ( 7 ) 

and r( x -t-y) |- x {K -|- j u>L) = 0 

i.e. ry ^ — x(r -\-R ^ j loL) ( 8 ) 

Multiplying rquation 7 by equation 8 : - 



J II, 4(-ivS —Illustrating the* piiiiciplr of the* negative iL“iislaiue osullator. 
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1 / 1 

~^Jrc~u 

Therefore, if a negative resistance equal to — ^ is connected 

across a paralltd tuned (irLUit, oscillations will bo maintained at 
the resonant frcqucnc}^ [)f the tiiiud iiriuit 

Negali\L resistances may be obtained in a number of ways 
and thiec mt thuds using ,l tiieimiunit \al\c will In discussed in 
some detail It is woith mentioning tint a taibun aic has a 
negative usistanre and this was the 1) isis of the earliest ladiu 
freqiieiu^ oseillators used in the ‘ spaik ' ti.insmitlers 

The dynatron oscillator 

'Jin d>ii.jtif)n oscillatf)! us( s a tctiodi \alvL to ])in\ide negatix c 
icsist.iniL As has bttn (\plaiiu il in ( liapti i 7, the aiiodi 
iljar.K 1 f iistii f)l a sciirn-giid valvi has a itgioii of iiLgalne slept 



I IG 4(ib XniulL LtuiaiUiistii f)f a tcti uile slin\Mng lu l i Lsiblaiu l 

(icc iMg 4t>(i) Ihi^ nuaiis tint an meuase in anode Miltage in 
this iigion piodiucs a chiuase in anode cniienL , m otlnr words 
.the AC Ksistaiui R,^ is lugativc m this ugion 1 his ugion otcuis 
when the anode pottnlial is shglitl} kss than the SLiein potential 



1 iL. 4b7 1>> iititi DU osc-ihatui 

(n) with Idp un battery 
(0) with potential tlividu 
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m 

Fsg. 467 shows a simple dynatron oscillator. The main 
advantage of this type of oscillator is that, provided the negative 
resistance is of such a value that oscillations only just take place, 
the frequency stability is very high The value of negative 

usistauce ran be adjusted by \arying the bus on the grid The 
K I'.on for the good frequency stability is that the only \ alve 
t IniartcnstK liktly to affcLt the frequency of o^ull itioii is the 
anode-cathode capacity This i ipacity is initially \er\ small 

Li l1 the cllict ol any change in it due to clectiude expansion will 
In lughgiblo Thcie is lu addition no vaiiable coupling factor 
htiMiMU the anode and grid cut mis, as artists m llu ostdlitors 
so Idi disc iissed 

The transitron oscillator 

\ t)Lntodp ma\ be used as a m^aiui iisistaiui cIcmll 

II llu siqiprcssti giid oj a [iciitoch is dnven jmsilnr tlicie is Jillle 

(liini^L m the th rtiost itii iitld lu ii llu i ithuiU and st) no 

ippii c I iblt ihciugc 111 lliF tot ll sjiUL Lumnt llu anode ciineiil 
JiuvMMi inrrf tscs .end tlu scictui (Uinnl chops ll llu siij essoi 

nd IS fomiPLlcd to the souen via a condcmsci ( ' as shown m 
J 1 ^ 4bS tluiL will be ,L neg.itnc A( iisislmci bilvitii Ihr sireen 

III cl L util 



1 i& 4(>8 — lllusiraiinf. Hit ]»rinciiilc of tin ti nisition nsLillalur 

Ihis may be seen from the fait tliat if lIii alUmating voltage 
applied to the screen on (lie j)()siti\e hall c^clc tlu scrcc ii pulr ntial 
A\dl rise , so also will that of the suppiessor smee thc\ arc rouplcd 
b> Londensri fand this will cinse tlu sciein lunint to (hop 
^inct the suppi cssor poll nlial ll is i guatii ctfict tliin tlu screen 
potential on the senen rurient A rise m ->iiecn potential llius 
corresponds to a diop m sciecu cm rent On the negative* half- 
cycle, the potenlial of llu suceii will drop, and tlu* sriien current 
will rise 

A parallel tuned circuit m the scieen lead will tlieiefure oscillate, 
being in senes with a negative resistance 1 his is known as a 
transitron oscillator, and it has the same high degice of ficquency 
stability as the dynatron type lug 469 sIkjws a typical tiansitron 
oscillator circuit Ihe negative resistance is controlled by means 
of the icsistance in the supjiressor circuit A typical value 
for w^ould be of the order of 25 kl?, and this resistor is adjusted 
until the arcuit just oscillates. 
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Tuned-anode tuned-grid oscillator 

It ('an bn sliown that, rlun to wJiat is known as llin " Millnr 
effect"', the anode load affects tlie giid-catlioilf* impedance i*! 
a valve ; moreover, the input iin])edance ot a valve may liavc a 
negativT* nsistanre cnnijjomait if tlu‘ anode load is inductive (.scr 
p. 350). This fact can 1)(‘ utilised to giv(‘ a negaLivi'-resistanct‘ 
oscillator, as shown in lug. 470. 



In the tuned-anode tuned-grid oscillator, the tuned circuit 
proper is in the grid circuit, and is tuned to a frequency The 
j)arallel cirt'uit in the anode circuit is tuned to a fre(|uency /j 
slightly greater than /„, and uniseipieutly at the frerpiencyit 
repTeseiUs a large inductive anode load. Thus, by the effect 
discussed above, the tuned grid circuit will have a negative 
resistance across it, and oscillations at the frequency will take 
place. Note that there is no direct coupling between the tuned 
circuits. The oscillator is little usi'd at audio-frequencies, and its 
most frequent application i.s as a higli-lrequency crystal-controlled 
oscillator, when the grid tuned circuit is replaced by a quartz 
crystal, the result being a very stable oscillator whose frequency 
corresponds to the parallel resonant frequency of the crj-stal. 
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Parasitic oscillations 

Higli frequency osnlkitioiis sometimes oclui m amplifier 
UH lilts due lustra} Lapacit\ and induLtaiu e , tlusi ait kiiuvvn as 
jiLiasiliL osLillatiDiis llu\ aiL usiialh tlu usiilt of a tniied- 
uiotli lumdgiid LIU lilt btiiig sd up pLirtiLulail\ il ti insioimeis 
iH I'uil Ini iiijuit and oiilpul I in tuning i au tin a ah e 

intii (ItrtiLide capaciln^ and these n sonati with tlie stiay 
Muhut.une tif tlu wiiiiig \ simple amiililiei Liituit using tiaiis- 
luiiiiLi input and output IS slumn in 1 ig 47h/ and lug 471/^ shoi^s 
iliL t(]in\aknt iiuuit at h^h 1 ili] 11 (Mkus 
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OUTPUT 


- vHH 


^ > HT- 


I Siiu| Il t ij I lit sh »uiiu sti i\ liijuiIk mil iiidiu 1 ini i s 



I tjiii\ ikiil LII lujI lI 111 li fii fjiif III u s uliri is i liiiu I iiii ilc tmii il iil 

IJSLlJl llfJl 

Ik 471 I'uisitu (s ill iti iis in an ,iiii])liiii i 


Ihe c ipaeities Cj and C ^ aiL the s(i l} l ipuities to larth in the 
li LiisfoiiULib and assunattd wiling, and 1 ^ au* stiay wiring 
induLtaiucs and ( ^ ^ and ( 5 au ^ ihi iider-i letliode uapuities 

( I and will gtiuiallv be liigi ifiinpaud with t ^ and ( 4 Doth 
grid t II cult and aiirnh Liuuit will ha\L a paialkl resonant 
frequency which will 1)( high in \uw u1 tlu small rapacities and 
inductances iiuoKcd li tlu ])aiallel usonant iu[pient\ of the 
anode ciicuit is slightly highci than tint oi the giid circuit, the 
ciicuit will behave as a tiiiud anode tuncd-grid oscillatoi, piodutmg 
high frequency parasitic oscillations 

Ihcie are two iiidin methods of c ombalmg this elfcet The first 
IS the insertion in the grid lead of a lesistance sufficiently high to 
ncutrahse the negative-resistanic component of the valve's input 
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impedance. Alternatively, a small air-core inductance may be pin 
in series with the anode ; this has the effect of increasing the strav 
anode inductance, and thus lowering the parallel resonant frequem'\ 
of the anode circuit. 11 this frequency can be brought down beli^v^ 
the parallel resonant ire(iuency nJ the grid circuit, the system will 
not oscillate. WJiethiT the grid resistance or the anode inductain i 
is used, it is important to make sure that it is connected as close ti. 
the electrode as possible. 


VARIABLE FREQUENCY OSCILLATORS 

t oarse adjustment ol frctpiency can be made in any tuned 
circuit {)'-(illalor by varying either L or C in steps. Fine adjustment 
is normally canied out by small continuously variable trimniei 
condensers across tlie main tuning coiiderrsir, IhongJi coiiLiniroush 
\'ariablf‘ iiuliu tances are sometimes userl. Not(' that in the two casis 
trc'ntefl malheinatically on pages 471 and 479, the maintenanrt 
condition involves hoth L and T, and a change in frequenr\ 
produced liy varying L and C wall also tliange the maiutenaiua 
condition and consequently the oiitjnit voltage. 

Freauency coverage 

An “ L-C" or tuned circuit oscill.itor with an adjustable 
irctpieiicy can be made using a variable condi'iiser for tlie tuning 
capacity (\ This is quite satisfactory at radio frequencies, foi 
althougli (hanging C will change the maintenance condition, it 
po.ssible to ariangc' a lairly constant r'utput voltage ovcjr a certain 
working fieqiu‘ncv range. Tbing noiiiial coin])onents, this fK’tpienc^ 
range gi\es a ratio o( a]jproxiinatcly three to one ; thus an oscillator 
could be made to give a frequency continuously variable Iroin 
1 Mc/s to 3 Mc/s 01 Irtim 100 kc/s to 300 kc/s. Such raiigi-s as thcsi* 
represent a wide variation in frequency, and such an oscillatoi 
could be useful as a lest oscillator at these fi eqiiencie.s. 

ConuTig dowTi the fieqiieucy scale to tlie audio range, however, 
an aiidic) oscillator could only he made coirlinuously varitible from, 
say, 300 c s to 900 c/s or from 1000 c/s to 3000 c/s, so that a single 
conliminusly variable fietpieiicy oscillator cannot cover the wliole 
audio range and would hr of little practical use. One of lire ea.siest 
soliitiojis to this ])ioblem is the ])eal-frequcncy oscillator (HFO), 
wliich can ea.sily he made to cover the wdiole audio frequency 
range. 

The beat-irequency oscillator 

Fig. 472 sliows, in a block schematic form, the essential 
cmnponenls of a heat-frequency oscillator. It consists of two high 
Irequency oscillators, one fixed and one variable, the difference of 
the two fretpieiicies being in the audio range. The two outputs 
are mixed together in a square-law detector or balanced modulator, 
and the products passed via one or more stages of amplification 
to a low-pass filter that passes only the audio component. By this 
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means the complete dudio ranf^e can be obtained fiom one fixed 
O'siillator, and one oscillator with quite a small jieiccnlaj'e \anation 
lor example, suppose the laneje iLquneil is 1) to 21) kt s and the 
tixeil oscillator has a fiequeiitt of KJO kc s , tliLii the otJui [)scillatoi 
Intel cnl\ be \ariable bct\Mcn 100 kt s and 120 ki s llic mam 
ad\ inlapes of ihis type of osnllatoi aic its siiupliLiL\ and the tact 
that a \\Lll-desi£ 5 nied BI 0 has a lairl^ Lonst.iiu oiit])iil voltti^e n\et 



1 lb 472 J SSI iitial I Jiiq [ ni nls dI a Olt,! Ii« i[iii ikv nsi ill iti 

ilu wliole frequency laii^i Oiu tlis ul\ anta^c is tin fa( t tint the 
jnulmtion of liannoiiK s is inoMlable in tlu ini\n ami tin oultmt 
o^ i JUO is const (pi( iillv iuv('r a peilttL snu wut irumonu 
distoiiion IS also ]jrodmtd iii a difftiLiit m i\ Siijiposi tlut the 
Uvo hiw,h-(u qiK lu V usnllitois art timid tj I()() 000 t/s uid 
100 200 t/s usp(ctntl\ the JuiidunLiitd in Ilu oiiljuit btiiif^ 
-00 I s SiiK t aiiv osLiIlitoi prodin I s liiiinonns iu f[ULncics 
f 200 000 and 200 400 ( s art ipplii d lo llii iniMi ])iodiiijn^ 
M (1 lain amount t)J 100 c s oulpiit ihi', is aLlduioii d to tlir sttonrl 
li mnonic distortion piodurcd l)\ Liu inixii llins tlu liinnoiiit 
flisloTlioii can be itdiuul bv iiisiiliiiw i low ]) ks IiIIm with a 
tut oil iiiquLiicy uJ siy, ISO kr s, btlwcui the fixul-fj t rjucm y 
nsi ill ttoi and the mi\(i I his rnsiiiis tint the 1 i\m1 osiillaloi 
ijiplu s ]iuic 100 kc s to tlu mi\(i uid tvtn thou/:;h the \ iiialile 
nsfillatoi may be rich in haimonu s tJitu will bt no hurnonirs in 
Ilu audio output other than thosi piodiitnl in llie inixer 

A second disad\anldf^t is that the oscillatois iiiiisl bi (xliemely 
stable for a variation of 1 pti rent in citlici ol tlu osiillatois m 
1 ^ 472 would piodmt an tiroi of 1000 c s in tlu aiidin eiilput 
fills irroi IS hugely minimised by making tlu two ostillatois as 
similar as possible so that an external intliunce that caust s the 
frequency of one oscillattir to vaiy may be assumed to cause 
a similar variation in the littpieiicy of the other 

Thirdly, if a ver> low ficqueney output is attempted there 
IS a tendency for the two oscillators to "lock ' at exactly 
the same frequency By using buffer amplifiers between the 
oscilldtors and the mixer, or alternatively by interposing a suitable 
bridge circuit, this can be largely prevented, and frequencies dowm 
to 10 c/s may be produced Notwithstanding these facts, the BFO 
IS excellent as a general purpose audio test oscillator 
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RESISTANCE-CAPACiry OSCILLATORJS 

Fig. 473 show.s an amplifier with a flat gain-frequency response, 
and zero phase-shift over a very wide frequency range. The outpiu 
of this amplitier is coupled bark to the input through a network 
whose phasc-sliilt varies with frequency. If it can be arrangeil 
that the phase-sliift of the network is zero, then the circuit will 
oscillate at that Irerjueiicy, provided that tlu‘ gain rif the amplitiei 
is equal to the h)ss in tlie network. For il this is the case, tlir 
feedback voltagt' is (‘qua! to tlie in])iit voltage in magnitiule and 
phase at this frequency, and this is the condition for the maintenance 
of oscillations. 


Linear 

_ 

ArnpliFicr 













Phase- changing 

Network 






473.- lllu‘3li alini; tlie inimiple uf the ri‘sislaiii i ~raparity usrillLiInr. 

Almost any I'nnibiuation of iiMctances and rf'sistaiu'es can be 
usihI lor the netwoik. It would be an advantage, however, il tin 
circuit could be arranged so that the required ainpliluM' gain is 
i]uh'])endi'nt oi lieijuency and a netwoik used tied has a nniiinuini 
attenuation at tlie. ziao phase-.shilt licqueiicy. (.nnsidcr the 
rcsistaiiee-capacity network oi Idg. 474. 





Tig. 474.—I’hase-chan^ing notwork suitable lor use in R-C o.srillators. 

Let Z^^ be the impedance of R and C in series. 

Let ^2 the impedance of R and C in parallel. 

e ^ _ Z2 _ 

E Zj -h Z2 


Then 
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But 


llenco 


Zj = R — > and 
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I Inis and E arL‘ in phase vvJieii :— 
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+ 9 


This is a minimuin when value at this 

frequency is 9. Thus at a single frequency given by / ^ 2nRC 

the phase-shilt through the network is zeio and the attenuation 
(voltage ratio) is a minimum and equal to 3 [see Fig. 475). Hence 
for oscillations to be maintained the amplifier must have a voltage 
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gain of 3. The frequency is controlled by varying the two equal 
resistors R simultaneously by means of a single control. 

Notice llrat fioin equation 14 the frequency is inverseh 
projiorlional to R ; it follows tlieirfore that if resistances and R 
give inuineiK ies and respectively, then R^ and /?*, in parallel 
will give a frequency of /j - 1 -/ 2 . 




T 11 . 475.--AtUnUiitii)n aiiil ])hasL‘ bliifl nf nrlwuik giviiif; zero pliase 
shill at 1000 l/s 


This siin))lilies the calibration of the oscillator, foi it is possdjle 
to use scMTal \anable rosislanctN in jiarallel for the vaiiable 
resistance R, one being calibrated 111 tens of cycles, anothei in 
hundreds, anothei in thousands, and so on. The frequency of the 
oscillalor will then be tlic sum of the frequencies indicated on the 
decade contiols, A fuitlier shnidification is possible if C is given 

20 X 10“ 

a value ot 0-00795 jxF. Efiuatiun 14 then reduces to/-- —-> 


and this sinnihries the construction of the resistance controls. It is 
also possible tf) nicicase the range of the oscillator by providing 
a “ inullipl}" by ten key ; this will merely substitute for C a 


capacity ecpial to 


C 

1 & 


The most important part of this type of oscillator is the amplifier ; 
for although the gain is only 3 (voltage ratio) the phase-shift must 
be zero at all frequencies in the working range ; thus the linearity 
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of tlie amplifier is the limiting factor in the frequency range. 
Another point about the amplifier is that the output impedance 
must be low ; for if this condition is not satisfied, it will be equivalent 
to an increase in the resistance of the series arm of the network, 
and cojisequently the calibration of tlie oscillatcn' will be upset. 
Voltage negative feedback may be applied to obtain this low 
output impedance. 



I'JG 47(i Skilituii cjiliuL L»f Ivvn osnllatoi 

A skeleton diagiam of an R-( ostillatoi is shown in l-'ig. 476, 
wliidi is inlt'iided meielv to sliow Ijow the phase-changing network 
IS iitted into thf‘ amplilua ciicuit ; no di tails ol IJie amjilifier are 
shown, as this follows standard piaclue 

Single-stage R-C oscillator 

It is jiossible to make a single-stage R C oseillator, jiruvidcd 
some network is coiiiiected betwM^en drioih^ aiiJ giul that introduces 
180° jdiase-shift to give positive fei'clhack. Several iietw^orks ot the 
tyjie shown in Fig. 477 can be used loi tins puijjose. 



The voltage across CD in this network will be ahead of the 
voltage across AB by sinne angle between O' and 90°, depending 
on the relative impedances of R and C at the frequency considered. 
To obtain 180“^ phase-shift, three of these networks have to be 
used, as it is not possible to get quite 90® pliase-shift from one. 
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lie. 47H SnmU stdr,L li ( ij..r ill^itru 

Ihe three iietwoiks die rfiuneiteil betweiii anode and ^nid, 
a ciiLuit of the lypt shown in hiji,^ 478 Ihis l\i)e of oscilldtoi 
most bmtal)Ie lor use at fixed iieriiieiicies 
«! 

THE MULTIVIBRATOR 

The most tonirnon ulaxation osnllaloi Liuuit, and the i)n]\ 
one to l)e (onsidired lure, is th(‘ imiltivihuitDi, sliown in hni; 479 



it lb assuiiud ioi sinipluity that A’, Ag ^ A4 and -- 

and this is usuall\ tlie case in piactiee It will be ^enii that Lhe 
multiMbiatoi consists ol a two-'.ta^a' nsistanLL-capaLit\ coupled 
anipliher, wuth the oiilpiit ted diieetlv l^ark to the input As the 
total ])hasc-shift tliunigh such an ainpliliei is 360 , eltail\ the 
circuit will oscillate, the iiecpiein^ dtpLiuling on the component 
values. 

To follow the otieiation of the iiicuit, suppose that, on switching 
on, a small positn e \nltage appeals on the giid ot This causes 
an inciease m the anode cunent of the valve F^, and a decrease 
111 the anode potential of F^ wdnch is passed to the giid of 
This decrease in tlie giid potential of F^ causes a decrease in 7^, 
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and an increase in the anode potential of Fg; this drives the grid 
ot F; more positive. Tliis process is continued and the effect is 
cumulative, the grid of growing more positive and the grid of Fg 
niore negative until Fg is biased back to cut-off; tbe whole process 
is, oj course, })ractically instantanetuis. The circuit reinaiiis in this 
cundition wliilc the negative potential on the grid of Fg leaks away, 
the tunc Jor this depending on the time censtaiit of and A* 4 . 
JJie positive potential on the grid of Fj disaj)pears mucJi more 
(jiiickly due to tlie flow nl grid current. As soon as the grid 
])oiential ot Fg reaches the point where anode current can flow 
once more, the anode potential of Fg will begin to fall clue to the 
tact that 1 2 i?» increasing ; this drives the grid of iicgati\'e and 
the wliole action is rejieated in the op])osite direction until V\ is 
rut oil. The grid j)ntential and anode current waveforms lor each 
valve are shown in Fig. 480. 



Fig 480. —Vanatif)ii uf ^liil and juiniln iniiiail in inullivjlnalnr. 


These waveforms are juirticularly ritli in harmonics, the anode 
currents being api)roxiniately si]iiaie wave, and this is one of tlie 
iTiiportant properties ol tlie multivibrator. Tlie second important 
property is the fact that tiic treciiiency can easily be locketl in 
synchronism with another irequenry. The best method if pentodes 
are used is to inject tlie synchronising voltage on to the suppressor 
grid of either valve. The multivibrator will lock even if the 
injected frequency is several times its own frequency. Suppose, 
for example, a multivibrator is working at a frequency of the order 
of 100 cycles per second. If a 1000 c/s voltage is injected, tlie 
multivilirator can be made to lock at 100 c/s. In this way a 
frequency dividing system is obtained. 

The frequency can be varied by altering /\3 and and may be 
05 low as desired by making these resistances large enough {e.g., one 




n T ■> 
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cycle per minute is quite possible with this circuit using very higii 
values for and ^^4). At the other end of the scale, the limit 
on high frequencies is about 100 kc/s, which is about the limit foi 
satisfactory resistance-capacity coupling. 

It was assumed fur simplicity that ~ R2, R^ = R4, and 
Cl — Cj; tins simplificalion gives a symmetrical output, the valves 
being cut off for equal peiiods of time. In the more general cast' 
when these cqualitie? do not hold, the operation of the circuit is 
just the same, but the valves are cut off for unequal periods, and 
the output IS asymmcliical. 



CHAPTER 11 

MODULATION 


ADDITION OF TWO SINE WAVES 

II two pure sine waves are a})j)lieil simult.ineDusly to a 
cemmunieaLitin system, their inslantaiieoiis amplitudes may be 
added. Fig. 481 shews the equivaleJil circuit of d ludwork in 
wliicli the sum of tli(‘ two voltages and apjM'ars across the 
impedance ; Fig. 482 shows the equivalent tirciiil of a iielwork 
in which tlie sum oi iJie currents ij and i, flows tliroiigh the 
impedance 


l| Li 



tin 481.—Aflilitinri nf Iwtj loo. 482.--Addition f)f two 

siniivsoidal voltage.s. sinusoidal ciiirents. 


Consider the two sine waves shown in Ing. 488fi and h. dliese 
waveforms have equal amplitudes, and tlieir fi ef|uencies fy and 
differ only slightly. The addition of these two waveforms is given by 
big. 483c. This resultant wavefonn r consists only ol licqucncies 
fi and/g; filters, tuned circuits, or any similar siinjile device will l)e 
sufficient to re-.scparate the iiideiiendeiit IrequtMicies. Aj^plyiiig 
Fourier's anal 3 ^sis to the waveionn verifies the fact that no other 
Irequeiicie.s arc pieseiiL. 


Curve c may, howcv^cr, be coiisirleii'd as a waveform having 
a frequency and vaiying in anqililiide in such a wa^^ as to 

f — f 

have a cosine-wave envelope of frequency - - ■ This may l)e 


seen from Fig. 483, and verified maLhematically. 

Let A , sin 2jTf^t 

and y.^ — A . sin 2jifyt 

Then y^ -]- y.^ ~ A (sin 2njyt -(- siii 

— 2A sin 2 . 1 ,^—--^ t . cos t 
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This IS eqiiivalfuit to a sine wave of freiiiiency —- varyiiij. 

cosiniisoidally in amplitude from -r2A through 0 to 2A, aiK 

baek lliiou^h 0 to 1 2A again, with a fierjuenty of If tin 

absolute aniplitndi of llit‘ waviform is ( oiisidi^uHl, the increase and 
decrease occurs al a fu^cpiincy of (J^ — fj), the latter is called 
the " beat fieipicnc} 



1 JG 483 Ailditiriu nl tvo sine \\a\is uf cquixl ainpliLillies [i ( \ — H). 


Beat notes 

The abo\e disi iissiun ajijdics to all simisoidal wavefoims and 
hence iL a|jplies niuall} will to sound ua\ cs This 1 wmiioi lani, 
because it gi\es use to audwh beat notes Suppose that the lie- 
(tueiuus under coiisidc 1 alion aie^i 255 C/S and f^ — 2Wl c s 
These two, when piesiaiL simullaiuoush, will pioduie i\aitlv the 
same sound as a 25(i e;s ^le(lULm^ \<LiMng in amiihtiule in a 
cosinusoidal inanneTwitha fieipuMic> of 2c/S, the two it suit ant 
w\ueformsaie m Jaet exactly eipin alcnt 

Whem frccpiLiu les of this iiatuie aie close togethei and in the 
audio lange the luunaii ear cannot clNtinguisU the induidual fre¬ 
quencies, and the tones ot 255 r s and 257 c s, when present simul- 
ttUieouslv, give the impicssion that a note of 25G c s is present, 
varying in aniphtudc at a frequency of 2 c/s This is called a 2 c/s 
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heat note If the frequencies were 254 c/s and 258 c's the ear would 
the impression that only a 256 i s note weie piesent varying in 
amplitude at a Irequenry of 4 l/s, and so on 

Houevoi this stale of affairs applies only when the fiequencies 
lu ilnse togflher vvillnn, say 30 ( s listening simullanLLUsly to 
notis ot 286 t s and 226 l s one luiis the t\^o puu snu waves, 
lint a note of 256 l s beating ” at 60 c/s 

Waves of different amplitudes 

So fai it his bt en as'5nmLtl tint tlu iniphtiule of the ‘^inL wa\e 
of liLquciir^ /, is the same is that ot ^ H the amplitudes are 



11C. 484 “\dilitinn of t-vk □ sine \vavc>. of uiic[|Utd amphtuLlcs ( 1 — ID] 


dilteient, the general shape of the resultant will alter slightly, but 
the beat note may still lie detected 

hig 484 shows the addition of two sine wav’^es when the amplitude 
of IS twice the amplitude of y 2 
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SynctaroniAing two audio frequencies 

This beat note phenomenon gives a very simple method oi 
synchronising two frequencies within the audio range, but it 
should be remembered that no beat note will be heard if the parent 
frequencies are outside the audio limits. In such a case an 
AC meter would give a cunvuiient method of detecting the 
vaiidtioii in ani|)lilu(Jp due to the jireseiice of beat notes, since the 
defleLtion tibtaiiied is a Juiirtinn f)f the envelope amplitude of the 
waveform. 

Waves of widely different frequencies 

Tills gimeral shape of \\a\eform is maintained until the 
frerpiencN of^'j liec otnes ix.u llv twn e ttiat of yjj When tins occurs, 


W^PLllunE AMPLiTUf^E 



M^PUTUDt: \MPLiTU0E 



fl) C J'l C' ^ ^ QjJ Yl 

f. I 

J H/ 4HS - VdditiDii f)f t\M) sine waves of dillcrcrit amplitudes, the 
fnMjueiuN nj OIK beiii^ twue that of the other 


tlie waveJorm is simply tJiat of a sine wave (of fiequeiicy /,) with 
second liaimomc ilistoitioii, the exart shape of the resultant 
depeiulmg on the lelative phases ol Vi andy., 485). 

When the Irequency of ib gi eater than twice that of y^, the 
resultant waveform sliows clearly the superposition of onyg. 
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(a) Addition of two Ainp waves of equal amplitude 



(b) Addition of two sine waves of unequal amplitude. 




(r) Addition of two sine waves the frequency of one being ten 
times the frequency of the other 


Plate 27 —CKO traces 
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Fig. 486fl shows the addition waveform of the sine waves v, 
and 3^2 tlie amplitude of equal to one-tenth of the amplitud- 
of 3 ^ 2 . Fig. 4866 shows the resultant of the two curves when tlit 
amplitudes are equal. In both ca.ses the frequency of yj is tweiitx 
times the frequency of Th(‘ two resultants should be contrastec! 
with those of Figs. 488 and 484. 



I'Ki 4S(v- ^(hlili^)ll of D sine \va\cs, the frequency of one being 
twenty tiini's the fiuriiuMiry of the other. 


AMPLITUDE MODULATION 

If the ami^litiide of a sine wave of freqiienev is varied 
sinusoidally between the limits A -|- a and A — a with a Ircquency/ 
- /.t’., tlie amplitude at any instant i.s (J -f- a . sin 'ItiJI] —then 
the etpiatii^n ol the result.int Avaveform will be ; - 

;y 1 |- rt • sin 2 -t//) . sin 

i.i\ y J (I sin 2nft) . sin 2:1 j^t (1) 

Such a waveform is known as an “ amplitude modulated ” 
wavelorni ; the frerpiency /, is known as the " carrier " frequency, 
and tlie ireqiiency / is known as the "modulating'' frequency; 
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known as the ‘ modulation hirtor ” and — ^ per cent, as (he 

J T 

' l)f n t nt ige nindulation (srr hig 487) 

>(]uitioii I foT till wa\ifoim md\ Iil siinphlu d b\ 

't/ f ) 

and 2 t/, — y> 

Ill this case equation (1) becomes - 

V == (1 4- ^ sin n^) sill pt (2) 



Sidebands 

liiis i( suit ml wi\iform il(»is iiol consist siinpK of fiequennes 
/ Liid Z' is would bi tin < LSI h ul llu two liupu IKiLs lui 11 added", 
in 1 n t till If is no loii^n Ln\ i oinponc nt ol biijuiiiiN / piesent in 
tin usulluil ill]ion.^li two new In qmin ii s /" \ f inrl/", -yiiive 

bt i II ])rodiii L fl 

I Ills nn^ bi \ i iifn d in itliein iticilh 

I (1 ^ sill I )^) sill pi 1 Mil pi 1 it sin pi sin r>/ 

I sin pi I los {p ^>)t (OS [p I i^)t (I) 

(from i qu ition 40, p 4S) 

K will i)c noted lint the tiniiilitudi a uid tin liLijinin \ / ( / ) of 

2t 

tin mudulatiiif^ wa\ i foiin ajipt ii only in tin si c oud iinl tliuil terni'i 
Con si del 111 ^ the ((inis siparatiH 

(а) 4 sin pt <oirtspends In a siin wi\i of tin lairier 
ficipiLm^ (/,) and of inaMinuni iniphtudi J 

(б) (OS [p i))t Loiit sj>ninls to L sine (oi i nsiiii) wa\ e of 

Irequenrv and of maximum amjililude This fre¬ 

quency IS known as the ‘ lowci sideband " (LbB) frequency 
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(c) — ^ cos (p -f vci)i corresponds to a sine (or cosine) wa\‘ 

111 licqui'iK'v (j^ I /) and of maximum amplitude Tin 
frequency is known as tlie “ uppei sideband " (USB) frequeiu\ 

It lolluws, tlicirefore, that an amplitude modulated waveform i- 
equivalent to three sine waves, namely the carrier, tlie uppfi 
sideband, and the lower sideband. 

Thus the waveform, shown in Fig. 487, may be separated hv 
filters or tuned circuits into its three constituent sine waves haviii^:, 
frecjuencies/,, [f, -\- f), (/c -/)- 

Conversely, three sine waves having the correc't amplitudes, 
frequency and ])hase will, when present simultaneously, be etpiivaleiit 
to an amplitude modulalecl waveform. 

Example.—- 

11 a carrier Iretiucncy oi G kc/s is amplitude modulated by an 
audio frecpicMicy of 1600 c/s, what frequencies will be present in 
tlie output ? 

Carrier 6 kc/s 

Upper sideband ~6 + l- 6 — 7-6 kc/s 

Lower sideband — 6 — 1-6 — 4*4 kc/s 




LbB 


:arr\lr 


4-4 


b 


US& 


FRLaUENCV kc/b 


48H — SidcbaiitU j)rr(luLefl vhen a (arrit-r frequency of 6 kc/s is 
mmliiltited by an niuliu frequinicy of 1600 c/s. 


If the carrier frequency is modulated simultaneously by a number 
of frequencies a number of sideband frequencies will be produced. 

Example .— 

If a carrier frequency of 300 r/s is modulated bv a square- 
waveform of 25 e/s, what frequencies will be produced ? 

A square waveform of 25 c/s may be considered as the sum of 
an infinite number of sine waves (p. 106), all of which are odd 
harmonics of a 25 c/s sine wave, the amplitude decreasing a.s the 
number of the harmonic increases. The modulating frequencies 
present are therefore 25 c/s, 75 c/s, 125 c/s, 175 c/s, etc., with 
decreasing amplitudes, up to infinity. 

These will give rise to a series of upper and lower sidebands, 




(c) "^IDF^ANDS PRODUCED 

Img 4S9 —Mn.luldticm of 300 i/s with a sqiiare-wavi^fonn, fif^qiirnry 25 c/s. 


It should be noted that 100 per cent, modulation with such 
a square-wavefonr. i, equivalent to switchinR the carrier on and off 
0.1 a rate of 25 limes a second. 

If the carrier frequency is modulated by a band of frequencies, 
only the highest and lowest frequencies in tlie band are usually 
considered, and the sideband frequencies produced by these are 
calculated. All other sideband frequencies will be within these 
limits. 
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Example .— 

A carrier frequency of 16 kc/s is modulated by aiidiii 
frequencies ranqinf^ from 300 to 2700 c/s. What will be the ranf/' 
of the upper and lower sidebands? 

[fOO r/s will produce an uj^per ^idel)aiul frequency of 16-3 kc 
and a lower siileband Irequeniy of 15-7 ke's. 

2700 c/s will produce iin up])er sideband frequency of 18-7 kc - 
and a lower sideband Ireqiieney of 13-3 kc/s. 


lii 


15 7 


16)3 


IB7 


L5B 


k-USB-H 


-1--1-^ 

l6Kt/5 r 

jrti^ucncy 

I'lr.. 490 Si(U‘l)rinils pujcluiiMl \\litMi a LarriL ‘1 froquency nf 18 k(./s is 
iimplitiule inudulaleiJ by aurliii liL‘f|iiiiiu les of 30U t/s ami 2700 i/s. 

Thus tlie upper sideband will ranqc fiom 16-3 to 18*7 kc/s, 
and llie lower sideband will ranqe fioin 15-7 down to 13-3 ki'/s, 
as shown in 490. 

Application of modulated wavefonns 

The (diief function of a modulated wavtdorni is to tiansmil the, 
intellif.fibi]it \ ()iif:^dnal]v containiMl in the inodulatiuf^^ sij^^nal, but 
in a differenl fi(iiuenr\^ band d he tiansini^sifui of int(dlif;ibilit\ 
entails the iKiiisinission ol siprals con espondin;^^ to both I he 
ainplitudi* and the iuMjueni't' ol the modulating waveform. It may 
be coiiM^yed in the folljiwint; w.ivs : - 

(1) liv transmitting the complete amplitude-modulated 
si^uial, I'oiisistinf; ol carrier, upjier sideband, and lower sideband, 

(2) bv tiansnnttin/^ the carrier and the upper sideband oiilv, 

(3) by transmit tint; the carriei and the lower sideband only. 

(4) by tiansmittin^; the iqipcr sideband .done, and replacint; 
tlie carrier at tlu' leccdvinq station. 

(5) by li ansinitting I he lower sideband alone and replacing 
the carrier at the rcccdvirrg station. 

In all cases the original modulating signal is regained at the 
receiying station liy a process known as " demodulation All tlie 
above metliods an‘ employed in line communication systems, and 
will be discussed more fully in rhapter 22. 

Since the intelligibility is contained in the sidebands, it is useless 
to tiansmit the carrier alone. The only remaining method would 
be to suppress the carrier and to transmit both the upjxir and lower 
sidebands together. Tliis method has not been included in the 
above list, since it is seldom used owing to the practical difficulties 
of demodulating the signal at the receiving end. In such a case, 
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the carrier must be replaced at the receiving station with not only 
exactly correct frequency, but also the correct j)luise. 


MODULATORS 

Th.e function of a modulator is to produce sidebands. As has 
been seen, the exact composition of the signal transmitted, and 
iience tlie modulatt)r used, will depend on the method of working 
adf)pled. The modulators now to be described all deliver, in their 
()Ut])nt, tlie carrira* liaMpieiicy as well as both upper and lower 
^idcbanrls. and they illustrate the fundamental piiiiciples cf 
ainplittitle mt)dulalion. After these, will be described the modulators 
used when it is desired not to transmit the carrier. 

Non-lineaj impedance modulator 


1 

NON-LIMEAR 

IMPCClANCt 

J 

J 

MODULATING Q 
SIGNAL 2 

INPUT 3 

f 3 

o 

<=> 

_✓ 

e, 

= 1 

: 


QQDOQQOQ / 




bio. 491.— Simple nun-Iinnn 

CARRIER 

INPUT 

/c 

1 impeil.iiiLL* ] 

UDLlulalm . 


big. 491 shows the circuit of a siin])l(i non-linear im[)edanei' 
(NLl) inotlulntor. Assume lhat the non-linear iinj)e(laiie(‘ has 
a characteristic such that - 

i ^ a |- h . e | c . e- 

where c is the voltage aiiplied, i is Lhe current flowing, and a, h and c 
are constants. 

Tct the current flowuiig be I, 
and the voltage aj^jdied f- e, 

Ey sin r-j/ j E, sin pt 

Iience /- a \ h [E^siw od E,^^\n pt) - f (/:\ sin ud \-E.^^m pt)^ 

~ a r tid T hE^ sin pt )- cEyE^ cos [p - vj)t 

— cE^E^ cos (/) -1 ui)t ^ harmonics. 

= DC !' modulating signal -f carrier |- TSH |- USB 

+ harmonics. 

If it is desired to oljtaiii an output voltage cfuitaining the modu¬ 
lation products, a linear impedance / must be included in the 
circuit, and the voltage taken off from across Z, 
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Thermionic valves and metal rectifiers as modulators 

Although any non-linear impedance may be employed as 
modulator, there are two main classes of modulators in general use : 

(1) Thermionic valve modulators, normally employed wht^n 
the complete modulated waveform is to be transmitted. 

(2) Metal rectifier modulators, normally used when a sup 
pressed carrier" output waveform is required. 

Valve modulators 

The circuitsemploying valve modulators may be divided into two 
classes. In the first, the modulating frequency and the carrier frt - 
quencies are both applied between the same grid and the cathode (sci 



Tig. 492), and the non-linear part of the mutual characteristic of the 
valve is utilised to produce the required modulation products. In this 
respect the valve iK-haves in a similar manner to the non-liiicar 
impedance just discussed, except that the amplification property 
of the valve is utilised in addition to its nou-linear property. Tins 
method is known as " grid modulation ". 

The disadvantage of this method of modulation is the interaction 
that tends to occur between the carrier and signal input circuits. 

In the second class, se]>arate electrodes are used for the injection 
of the two frequencies, and reliance is placed upon the fact that the 
voltage applied to one grid ])roduccs a variation in the slope of the 
mutual characteristic of the other. Since the only coupling between 
the two signals is via the electron stream, interaction is reduced to 
a minimum. However, this method entails the use of a multi-grid 
valve, of which the pentode is a simple type. Fig. 493 show^ 
the use of a pentode valve as a modulator, the modulating signal 
being applied to the control grid, and the carrier frequency applied 
to the suppressor. This method is known as suppressor grid modu¬ 
lation ; the circuit is taken from a high frequency carrier telephone 
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system. Fig. 494 shows the effect of variations in suppressor voltaq* 
on the control grirl mutual characteristic for a typical penLuil,^ 
valve. 

As has been seen in Chapter 7, a number of different iypv< 
of valve have been desi^med specially for use as modulators. In 



Fig. 4^5.—Modulatinn using a triLiJe-hexode frequency changer. 


certain cases the Iriode oseilLitor producing the carrier frequeiuy 
may be included in the same envelope. Fi^^ 495 shows a modulator 
circuit employing a valve of this tyjie—a triode-hexode, 

Metal rectifier modulators 

In carrier telephone circuits, wliere the carrier frequency is low 
(below 40 kc/s in a three-channel carrier telephone system), metal 
rectifier modulators may be used successfully. At higher frequencies 
the inherent ca])acily of the lerfillers introduces a shunt loss, and 
unless rare is taken to reduce this loss to a minimum, satisfactory 
working will be. inipossilde. Metal rectifier modulators cinploving 
low-capacitv lectifier elements have nevertheless been devised for 
operation at carrier frequ<*ncies up to 2 Mc/s. Above this frequency, 
thermionic valve modulators are used. 

Metal reclifior modulators are low-level devices, and will operate 
only at a part of a circuit where the power level is low, TJiis means 
that, in general, such a metal rectifier modulator will be followed 
by a power amplilier. 


MODULATION IN SUPPRESSED CARRIEB SYSTEMS 

The output of all the modulators so far described consists of 
both upper and lower sidebands and the carrier. The “ balanced " 
modulators now to be considered " suppress ” the carrier, so that 
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their output contains no component of carrier frequency, but only 
the two wanted sidebands, plus some unwanted products of 
niodulatinii, which can be remn\ ed by tilters. 

Balanced modulators 

A balanced modulator is one that ^nves an output containinfif 
line upper and low'er sidebands, but with tlie carrier suppressed. 
TIic presence of tliese two sidebands simultaneously will give rise 
to an output corresjionding to a beat note waveform. 



(i) UPPrR AND LOWER SIDLBAND POTSENT SIK^ULTANLOUSLY 


I'lG 496 — Adclitinn uf tuo sulehamJs witlnnd carrier. 

Fig. 497a shows a typical balanced modulator circuit. The 
carrier is applied to the centre-taps of transformers T\ and T2, 
and provided that rectifiers IFl and W2 are cxai'tly matched, no 
carrier frequency romj)oncnt will be present in the output of T2. 
A " carrier leak " roiitrul may be provided by the insertion of a 
potentiometer ai B, as shown in Fig. 497ft This potentiometer 
enables the relative magnitudes of the carrier cunents flowing 
through the two halves of the primary of T2 to be adjusted until 
the minimum carrier output is obtained. 

The operation of this balanred modulator will now be explained. 
It has been seen that the impedance of a metal rectifier to small 
AC signals varies considerably with the DC bias voltage applied 
(see p. 293), being very small when the rectifier is forward-biased, 
and very large when the rectifier is back-biased (see Fig. 497<;). 

(9793i) 2K2 
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C^) 

Fig. 497.—Balanrprl mndulator. 


Assuming that the amplitude of the carrier input is large com¬ 
pared with the modulating signal input, only the biasing of the 
rectifiers by the carrier need be considered. Consider the half¬ 
cycles of the carrier when is at a higher potential than B 
(Fig. 497fl) : the rectifiers will be forward-biased [see Fig. 49B), tht 
path between the two transformers T\ and T2 will have a low 
impedance, and the signal tone will pass ft") the output. During the 
other half-cycle when B is at a higher potential than A, the 
rectifiers are back-biased [see Fig. 499) and the impedance between 
T\ and T2 will be high, preventing signal lone from passing to th(‘ 
output. 


I 



Fig. 498.—Application of small alternating voltage to a forward-biased 
metal rectifier. 
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Fig. 499.—Application of small altcrnatinp voltage to a back-biaaeil 
metal retlifier. 


Tlie input uiid outiMit wavefoiate shown in Fig. 500 The 
oiiLpiit waveform appeals to show no reseniblanre to the anticipated 
waveform ot Fig. 49(ic. This is due, however, to the presence of 
a large number of fiequoncies, including a modulating signal 
component in addition to the upper and Irivver sidebands. The 
output waveform follows tin* modulating signal input during the 
positive halt-(ytles of iJie earner, but is zero during the negative 
half-cycles. This is exactly the waveform produced when the 
signal input wavefonn of Fig. 500a is multiplied by the square 
waveloriii of Fig. 500f/. 


Dutput - sin rnt y I 


{sin pt ^ sin 3 pi -f- 




2E 2E 

sin (ot ( —sin pi . sin fot -|- sin 3 pt sin tU -1- . . 



j^cos (p — a))t — COS [p + 

+ ^ Tcos {3p — v))i — cos (3/) 4“ + . ■ - 


^ modulating signal f- upper and lower sidebands of 
earlier frequency 4 upper sideband and lower side¬ 
band of 3 times carrier frequency 4- . . . 


The output thus consists of a modulating signal component and 
the wanted upper and lower sidebands, plus an infinite number of 
sidebands corresponding to the odd harmonics of the carrier, the 
amplitude decreasing as the number of the harmonic increases. 
Note that there are no sidebands present corresponding to any 
harmonics of the modulating signal. 
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(c) 
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Fig. 500. —'Waveform produced by balanced modulator. 
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The Cowan modulator 

An alternative fonn of balanced modulator frequently used in 
America is the Cowan modulator shown in Fig. 501. 


Tl T2 



I Corner 

^ //rpo6 —* 

Fig. 501.—^Tlie Cewan modulator. 

Its o]nTation may be expl.iined as follows. DniiTig tlios*^ half- 
cycles of the carrier wlnm A is at a highi r potential than B, as 
indicated iji Fig. 501, all the rectifiers aie back-biased, and the 
rectifier nctwoik presents only a negligibly small sliunt loss in the 
signal path from T1 to T2 (set; F'ig. 502ri). 

During those half-cycles ol carrier wlien B is at a higher potential 
thrill A, all the recliheis arc forwtiul-biased, and the rectifier 
nefwork presents a virtual short-circuit across the signal path, 


T I T2 
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preventing tone from reaching the output. This will give rise i , 
exactly the same output waveform as that shown in Fig. 500r, an ' 
the output will contain the modulating signal, upper and low^ > 
sidebands, and additional modulation products, but no carriri 

Double-balanced bridge-ring modulators 

It is possible to design modulators in which not only the carrier 
but also the modulating signal frequencies are suppressed. TIk' 
suppression of the carrier is achieved in a manner similar to that 
employed in the balanced modulator, namely, by applying the 



carrier to the centre-taps of the iiijmt and output transformers, 
a carrier leak potentiometer being inrorporated if required. In 
addition, the modulating signal is suppressed by airanging the foui 
modulating rectifiers in the form of a bridge. The modulating 


T1 wi TZ 

' I . ' 
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signal input is applied across one diagonal of this bridge, the output 
being taken from the other diagonal, as shown in Fig. 503. In this 
manner, sidebands will be obtained in the output free from 
modulating signal or carrier frequencies. 

This bridge network shown in Fig. 503 may be redrawn in the 
lattice form, as in Fig. 504. 

To deduce the output waveform from such a modulator when 
the amplitude of the carrier input is large compared with that of 
the modulating signal, consider the biasing effect of the positive 
and negative half-cycles of the carrier input on the rectifiers. 


T1 





1 1 C 505 —Double-balanced bridge-ring modulator with series rcitifier 
elements for^^d^d-biased and parallel rcctiJier elements back-biased. 


When IS at a higher potential than B, rectifiers W\ and TF3, 
being forward-biased, will offer a low impedance path, wliereas 
rectifiers W2 and 1^4, being back-biased, will offer only a high 
impedance path to the signal passing from transformer T\ to 
transformer T2. The majoritv of the modulating signal current 
will therefore flow through the low impedance offered by l^'^l 
and W3 {see Fig. 505). 



Fig. 506.—Double-balanced bndge-nng modulator with senes rectifier 
elements back-biased and parallel rectifier elements forward-biased. 


On the next half-cycle of carrier, B will be at a higher potential 
than A ; rectifiers Wl and W3, now being back-biased, offer a high- 
impedance path, but rectifiers W2 and W4 provide a low impedance 
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path. The majority of the signal will therefore pass from 
transformer T1 to T2 via the low impedance offered by 11^2 
and ]r4 (see Fig. 506). 

It will be noted tliat after each hall-cycle of the carrier the signal 
ill the output undergoes a phase-shift of 180°. Since the carrier 
Irequenrv will, in gt*neral, be greater than that of the modulating 
sigiiLil, this cliaiige in phase v^ill occur several times during each 
cvile of the input signal; tlie output waveform wlien the carrier 
fiequency is ten times the modulating signal frequency is sJiown in 
Fig, 507 l:. 

11 will be noted that the output waveform c differs slightly from 
the beat note waveform d of the two sidebands. This is due to the 
presence of liarmonics. 

Tnsticction of the output wavefonn shows it to be equivrdent to 
the modulating signal waveform multiplied by the square w^ave- 
forin t\ Since tlie square waveform has unit amplitude, and the 
same frequency as the carrier, it may be represented by the 
equation :— 


sin pt -\ J sin 3 pt |- J sin 5 pi -\- 




Thus the output waveform ineiy be represented by :— 


4 " 

X - 

7t 


X - sin pt |- J sin 3 pt b \ sin 5 pi + 


AE 

71 


■ [ 




sin u)i sin pt -f J sin mt sin 3 pi |- ] sin (ol sin 5 pt 






cos [p -- U))t — cos [P ot)tj 

[^cos (3p — w)/ — cos {3p -|- o))t^ 

l^cos {5p — v))t — cos (5/> -h + . . . 


It will be seen that this result is similar to that obtained for the 
balanced modulator. However, llic modulating signal component 
IS no longtjr present, and by comparing the equations it will be seen 
that the sidebands have Uvicc Die amplitude, indicating tliat an 
improvement in the output is obtained by the use of the double- 
balanced bridge-ring modulator. 


Other forms of double-balanced bridge-ring modulators 

Several arrangements of the double-balanced principle are now 
used. Fig. 508 sliows a double-balanced modulator having an 
improved rectifier biasing system. 

Tliis circuit may be redrawn to empliasise the double-balanced 
structure by considering T2 as two transformers in series (Fig. 509). 

To explain its operation, Fig. 508 is redrawn once again as in 
Fig. 510. 
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Fig. SOS.—Double-balanced modulator—alternative form. 


Considerinf^ the positive half-cycle of the carrier, rectifiers Wi 
and W4 are forward-biased, rectifiers W2 and W3 are back-biased 
(Fig. Considering the negative half-cycle of the carrier, 

rectifiers W2 and W3 are forward-biased, rectifiers Wl and W4 are 
back-biased (Fig. 511&). 

IL follows that the input signal undergoes a phase reversal on 
every half-cycle of the carrier, and the output waveform must 
therefore be the same as that produced by the first bridge-ring 
modulator discussed (see F^ig. 507c). The output thus contains the 
two sidebands, but no carrier frequency and no modulating signal 
frequency components. 



Fig. 509.—Double-balanced modulator (redrawn to explain operation). 
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Fig. 511.—Operation of double-balanced modulator. 


IfldiflO I I indiTO 
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It will be noted that R limits the carrier current flowing, ai- ! 
that the potential drop across R lends to back-hi ls all the rectifir^i 
However, wlien in opc:ration, one pair of rectifies s is forward-bia'^i, I 
by lialf the windings of T2 whilst tlie other pair ire back-biased bv 
the remaining windings. 



CARI^IEI^ 

INPUT 


Fig. 512. — Alternative tyiic of iloublc?-balancpd modulator. 

Fig. 512 slinw.s an altemalive type nl modnlalor in use , the 
principle t)l opera i inn is verv similar aiul it giv(‘s Lhe same out]ni1 
waveform (Fig. 5()7r). 


V\ 



INPU" 

Fig. 513. — Simple double-balanced modulator. 


Its derivation from the simple double-balanced modulator mav 
be seen from Figs. 513, 514 and 515. Fig. 515 will be seen to h 
identical with Fig. 512. 
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Replacing T\ by a transformer having one primary and Jour 
becondary windings, Fig. 514 is obtained. 

w 



lio. 514.—Derivation of alternative type of tlouble-balanccd modulator. 


Replacing 72 by a five-winding transformer gives Fig. 515. 



Fig. 515.—Alternative type of double-baJaticed modulator. 
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Plate 28.—CRO traces using a double-beam tube, 
fa) Output of bridge-ring modulator (above). 

(6) Addition waveform of twfo sine waves having the same 
frequencies as upper and lower sidebands (below). 

DEMODULATORS 

The function of a demodulator is to reproduce the modulating 
frequency. The method adopted in the process of demodulation 
dejfends on whether or not the carrier frequency is present in the 
received waveform. If pnsent, demodulation may be carried out 
simply by using a non-linear impedance, this process being known 
as detection. 

Linear detection 

When the non-linear impedance adopted is the metal rectifier 
or the diode valve, the process of detection resolves itself into one 
of rectification (see Fig. 516). 

Assuming the non-linear impedance employed has a charac¬ 
teristic as shown in Fig. 517, the waveform after rectification can 
be considered to be the product of the input waveform and a square 
waveform of carrier frequency (Fig. 518). 

The output waveform 

--- A sill pt ^1 + ^sin “ (s*" pt + 3 pt ■ 

= . . . + ^. sin . .4 sin ^1 sin . . . 
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Fig. 517 —Rpctification of amplitude-modulated waveform. 
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Amplitude 



Arnplitiiiie 



* Fig 51S —Kectilier (uitpul Lonsiiloind as tJip prodiii t nt llie nii)clul.itL‘d 
taniLT input, and a srpiaio A\a\u of carriiu frct^iK'iK.y. 


™ ” 0 ~ ^^0 0 ^0 

— . - • — — CDS 2/)/ ]— ^ . sin lot -^ . sin «>/ . cos 2/)/ 

TT 77 71 71 

f f 

DC ModuLiting frequency 

The term — sin w/concs]H)nds to the original modnldting frequency, 

which is the lowest alternating frequency in the output. It may be 
separated from all the other components of detection by means of 
either a low-pass tilter or a resistance-capacity network. 

The diode as a detector 

A diode valve may be used as a detector (or demodulator) for 
an amplitude modulated signal \VhcTi tlic carrier frequency is 
high compared with the modulating frequency, a resistance-cap^acity 
network may be used to separate out the required modulating 
frequency from the products of detection. Such circuits will now 
be considered. 
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Wlien used as a detcetor, the diode may be arranged in the form 
of cither a scries circuit (Fig. 519^) or a shunt circuit (F'ig. 519&). 
In each case, R is the load resistor across which potentials at the 
infidulating Irerpioncy are required. Considei lirst tlie sciies diode 
f)f Fig. 519«- If an unmodulated cairicr signal were applied to the 
input ol the circuit and tlu* load resistance R weie disconnected 
linm the niciiit, electrons Mould How in the diiectiuii shown, 
wheiK'ver the anode were made posilna^ with lespect to the cathode 
—that is, on every “ positive ” half-cycle —until the potential 
aci os*-' were equal to the peak vnllage of the incoming carrier 
sigiiiil. The pusence of the load lesistor R causes C to discharge 
.slightly during the half-cycle that makes the anode negative with 
respect to the cathode. Tims tor an unmodulated input a voltage 


Elt efrons 





fd) 



Ir) 

Fig. 519.—Tlic ilindo as a rlrtr*ctnr, shnwJTi;^ 
(a) senes, and (6) l minertions. 


is developed across R wdiich is composed of a T)C voltage slightly 
smaller than the peak volljgi' of the cairier, and a carrier 
ire(]iiency ripple whose magniliidt* will depend on the time constant 
of R and C. If the tiiin* constant is large, the voltage across C will 
drop verv liLlle during one half-cycle of the carrier, and the ripple 
will be small. If the ajiphed signal is a modniaterl earner signal, 
as ill Fig. 519f, and tlie time constant of C and R, although large 
compared with tJic periodic time of the carrier, is small compared 
with the periodic lime of the highest modulating frequency likely to 
be encountered, then the voltage developed across R will have the 
form of Fig. 519c/. That is to s.iy, the voltage across R will still be 
slightly less than the peak voltage of the applied carrier (together 
with a carrier ripple), but in view of the low value of time constant 
of C and R (compared with the periodic time of the audio 

(97931) 2L2 / 
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modiilating frequency), this voltage across R will be able to follow 
the audio-frequency variations in the applied HF peak voltage. 
The alternating component of the voltage across R is then fed via 
a DC blocking condenser to the grid of the next stage, which will bo 
an audio amplifier. 

The shunt diode (Fig. 519&) will give similar results. On the 
half-cycle of carrier that makes the anode positive with respect to 
cathode, electrons will flow from cathode to anode, charging the 
condenser C with polarity as shown. On the other half-cycle, 
electrons wiU flow downwards through the load resistance R. 
Across C is developed a DC voltage, plus a carrier ripple, and also 
an audio-frequency variation if the input is modulated and the 
time constant of C and R is of suitable value. The voltage across R 
will be as shown in Fig. 5i9o. 

Metal rectifier as detector 

In the above example of diode detection the diode valve may be 
replaced by a metal rectifier. In fact any method of rectification 
emplo 3 nng metal rectifiers may be used as a form of detector. 



Fig. 520.—Metal rectifier detector. 


Fig. 520 shows the use of a full-wave bridge rectifier as a 
demodulator, a low-pass filter being employed, in this case, to 
eliminate the unwanted products of demodulation. To ensure 
efficient operation, a path must be provided, usually within the 
LP filter, for the DC component of demodulation. 

Square-law detection 

Square-law detection is the name given to detection by means 
of a device such that the application of a sinusoidal input gives 
rise to components in the output proportional to the square of 
the input. Anode bend detection emplo 3 dng a valve biased to 
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m 



Input I 

Fig. 522.—Principle of square-law (anode bend) detection. 


operate on the curved portion of its characteristic is an example of 
square-law detection {306 Fig, 521 and Fig. 522). 

A summary of the principal frequencies produced by both 
square-law modulation and square-law detection are given in 
Fig. 523. 

/ = frequency of modulating signal. 
f, = frequency of carrier. 
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Fig. 523 - FiequcMir le-. jnuiliueJ b} sijikhc-Luv mndulatiDji aiul demodulation. 


DEMODULATION IN SUPPRESSED CARRIER SYSTEMS 

As has alioacly hvm slatrrl, wlicn only a siiiplo sidebanrl and no 
carrier is tiansiniUed, Ihe inodulatiiif* fuHjueiu'v inay be reproduced 
by modulating lire nceived waveform, rising a local oscillator to 
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Fig. 524-—Frequencies produced by modulation and demodulation. 
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generate the carrier frequency. Any of the forms of modulator 
described above may be employed. Suppose that tlie lower 
sideband (/,—/) i.s received ; modulating it with the rarrior f, will 
j)roduce an upper sideband (2y, — f] and a lower sidihaiul / (see 
Fig. 524). Since only the lower sideband is lequired, the upper 
sideband niust he removed by means of a filter. 

Demodulation using simple balanced modulator 

The circuit u.sed for modidation (str Fig. 497) may also be used 
for demodulation. Tlie earner fie.iuency geneiated by the local 
ostillatoi is fed into the (cnlic taps of the transloimeis, as before, 
the incoming sidebanrl being ajqdied to tiansfoimer 7\. The output 





deban J ins, Icbed 
carrier ♦r’fyjenc_)l 

Fig. 525.—Simple btiLiiKOil clcniudulaLor waveforms. 


waveform (see Fig. 525c) is produced by the sideband being swiLchcd 
on and off at the carrier frcqiicnc 3 \ 1 liis output waveform contains 
a component corresponLliiig to the oiigiiidl modulating signal. 
This may be shown mathematically :— 

Let the received sideband be :— 

^ £*1 sin {p + Q))t 

and let the local oscillator generate a signal:— 

C 2 = £*2 sin {p + S)^, 
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which represents a signal having a slightly different frequency fron 
that originally fed to the modulator at the sending end. 

If £2 is large compared with Ej, then the output waveforn 
corresponds to a square waveform of unit amplitude and frequenc\ 
p+h 


2 x 


multiplied by the received sideband [see pages 508-9). 


Tlie output wavefoimyg is therefore :— 

F 2E ( 

3/3 = sin {p+ co)t H- —^ sin (p+ w)t . |sin [p+ ^)t 


+ ^ sin 3 (/) + -|- 


= (p 4 o))f + (sin (p f (o)t . sin (p + B)t 

L 7* V 


■) 


+ - sin [p + (ii)t . sin 3 (/> + S)/ + . 


•/ 


sin {p f oi)t + I cos (w — S)< — cos (2/) -|- co -I- S)<| 
+ jros [2p - w -1 38)< - cos [Ap + w + 3 S)/| + . . . 


E 

The required signal is represented by the term—^ cos (co — 

71 


and it will be seen that its frequency has been changed by —. 

Zti 

This shows that the signal obtained will have the same frequency 
as the modulating signal onl^^ when the two carriei oscillators are 
exactly syndii nmsed, otherwise the letcivcd frequency will have 
been rh.uiged by the amount of the discrepancy between the two 
oscillators 

ProAuded only one sideband has been tiansmitted, the phase 
with which the tarnei frequency is replaced is of no consequence. 


Demodulation using double-balanced modulator 

In a similar niannei, the double balanced modulators shown in 
Figs. 503, 508 and 512 may be used for demodulation Once again, 
the carrier frequency must be generated by a local oscillator. 

The output waveform (sre Fig 526f) is pioduced by introducing 
180° phase-shifts in the sideband at the carrier frequency. Owing to 
the double-balanced nature of the modulator, there will be neither 
sideband nor carriei uim])onents iii the output The output will, 
however, contain a component corresponding to the onginal 
modulating signal 

This may be shown mathomatically; assume that the received 
sideband is :— 

= El sin [p + ^ 

and that the local oscillator generates a signal 
^2 = ^2 • sin (j5> + S) . ^ 
then the output waveform will be :— 
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Fig. 526 —Doulile balaiupil biidf;c iiiif' ilcinrjdulitnr wa\old]ms 


. sill [p [ fol t . |sin (p 1 - ^)f sin 3 (/> t ^)/ t- ■ • -| 

2/t ( 

- (i/j — f(JS (2p I V) I o')/ 


f- i U)S (2/) — m ) 38) t-\y (l/> i- I 38) M ... I 

2 / 

The icquirod signal compuncMit is—-N Ob (ro — 8)^, i.e., it has 


twice the amplitude of that obtciined in the case of the simple 
balanced modulator, llie same need for synchronism between the 
two cairier osciUatois is still applicable. 


AMPLITUDE, PHASE, AND FREQUENCY MODULATION 

So far mention has only been made of amplitude modnlation. 
There arc two other modulation systems occasionally used in line 
communication, namely, " idiase modulation and “ frequency 
modulation Briefly, the characteristic features of the three 
systems are as follows :— 

(1) Amplitude modulation (AM ).—^The intelligence is con¬ 
tained in the amplitudo term ; the carrier amplitude is usually 
a linear function of the instantaneous amplitude of the 
modulating waveform. 
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I'jG S27 - Wavcfoims using a smc* \\a\c as tlic mudulaling signal. 


(2) Phase })ioduliifi(m (PM) —The amplitude of the rarriei 
is constant ; the intelli^cnre is imposed hy causing tlic 
instaiitaiicous pluisc tcim to be a linear function of the 
iiistantLineous amplitude of the modulaling waveform. 

(3) Ffequcncy modulation (FM ).—^The instantaneous fre¬ 
quency is a linear function of the instantaneous amplitude 
the modulating wavefonii 

Fig. 527 shows a carrier (&) amjilitudc-, (c) phase-, and 
fiequeiicy-inodulated by a given sinusoidal modulating signal. 
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CHAPTER 12 


THE CATHODE RAY OSCILLOSCOPE 

^lie study and measurement of alteniating currents and voltaf^t s 
“*■ is a most important one from the communications point of view 
It has been shown that meters may be constructed which 
certain restricted information about, say, an alternating voltage 
Such a voltmeter records cither the RMS, the mean, or the peak 
value of the voltage, depending on the calibration, but it gives no 
indication of the purity of the wavelonn ; that is to say, a metei 
cannot differentiate between a voltage having components ai 
different frequencies and a pure sinusoidal voltage of the sainr 
RMS (or mi'an or j)eak) value. Nor, if used to measure voltages at 
different j)arls of a circuit, can a meter give information regardin: 
phase relationship. 

A meter sulfers also from other disadvantages due to the inerLi i 
of its moving parts. Foi instance, the i)oinler does not dcHet i 
install I aneously , and having been deflected, docs not ilnmediatel^ 
come to U‘si, howi'vt'r " dead beat " the action may be. All vol* 
meters have a finite impt‘danre and represent a load on any cirruii 
to which they aie applied, taking power from it and thereby db- 
turbing the ciicuit conditions and giving rise to a false reading 
In addition, no meter is completely satisfactory over a large rancM 
of frequencies such as is encountered in communication engineering 

The cathode ray oscillosctipe (or CRO ”, as it is usually caUeJ/ 
overcomc.s all these disadvantages, and gives a complete graphical 
representation of an alternating quantity. It is thus a valuabL 
instrument for use in communication engineering. 

The ])uiiciple is that a stream of electrons is focused into .1 
narrow beam and made to impinge on a fluorescent screen ; this 
glows visibly where hit by the electron beam, which thus produce- 
a spot of light. The electron beam, and the spot it produces on thi 
screen, can be deflected horizontally and vertically by two inde¬ 
pendent deflector sy.stcms, the deflection produced being propor¬ 
tional to the voltage (t)r current) applied to the system. 

If, for example, it is desired to examine the waveform of a 
50 c/s voltage, the spot is made to move at a uniform speed across 
the screen iroin left to right, and at the same time the alternatuig 
voltage is applied to give a vertical deflection. Since the horizontal 
deflection at any instant is proportional to time, and the vertical 
deflection is proportional to the instantaneous value of the voltage, 

532 
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the spot will trace out a graph showing the instantaneous voltage 
as a function of time. When the spot reaches the right-hand side 
of the screen it can bo brought back very rapidly, and in such 
a way that when the process is repeated the sj>ot traces out the 
same path as on the previous occasion. In this way a stationary 
picture of the wavcfonii is obtained 

The construction of the tube and the principles mideilying its 
operation will now be discussed in greater detail. 

THE CATHODE RAY TUBE 

A simple cathode ray tube is showji in Fig. 529. It consists of 
an evacuated glass Indb containing a licateil cathode, which may be 
diicctly or indirectly lieated, aiul an anode which is maintanied 
at a positive potential relative to the cathode. The anode' is made 



in the form of a disc having a hole in llic. centre, and is 
situated close to the cathode. Electrons emitted by tlie cathode 
ue attracted towards the anode. Must ol the t‘lectroiis will be 
attracted to the anode, but some will pass through the central hole 
and continue to travel in a straight line until impinging on the 
fluorescent screen at the end of the tube. TJiis sireen is formed by 
coating the inside of tlie glass with a fluorescent substanre which 
glows under the impact of electrons. Where the electrons strike 
this fluorescent screen, therefore, a patch of light appears. 

In order to incieasc the number of eleitrons piassing through 
the central anode aperture, a cylindrical shield is fitted sij as to 
concentrate the electrons in transit from cathode to anode into 
a narrow beam. This effect is obtained by maintaining the shield 
at a negative potential relative to the cathode. The electrons are 
repelled by tliis shield, and the electron stream is therefore 
concentrated along its axis, thereby increasing the proportion of 
electrons that pass through the anode. 
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Brilliancy 

The brilliancy of the light spot on the fluorescent screen 
depend on the energy contained in the electron stream—that 
oil the number and velocity of the electrons bombarding the sen - 
at any instant. In order to obtain a sufficiently powerful electn 
stream, an anode p[)tenlial of the order of 1000 volts is required t , 
the normal hot-cathode or low voltage tul)C. The potential oi ih - 
shi(‘ld will to a certain (extent affect the electron stream in the sam ■ 
way tliat the grid potential affects the anode current in a thermion * 
valve. 
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SHIELD VOLTAGE 

Fig. 530.—Characl eristic of cathude ray tube. 


Fig. shows how the shield potential affects the anod 

current ; it will be seen that the more negative the shield become' 
the siiudler tlie number of electrons drawn towards the anodi*' 
but, due to the concentrating elfect of the shield, the greater tin 
percentage of these (dectrons arriving on the fluorescent screen 
These two factors have a ronfliriing effect on the number u 
electrons arliially arriving at the screen, and at some point on th 
curve the screen will rcceivn the maximmii number (d electrons aim 
the light spot will have maximum brilliance. 

The fluorescent screen 

Many substances are fluorescent; that is, they have th- 
property that they emit light when subjected to electron bombarc 
ment. This property is, how^cver, possessed by different substance 
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to rliffcrent degrees ; for instance, one substance may emit a greater 
intensity of liglit than another for a given rate of bombarrlment ; 
again, the frequency—that is, the colour of the light emitted-varies 
Ikjiu substance to substance. All fluorescent materials conlimie to 
Lmiit liglit for some time alter the electron bombardment has 
( eased ; this is known as “ after-glow and its duratioji varies 
u'Lth ditferent substances from a fijw microseconds to nr.niy seconds. 
In some applications, it is an advantage lor a tube to have a long 
alhi-glow. 

llie idienuTneiiou of flutjrescenee has not yet b('en satisfactorily 
expl.inied, but certain general obseivations may be made, lii 
geiierj,!, lluoreseeiit materials cmisist of a crystalline midallie salt 
fniitaiiiing a minute trace of impunly. This im})Uiil 3 ^ known as 
the aclhator, is essential, since the base substance in its pine slate 
fi ecjuently has no fluorescent propei ties. The base and the acliv ator 
tegrtlu'r ikderinine llie fluorescent pioperties dt'senbed abov^e. 
A slioit lepiesentative list ol fluorescent mat(‘iials \iM^d lor the 
s( re(‘ns of cathode ray tubes is given below. 

I'ABLE XVI 

Flunroscciit scrern inatrrials 


Base 


A ciivator 


Colour of trace 


*Zinc silicate 
Zinc sulphide 
Zinc sulphide 
Zinc sul]fludc 


manganese 

manganese 

silver 

eoi^per 


blue-gieen 

oiaiigc 

blue 

gieeu 


Oil Ills ui naUiii .is " wiIIlijuLi ' , .uid is llii iiiritiii.il iiiiia LuiuuujJily 
lecd for CKO sereLng. 

In selecting a material for the screen of a cathode ray tube, 
these various properties must be considered in relation to the use 
i .0 which the tube is to be apphed. A screen that emits a high 
intensity of light for a given rate of electron bombardment is 
drsiiable in practically all cases, since otheiwisc high anode voltages 
Would be required to produce the required brilliancy of the image. 
It is also essential that the substance can be ajjplied to the end of 
the tube in such a way that it produces a uniform screen. 

If the tube is to be used for visual examination ol waveforms, 
as is usually the case, the trace must be of a colour tliat produces 
minimum fatigue and eye strain whether viewed in daylight or in 
artificial hgliting. The best colour for this jmrpose is found to be 
green, though blue may be slightly better in artificial light. If the 
waveform under examination is recurrent, and the spot of light 
may be made to trace the same path again and again, an after-glow 
of 10 or 20 microseconds wiU be sufficient, with the natural 
persistence of vision, to give the impression of a stationary trace 
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at all but the lowest frequences. For visual examination of vci\ 
low-frequency waveforms, and in particular for transients, i.e., ni>i, 
recurrent waveforms, a longer after-glow is desirable and may i, 
of the order of several seconds. 

If the tube is intended only for photographic work a blue ti\\i. 
is desirable, the blue light being more " actinic '' than the green 
that is, it has a greater effect on the light-sensitive material of iij, 
photographic film for a given exposure. In a general purpose tulA‘ 
intended for both photographic and visual examination, a scfli m 
is used that gives a blue-green trace. Tubes for television purpos, , 
are required to give a white trace, which is obtained by usiol' 
a mixture ol two or more fluorescent materials each giving a differed 
portion of the spectrum. 

FOCUSING 

For oscillograph work, a very small sharply defined light spot 
is required ; and although a certain amount of focusing can l>' 
obtained by adjustment of the shield potential, this in itself is 
sufficient, and it is necessary to adopt some additional focusing 
device. There are three principal inetliods by which this may be 
done. The first is by using a " soft or gas-focused lube, whirl] 
has an inherent focusing effect on the electron stream ; the second 
method is electrostatic focusing, in wliirli the electron stream u 
passed through an electrostatic field that is so shaped as to causi^ 
the electrons to converge on the screen. This type of focusing ha*> 
the advantage that it can be controlled easily. The third method 
electromagnetic focusing, is rarely used, except in tubes intended 
for television work. 

Gas-focusing 

In the gas-focused or soft tube, a high vacuum is first formed in 
the normal way, and then a small quantity of inert gas such as 
argon or helium is introduced. The passage of the electron beam 
through the rarified gas has the effect of ionising the gas—that is, 
splitting the atoms into free electrons and positive ions. The free 
electrons add themselves to the electron beam, and the relatively 
heavy positive ions diift slowly towards the cathode. Due to their 
mutual attraction the electrons and ions form a narrow beam, that 
is, the presence of the positive ions exerts an automatic and very 
effective focusing effect on the electron beam. Tliis type of tube 
has two main disadvantages :— 

(fl) Loss of foci4s at high frequencies .—At high deflecting 
speeds, the relativelj^ heavy positive ions tend to lag behind 
the electron beam, due to their greater inertia, resulting m 
loss of focus at high frequencies. 

(6) Limited life .—The positive ions moving towards th*' 
cathode ultimately strike it, doing appreciable damage to the 
sensitive emitting surface. This limits the life of the tube t 
a few hundred hours. 
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Electrostatic focusing 

The electrostatic mclhoti of focusinp: employs a complex anode 
sy^tcln. Fig. 531 shows an arrangement using three anodes. This 
is the conligiiratior of electrodes used nowadays in the majority of 
cathode lay tubes, though the potentials applied to the various 

\ 
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Fig. 531.—Electrostatic focusing in a three-anode tube. 


anf)dcs tliffer. The wlmle ele ctrode system forms an electronic ” lens 
which acts on the election beam in much the same way as does 
n LDiiveiging optical lens ou a beam of liglit. The tlieoiy of electron 
oi)li(.s, which explains the action pf an electric lens, will not be 
discussed ; in miy case the iiractical electiic lens is usually designed 
enipiiically. In geneial, tlie hrst and tliird anodes are kepi at fixed 
])uteiitials and the si tape of the electric held is controlled by varying 
tJie potential on the second anode ; in this way the focal length of 
tlip electric lens may be adjusted to give optimum focusing of the 
eli'ction beam, producing a veiy small spot of liglit on the 
lliioicscent screen. Brilliancy is still controlled by the shield 
potential. 

The potential of the shield, liowevei, lias a distinct infect on 
the focus, as has also tlie potential oi tlie focusing anode on 
Inilliaiicy, The result is that to a ciTtain extent the two controls 
must be adjusted together to give optimuni focus at tlie leqiiired 
brilliancy. It may be stated here that tlii‘ trace should never be 
hiighler than is absolutely necessary; the brighter the trace, the 
gieater the impact of the election beam on the lluurescenL screen, 
and the shorter the lilc of the fluorescent material. 

Electromagnetic focusing 

This t 3 "pe ot focusing was used in the earliest tubes and may 
still be found in the case oJ tidies u.s(*d for particular purposes. 
It is not generally so convenient as electrostatic focusing for a 
general purpose tube. 

In an electromagnetically focused lube, a simple electrode 
structure is required consisting simply of cathode, negative potential 
shield and high potential perforated anode; focusing is then 
carried out by means of a coil surrounding the neck of the tube, as 

(97931) 2 M 
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shown in Fig. 532a. The focusing action of this coil, which carrn 
a direct current, is as follows. The axis of the electromagneii. 
field due to the coil will lie along the axis of the tube, and consi 
qucntly electrons moving along this axis will experience no fon r 
due to the (parallel) magnetic field. Sujipose, however, that an 
electron leaves the axis and acquires a velocity v making an angle -/ 
with the axis of the tube, and therefore with the magnetic iieUi 
(Fig. 532&). This electron will have a velocity component v cos > 
parallel to the Held and v sin a at right angles. The component 
parallel to the field can be neglected for the moment, since thi', 
gives rise to no force on the electron; but the velocity at right 
angles to tlie field will result in a deflecting force. The direction o! 
this force may be seen from Idg. 532c. Fur suppose the directif)ii 
of the fielrl is down into the ])a})er, the axis of the Held passing 
tliroiigh the ])oin1 0 , then, by Flmiing'^ h'it-haml rule, and 
remembcTing that a moving electron is eqiiival(‘uL to a current in 
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the reverse direr tion, it is seen that a force acts on the electron 
at right -'ttigles to its transverse velocity. This lorce Avill be constant 
and equal to 11 cv sin oc dynes, where c is the charge on the electron 
in elecArostatie units. Under these circumstaiiees, the electron will 
move ill a rircle, so lar as its Iransvi-rse motion is concerned. If the 
radius of its transverse orbit is r cm, ainl the mass of the electron 

is m grams, then the rentrifugal force will be given by 

dynes, and this force must be balanced by the deHi*cling force due 
to the magnetic HlIlI. Thus : — 

}fL (l' sill oc)- 


Hev sin a 


%.e. 


r 

mv sin a 


centimetres. 


The electron is constrained to move in a rircle of this radius ; 
its tangential veloeity will remain at v sin a since no force acts on 
the electron in the direction of this velocity at any time, and 
consequently there can be no acceleration or deceleration in this 
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tlirrction. The electron describes one complete revolution of its 
cirrular orbit in a time :— 


t ^ 


2.'Ty 
V sin Qc 


2nm 

'He~ 


secs. 


1'he liint' taken for tlie electron to desi'ribe a romplete revolution 
.iiiJ ariive hack on tJie a\is of the ma£^iu‘lie field is independent of 
l)inb the velorily of tlie election ,ind on its deiurture an^le k. 
Dili me: this interval of time, however, the electron ^vill have 

tiavi lled a distanre V cm, where V is the axial velocity of 

ilie electrons in the beam, and will be rnnsiilered to have the same 
\aUie for all the electrons. The motion of the electrons therefore 
is a spiral one, and il the cathode is cnnsiiltTecl as a point source 
oJ election emission, the idecLroii stream will be focused to a point 

27Tl}l V 

at positions distiibiited at distances cm along the axis of the 

tube. If the distance between calliode and screen is I cm, then 
a ti(dd of strength 

ti — N . — ~~ gauss 

CL 

will focus the election beam accuiately on 1o the screen, where N is 
a whole ninnlier. In practice the smallest tii'ld callable of giving 
a focusing action is employed, si) that N ^1, and the electrons are 
bi ought together on tin* screen alt it iieiiunniiig only one revolution 
in the spiral patli. 


DEFLECTION 

So far, oidv the general coiistiuctioii of the imIIiolIc lay tube 
lias been considned. togelhci wilh tlie airangenieiils tor producing 
on the fluorescent scriaai a small sharply di^liiied s])ot of light. 
It i^ now necessary to investigate the means by which this spot 
may be moved across thi‘ scieen under the influence of cxterually 
ajjidied forces. There nie Iwn methods, known respectively as 
' lectroinagnetic and idectiost.ilie ilefle^tioii. These will now be 
c onsi d('re d s e pa rat ely. 


Electromagnetic deflection 

Fig. 5‘S3 shows how a pair of deflecting ('oils may be arranged 
at tlie niTk oJ the tube to pindine a magnetic held at right angles 
to the tdectron beini. Tlie iliredion oi the deflection is given by 
Fleming’s left-hand lule the electron beam bt'ing subject to a 
deflecting force in just the same way as a curnmt-rarrying 
conductor. It is important that the magnetic field produced by 
tlie coils be uniform ami sjanmetrical. The deflf'ction is proportion^ 
to the magnetic field ; that is, proportional to the current passing 
through the deflecting coil. Such a roil has an inductive impedance 
and may therefore disturb the circuit under test. 

(97931) 2 M2 
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Electrostatic deflection 

In the electrostatic method of deflection, two plates are arranged 
one on each side of the beam, as shown in Fig. 534. If a voltage is 
applied across thes(‘ defUsdor plates, the beam will be attracted 
towards the jiositive plate and repelled fioiu the negative one, 
so that the spot of light on the screen will change its position. 



The deflection corresponding to a particular value of deflecting 
voltage (or curieiiL) will be lirectly proportional to tJie strengtli 
of the dLlleLling electlostatic (or magnetic) held, to the length of 
the electron ]vath lying in the held, and to the distance of the 
flunrescent scieen from the dellecling system. For high sensitivity 
all these constant factors arc made as large as i)ossible subject to 
limitations of space. The dudlectiou also depends on the anode 
voltage, to which it is inversely proportional, since a liigher anode 
voltage gives an ijicrca.scil electron velocity and hence a smaller 
deflection. Thus " hard tubes, which have a higher anode potential 
than " soft " tubes, arc less sensitive. Again, a cold-cathode or 
high-voltage tube is less sensitive than a hot-cathode or low-voltage 
tube. In Fig. 534 the deflector plates are very close together at 
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the end nearer the cathode to give maximum sensitivity, but 
diverge towards the fluorescent screen in order that a wide angular 
deflection of the beam may be possible. 

If the voltage across the deflector plates (or the current through 
the flePterting coils) is alternating, the si)ol will follow the variations 
in voltage (or current) exactly and without appreciable time lag. 
As the spot of light is moved back and forth under the influence 
ol an alternating potential applied to the deflector plates, it will 
trace out a straight line; this, due partly to tlie normal ])crsistence 
of vision and partly to the “ ailcr-glow'' ])roperties of the 
lluuiesccnt mateiial, will appear as a Lonlinuous line, unless the 
lrc(]uenry is very low, in which case the actual motion of the spot 
may be followed I)y the eye. 

TIME BASES 

II a second i)air of defleclor plates are so fitted as to produce 
ail iiub'jHUiflciit deflection at right angles to the lir^l, then the spot 
oi liglit may be moved to any posil ion on tlie srrt'eii instead of merely 
in a straight line. Tlie plates iJiat cause a horizontal deflection 
aie callial the " X " plates, and Lliose cau^^mg a vertical deflection 
aie called the " \ ])lcites. If llie voltage under ovainination is 
aiiplied across the Y plates, and at tin* same time a voltage is 
applied to the X plates tliat will cause the spot to travel al a uniform 
rate across thi' scre(‘U, then clearly the irar.e on tlie sen^en will be 
all accural(‘ graph showing the instantaneous voltage plotted 
against time. 

If the voltage a])plied to the Y plates is a transient —that is, 
ii it occiiis uiifC' only-u may be impossible to examine the trace 
by eye, and one must llieiefore photogra])!! the trace as it is 
1 produced, or else use a fluoresc ent screen that wall retain the trace 
Joi a reasonable pciiod after its formation. If, however, the voltage 
under examination is recurrent, the voltage on the X plates may be 
so controlled that it moves tlie hglit s])i)t uniformly across the 
screen from left to right, and having reached the limit of its sweep 
to tlie right it them returns the spot very rapidly to the left 
wdicre it bt'gins its sweep again. If it can be arranged that the 
second and subsequent traces lie exactly on top of the first, then 
the eye will obtain the impression of a stationary trace on the 
screen ; Fig. 535 shows such a trace. It will be seen from this 
example that, during the time that the voltage on the Y plates 
passes through two complete cycles, the deflecting voltage on the 
X plates moves the spot once across the screen from left to right, 
giving the trace ABCDEF. Then the spot is moved very rapidly 
from right to left giving the trace FA, which is called the fly-back. 
This fly-back appears inevitably since the return of the spot, in 
practice, occupies a finite time ; it is, however, much fainter than 
the main trace, because the fly-back time is small. 

The means whereby the deflecting voltage on the X plates is 
controlled is called a " time base ”, and in order to ensure that 
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a stationary trace appears on the screen it is necessary t > 
" synchronise the time base with the voltage under examinatioi. , 
that is to say, tlie time occupied by the sweep and the fly-bar i 
must be equal to tlie time occupied by a whole number ol cycl^ 
of the recurrent voltage on tlie Y plates. Methods of producing 
a time base of the required shape, and then synchronising it a. 
required, will be consirlered se]>arately. 
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[nc. 53vS.— Formation of an oscilloscope trace. 


The time base that would bi‘ requiri'il to inotliiee tlie trace ol 
Fig. 535 is what is known as a “ linear " time base ; that is, the 
voltage aj)plied to tlu' X plates lakes thf‘ form shown in Fig. 53(i. 

Fig. 537 sliows a siiiiph' lime base using a gas lelay. Tlii^ 
cmisisls of a triode that has l)een made soft " by the inrlusioii, 
after evaeuation of the air has been roinpleted, of a small quantity 
ol an inert gas surli as neon, aigon or helium ; i ertaiu devices ol 
this type have been given tlie tiade nEiine of " thyratn)n Foi 
a given anode vfhtage and a sullieient iiegativ^e bias on the giitl, 
this valve will behave a.s an ordinary triode biased be 3 a)iid cut-oil ; 
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Flo. 5313 .—Linear time base. 


that is, no anode current will flow. Now suppose tliat tlie grid bias 
remains constant whilst the anode volUige is increased ; a value of 
anode voltage will be leached, where anode current begins to flow, 
and it is here that the similarity to the orLhiiaTy " haul'' triode 
ends. For the inert gas, being at low pressure, is readily ionised b\ 
the impact oi the electron stream on its molccnles. At each collision 
more electrons are released to join the electron stream, and thesi 
in turn collide with other molecules and cause further ionisation- 
In this way a very rapid cumulative current is obtained, giving 
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a ver> low resistance between anode and cathode. Once ionisation 
bas taken ])lace and current has started to flow, this condition will 
persist until the anode voltage is removed—or at any rate reduced 
to a very low value, much lower than the value of anode voltage 
at which anode current would cease in a similarly biased " hard 
triode. 



Til the circuit of P'ig. 537, sui)pose that the JIT voltage is 
200 volts and that it has just been switched on. 'lint condenser C 
will begin to charge u]i through the lesistaiice 7\ and the voltage V 
icross Ihe condenser will rise* exponeniicdlv at a rate controlled by 
the time* constant When V reaches a certain value, say 

]5(i volts, the gas nTiy will “ trigger this triggering point being 
[]el(‘nnined by the negative potential on (he gnd. Once the relay 
lias tiiggered, its resistance becomes negligible ; ami the condenser C 
dischaiges through the resistance r, which is a small resistance 
(alirait 500 ohms) to limit the anorlc current in the riday. The value 
of r is a coinjiromise, siiu it must he large enough to limit the 
.inode cm lent to a safe value, and at the saim* lime it must be 
Miiall enough to ensun^ a lapid fly-haik. The vollngc V therefore 
<U‘crca.scs exponentially at a rale determined by the much smalliT 
time couslaut Cr until it i caches a value of about 10 volts, when 
the ions in the tube re-associate, and the anode cuircnt is once more 



Fig. 538.—Output wavetunn from cifluiL of 537. 


cut off by the grid bias. This process repeats itself, the voltage V 
varying with time, as shown in Tig. 538. It will be noticed that 
such a time base docs not givt' a strictly linear deflection, but the 
disci epancy can be minimised hy I'lisuring that the condenser only 
charges up to about 20 }ier cent, ol the available HT voltage, since 
the growth of charge on the condenser over this interval is approxi¬ 
mately linear. This method of securing a linear time base has the 
disadvantage of requiring a high value uf HT supply voltage. For 
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suppose that the X plates require a deflecting voltage of 100 volt 
to give a full-screen deflection, the HT supply required must b*' 
at a minimum, 500 voli s. 

An alternative method of obtaining a linear scan is shown ii, 
Fig. 539. Here the condenser is charged through a saturate^1 
diode, which‘acts as a constant-current device, and therefore the 
condenser C will charge linearly. If the diode, which must h 



directly heated, is given a reduced filainent riiiieiit (coiitrolkd 
bv AV). ii possible tt) airange tliat the emission is so much leducetl 
that tJie Viilvv satuiates Joi an anod(‘ voltage f)t, say, 2() volts. 
It, therefoie, the anode voltaijc is raised above 20 volts, howeVLi 
much it may he iiicietLsed, tlie anride cmient will lemaiii constant ; 
and the condenser, chaiging through the diode, will therefore 
charge liiUMrly until it attains a voltage within 20 volts cjI the 
available HT supply voltage. Thus a linear swi ep is obtained 
provided only that the available HT voltage is about 20 volts in 
exxess of tlie dellecting voltage recjuircd to giv e a lull-scale deflection. 
The fly-back is obtained by using a gas relay acioss the condcnsci 
as in the pic\dous circuit, '^'he charging rate is coiitrolh'd by the 
resistance Rjr and the amplitude of the sweep by R^. 

Fig. 540 shows a circuit that operates in much the same way, 
but here a pentode is used as a constant-current charging devietc 
This method has the advantage that a directly heated valve is not 
essential, and cniisi'qnently a separate source of DC LT voltage is 
not required. The principle of this circuit is tJiat a pentode, havdng 
suitable constant voltages aiiplicd to screen and grid, has an anode 
current that i.s virtuallv independent of anode voltage pio\’ided the 
latter exceeds, say, 60 V. Thus the voltage on the condenser C 
increases linearly until it attains a value about 60 V below the 
available HT supply. The charging rate is controlled by the 
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potentiometer P, which varies the value of anode current taken 
by the pentode ; and the amplitude of the sweep is controlled 
by Q, which varies the triggering point of the gas relay. 



Time base circuits pm])h)yiiig gas relays have one common 
(lisarlvantage, namely, that they cannot be u^ed to ])rodnce very 
high velocity sweeps and so oaniiot be user! witli CROs intended for 
examining high iieipu'ucy waves. This is dut‘ to the* comparative 
slowness witli whirli tlie ionist'd gds le-associates after the rehiy 
lias triggeied, since the cf)iideusei raiiiiot begin to charge again 
until re-assoriation is a)mph te. It iiuist be i mu'inbered that a saw- 
looLh waveform contains not only tlu' fiiiuLLiiirntal, but also an 
inlinite series of liannniiirs, ol which at least the first ten are of 
^nfficirnt amplitude to be iinpoilant and require ]>rodurtion by the 
'''aw-tuoth generator. For tln^se reasons, tinu' bast' circuits of the 
type described will not <iperatc satisfactorily at fixctui'iicris greatly 
in excess of 10 kc/s. 

Time base using a transition saw-tooth oscillator 

Another time base suitable lor low and medium frequency work 
is shown in Fig. 541. This transitron saw-tooth oscillator has the 
advantage that it uses only oire valve. 

Consider that at a given instant the valve is drawing a high 
anode current that is greater than the chargiirg ranrent of 
through Pg* coiiflenscT will discharge, causing a di'crease 

in anode voltage. As the anode voltage falls, the anode current 
will at first remain practically constant, and then commence to 
fall as the " knee of tlir^ anode diaracterisLic is passed ; this 
results in a rising screen current which causes a 1 ailing screen 
voltage due to the drop acro-^s Pg, and therefore a falling suppressor 
voltage due to the coupling condenser C^. These factors cause a 
further decrease in anode current and the whole process continues 
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cumulAtivelv until the anode current is completely cut off 11 
suppressor by this time bring at a ncgati\t potential 

Ihis condition pusisls foi i short time while begins t 
chargeu]) t\i)omiLliallv7;m mdR^ Thismc uis that the potenti i 
of tilt anode uses and i point is r \ Lutually re lelitd wlicic tht v il\ 
takes uioflL curnnt je, im it the txpensL ol tlic sereen cuising 
rise m siircn \ol1s end tlieninie in su]^pre ssor voJis Dus pior('. 
also is LumulitiM giving a ripid men isc m mode current whuli 



i I S11 1 r u ill w t ill ill it 1 


disehiiv^isCj 111(1 1( IMS tin siipp i ssoi ])osUi\e If 1 lie siippii ssoi 
gild 1 iki iliigi Liiri ( nt A\li( n it is thiMii ])osiln L uul if C 2 n 
suilnuulh sin ill enmj)Liul \MLh f j llii siipp i ^ n ^iirl will b 
dm (11 lu^ilive b\ the Mill diop ino diu to siipptcssni 

cun lilt fleming hi ion Hu elisi h i l ol f j is e niijihli llus nil 
olf the mode Luiuiit md C j 1 i i is I > ii liu^i 

With suit dill i lion I ol i omjioiu lits tin volt^e moss lus 
a s i\\ lootlud ^^Ullolm iil m i\ l)i useel to juoMili a Inn ii 
tmu bist (s( J 11 , 



Ihe ]>otLntionutti i\j tontiols the total spare current and 
thticloie tliL dm ition ol the periods of chuge and discharge, 
it thus dtttrinmcs the s\\llp Ik queues of the tune base 
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Synchronisation of time bases 

It Jiiis been mciitioned tliat, in orilcr to obtain a stationary 
tr.Lce, the lime taken by the time l>rise sweep ])lns the lly-back time 
imi>t be equal to tlie time oeeiipied by a complete miinber ol cycles 
of ilie volia^U' under examination. The livqiuMicy ot the lime base 
is I Diitrollable over wide limits by a coarse coutrol Uiat swilclies 
m suitable vahu's of ca])acity, and by a line control in the lorni of 
ihe poleiitiomeler that eoiitiols the diaigiiu; cinrent. P in 

lag. 540. The mere adjustment oi lime base lieqnency is not, 
however, siiihrieiit to ensuie a stationary jiictnie, lor this would 
df'iiiand that thi' frequency ol the tune base and ol the voltajL^e 
lUKhr i ^aminati[)n both remain absolutely constant. If is thiaefore 
iieu'ssary to enq)loy some device t[> synelironisc tlie time base with 
llie voltai^e under cxaminatioin 



If a small portion ol the voltaL;i .qiplieil to tlie Y ])lates is also 
led to the giid of Llu' f^as lelay, it will (aiisi tin end voliaf^e to vaiy 
a little about its normal value at the fiequeiicy ol the yoltat,u.‘ under 
examination. Now supj)ose tliat llie relay is adjustI'd to 
lri£;;.,^cr at, say, 100 volts, and that the time base frequency lias been 
adjusted as nearly as jiossihle so that the relay Irif^f^crs at the end 
of each complete cycle ol tlie voltage on the Y ])lates lug. 543) ; 
this should lead to a stationary trace showing oiu‘ complete cycle 
(assuming, for simplicity, that tlie lly-back lime is zero). 

When the time base is correctly adjusted, the gas relay is 
triggering at A corresponding to the point a on the Y ])latc voltage, 
and to point a on the grid voltage of the gas nday; i.r., the gas 
relay is triggering at the correct value of 100 V, tlie grid voltage ' 
having been adjusted to give this condition. Now suppose that the 
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time base frequency falls below its correct value. This means tha^ 
at the point a on the Y plate voltage curve, the gas relay has noi 
yet triggered because the triggering voltage of the relay (100 V, say) 
has not yet been attained. vSince the grid voltage of the gas rcla\ 
is varying, however, so also will the triggering voltage of the relav. 
with the result that the relay will trigger at the point B ; that i,, 
at a lower voltage, and consequenlly earlier, than would have beeu 
the case (point C) without the application of a synchronising voltage' 
A similar argument holds if the time base frequency rises abuvi' 
its correct value, the synchronising voltage this time delaying iJn 
triggering of the relay. Provided, theiefurc, that tlie time bast 
frequency is reasonably close to the value n^quired, it is pnssibit 
to arrange that for a very small value of synchronising voltage lli^ 
relay always triggers wit Inn a very small Iraction of a cycle of ih 
correct value. Theoretically, however large the discrepancy 
a sufficiently large syiichronisiiig voltage will synchronise the time 
base perfectly ; but large symhronising voltages, though jirodncin ' 
a stationary trace, may give rise to a distorted picture. It n 
therelore irnpiiitant that the synchronising voltage be as small 
liossible and the time luise iii'ciueiirv adjnstid with ieasonal)le 
accuracy, in which case a perfectly stabli^ tract' will result. 

High-frequency time bases 

It has bet'll int'nlioiied that the giis relay or soft vsilve type nl 
tiiiu* base docs not give satisfactory ojieialioii at high lre(|iicncies 
and so lor a time base fiequency in t'xcess of 10 kc/s it is necessaiy 



to use a form of tinu' base emplo 5 dug hard valves only. One such 
circuit, due to IhukU, is shown in Fig. 544, and its oiieration is 
somewhat .similar to that ol the nnillivibrator relaxation oscillator 
(scY p. 400). 

To explain the action of this circuit, consider the condenser C 
uncharged ; will then take no anode current, the anode and 
cathode both being at the same potential, namely, that of HT+. 
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The grid of Fj, moreover, will be at a lower potential than the 
cathode, due to the voltage drop across A caused by tlie anode 
current of In this condition the condenser C will begin to 

charge exponentially through ; and as the voltage across C 
increases, the volLagc of the cathode of will fall relative to HT+. 
luitiaHy the grid of is at a lower potentuil than the cathode ; 
and if this bias is made fairly large, by adjustment of A, then the 
A'alve Fj will be cut off until tlic voltage across C has reached a 
predetermined value. Wlien starts to draw anode current, its 
anode potential drops, and this drop is apjdied to the suppressor grid 
of ; this causes a rise in ain»de potential of which is applied 
lo the grid of Fj, causing a further increase in a'liode current. Thus 
the condenser begins lo discliargt*, and the discharge curreni 
iuerrases veiy rapidly, so giving tlie lly-back. As soon as the 
londenser has diseliaigtal the anoile current ceases, and the 
eonscqucait rise in F^ anode potential drives the suppressor grid 
ol Fj positive, and lienee the grid of F, negative, thus giving a 
rapid restoration to the oiiginal conditions. 

This circuit will produce time base frorpiencies up to aOout 
UKI kc/s. The resistance R determines the charging rale ot C, and 
IS Josignaied the “velocity'' coulrol; it is the hue arljustment 
on the sweep fii'quency. Resistance T limits the discharge 
current and is a control on the fly-back time ; it is usually called 
tlir* “ Iriggor " control. KesKtanre A delirmines tlie negative bias 
(HI the grid of Fj when the sweep is about to start, and so 
tlKTeioie controls the voltage that is bi'iiig apyilied lo the X plates 
wJien Fi bc'gins to draw anode rurrt'nt. It llnTe/orc didermiiies 
th(‘ length of the sweep, and is called the “ am])litude " control 

Finally, the synchiuiiising voltage is apjdied to the grid of Fg; 
suppose that, at a given iiislaiit, this is negative. The resultant 
reduction in anode current ol F 2 causes the anoJe iiotinitial of Fg 
to rise ; this drives (he giid of Fj mine ijo^ilivt*, theieby reducing 
the anode potential at wlnh'li Vy eommi'iices lo <Lraw anode current. 
Th(' ex])lanatioii ol syiichumisation as aj)j)lied to soft vah^'e time 
liases will ilicrelore apply (‘(jually in this case ; since, il the lime 
base is running slow, a nrgfitive sym In onising vollagi^ is being 
applied lo the grid of Fg, and therelon' a much larger positive 
voltage to the grid ol Fj, at the insttiiit when F^ sliould have 
triggered. The lesiill is a lowering of the triggering voltage of Fj, 
so that the triggering tak(‘S place almost iiislantannously. 


ADDITIONAL FEATURES 
Deflection amplifiers 

If the voltage under examination is applied direct to the Y plates, 
the voltage range is limited by tJie sensitivity of the tube. For 
instance, if the voltage is small, say of value 2 volts RMS, the trace 
may have an amplitude of only 2 mm. In order to make possible 
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the cxaniinalimi of small voltaf’cs, ilcfliTlioii amplifiers are usually 
Imilt into tlu‘ CRO. These are usually straip^hllorward sin;<le-stn^[;i 
ainplilicrs of variable j^aiii, and they (‘liable volta,L,a‘s of very small 
amplitude to be examiiu'd. It is imporlaut that a deflection amplifiei 
should iiiti'oduce as little distort ion as pL)ssi))le, siiiee uUierwi.-^e 
the CRO becomes valueless as a means of es1imatiiif( tlie amount ol 
distortion in a f^ivc-n wa^adorm. It shoulfl also be realised tlial 
liowever j^ood a rlelleiliiii^ amplilier may be, it will inevitalily 
introduce distortion at verv low and at very hif^li frequcnrics, so 
that ill f^(Mieral the use of detlerlion aiu])lifiers limits the fretpiency 
range of the instrument. 

Attenuators may also be provided for Live examination of higli 
voltages in I'xress of the \ oltage requiied for fnll-scnu'ii detleetion. 

DouUe-beam tube 

A cathode ray tube of the type so far discussed is able to produce 
only a single trace, showing how a single voltage varies with time ; 
whereas it is olten required to rompari' tw'o such tract's. This may 
easily be done by Hie n.se of the double-lrcaiii lube due to Fleming- 
Williams. 

Fig. 545 shows how the two beams arc obtained. The electrode 
system is exactly the same as that in a single-beam tube, as are tlu 
methods of focusing and brilliancy control. The only difference is that 
the single beam, after formation, is split by the presence of an earthed 
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Plate 30.—Double-beam cathode ray tube. 


" ])c.un-bi)liUiiiL; pLili* " E niounted beiweeii the Y clf'flt'ctoi pliites. 
IVsideh splittin^^ llie single beam inlcj two si‘])antte bf'.irns, this 
plate acts as a flellcilini; i)Iat(‘ cuminuii Id llir two beams. Thus 
lliL* fust bf‘'ain may \n thllettod by aj'jplviiif^ a \'oltai^o bntwoon E 
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biG. 545—1 lemiTig-Winiam’s iloiibU-lKam tube, shf)VMn{^ beain-bplittiiig 

pJ.xle. 


and and the second beam may be deflected independently by 
a voltage between E and ¥2- The two beams, after formation, 
pass between normal X plates, wliiuh control the sweep of both 
beams simultaneously by means of a common time base. 
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Shifts 

In the double-beam tube it is essential to provide some means 
of separating the two traces produced on the screen ; for, as shown 
in Fig. 545, the beams when not deflected will be very close together 
and will give a single spot, or two spots very close together. This 
separaiion of the traces is easily accomplished by applying a steady 
positive potential to Yj and relative to E. If these potentials 
are made independently variable, it is possible to move the two 
trares vertically to any part of the screen. This vertical or Y-shift 
larility is usually provided also on single-beam tubes. An X-shift 
is also provided on tubes of both tyjX‘S in the form of a variable 
steady potential applied to the X plates in addition to the time base 
voltage. By the use of these two shifts, the trace may be moved 
to any part of the screen. 

Distortion 

If the screen is flat, equal increments in deflecting voltage will 
jnnduce equal deflections. As, in practice, the scieen is curved, 
a small amount of distortion is introduced. With normal lubes, 
however, this is of the order of 2 per cent., and can be neglected. 

Power supply 

Fig. 546 shows a t^qncal power supply arran^’cment for a single¬ 
beam electiostatically-locused tube. 


APFUCATIONS OF THE CBO 
Voltage measurements 

The examination of voltage waveforms aj)p]ied to the Y plates 
has aheady been consideicd in order tr; drsciihe the working of 
the CKO. In addition to the examination ot the waveform, it is 
possible to use the ('KU to measure the amplitndi* of the voltage. 
In order to df) this the tube must be rahbratf d ; that is to say, 
if it is known that a (eitaiii voltage produces a rlelmite amj)Jilude 
of trace, then twiee that voltage' will [)iodiJtt* a trace iiaving twice 
that amplitude^. A CKO may Ire thus (alibrated either fur jjoak 
values or for RMS values; and it, in additiuji, the deflection 
amplifiers aiicTor attenuators are calibrated, a wide range of lairly 
accurate measurement can be obtained. 

Current meELsurements 

Current waveforms may be cxainiuc'd by passing the current 
through a non-inductive resistt>r and examining the voltage drop 
across this in the normal way. IJ it is required to measure current, 
the resistance must he small in order to minimise its effect on the 
circuit under lest ; it will therefore usually be necessary to use 
a calibrated amplifier for such a measurement. One particularly 
useful appheation of the double-beam tube is that it enables current 
and voltage tests to be made simultaneously on a circuit, so that 

(97031) 2 N 
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the phase relationsliip between current and voltage may be sna 
clearly by comparing the two traces. 

Some CROs liave elertrom.iguetic deflectf)! coils fitted as p. 
alternative to eler tiostatic dc^flerloi plates ; in such a case ciirti' 
mea.suremeiits ran be made diiictly ; but in general the impedam • 
of the dellertoi coils is such that this method introduces great -1 
errors than does tlit' presence of a small resistance. 

Frequency comparison 

h'refjucnciL‘s may readily be measiiied if the licqnency of Ih 
time base is known. Tims li tlii' time base i-. .sweeping 1000 tiiiK 
per second, anrl a stalionarv tiace of one i y( le ap])t\ir.s on thi 
screen, llu* voltage on the V ])lates must have a frequency oJ 
1000 c^s. vSimilaily, il two full (\’(les aiq)ear on the screen, tin 
frequency must he 2000 f /s. This method will be only an approxi¬ 
mate one if the a])plied signal allowed to syiiclirrinise the tinu 
base. Suj)prjse that lhc‘ lierpuaicy were not 2000 c/s, but, sa 3 ^ 
2100 c/s; then, ]( the time base weie sit to lt)()0 e/s, it would bi' 
synchronised by tlie work voltage and would actually run at 
1050 c/s, giving two complete cycles on a stationary trace. 



I-IG. 547.- 4l.U( wJlLMl 1 j Ll|ll(.llL3’' .lJ)pllKll lo i" plcltcs JS lllJiCb Ihp 
s\> 1 1 j) fn*queiU3. 


It is howiver not essential to use the applied voltage for 
synchionising the lime base. Suppose a 50 rt^ imuns supply, at 
a suitahlv recluced voltage, is ap[»lied to the grid of the gas relay, 
ami the time base is set to give a 50 c/s .sweep. Then, sujiposiiig 
the maiii.s to give an ai ciuate 50 i/s fnqiiencVj Iht' time base will 
be syiicluuiiiscd tt) sweep at 50 c/s. II, then, the 2100 c/s input 
voltage is iqqdied to the V plates, a stationary trace showing 
42 complete cycles will result. Siinilaily, il the Lime base were 
set for 100 c/s ami syiichiouiscd by the 5t) c/s .supply, the trace 
would again be sbilmiiaiy and would f'lmtain 21 complete cycles. 
This can be made the basis of an accurate method ol frequency 
comparison. Il is, of course, not necessary that the synchronising 
voltage should be the 50 c/s mains iretiueiicy ; it might equally 
well be obtaincil Jiom a .standard oscillator of, say, 1 kc/s. In order 
that voltages chher than the work ^adtage may bo used for syn¬ 
chronising the time base, it is usual to have a “ Synch ” terminal 
which may either be strapped to the V plates or connected to an 
external synchronising voltage as required. 
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In order to obtain a stationary trace it is not necessary that the 
frequency applied to the Y plates should be an exact multiple of 
Uie sweep Jrequenv'y, :ilth[)in^li this is the only rase ^\heIe aii integral 
number of eydes is obtainerl. Suppose that the sweeji frequency 
A\eit‘ lOUO (‘/s niul that a Jrequenry of 15P0 r/s were a])])heLl to tlie 
\ plates. In thi'- case the Y ])lale voh.u^i' \\oLihl ci>uii)li'te 3 cycles 
'.vhile the time base swept 1\mcl‘. Tiie lesultaiiL trace would be as 
shown in Fig. 547, 



1 ](i. 548 Tia< i* will'll lit qiii'iii v .ippJji'rl i.» V plali tunes the 

SV^ ['l*2> ll I ^ 


Similarly, if the latio f)f the work fierpieiicy to the sweep 
fiequency were 4 : 3, a stationai}" liaeu would u'siilt ; hut this time 
tin (rac(* would lej'ieat itself every ihinl swi'ep ol the tune base 
and would lie coirespoinlingly taiiitta and niort' iiivolv(‘d (soe 
I ig. 548). 

Phase-shift measurements 

If tin' time base ciifuit discomuMi'd fioin the X plati's and 
a sinusoiflal voltagf’ E sin wt is ajqilied, the beam will exe('ute 



I'lG. 54tC~ 'J'rciLL'^ illu'>liatiiig lULasuif iiients. 


a horizontal sweep, travelling backw'aids and foiwards in simple 
iiarinouic motion. If, simultaiieousiy, a vollagi' f)f lapial amjilitude 
and frequency but in a diitiTeiit pliase, E sin [tot(p), is 
ajiplicd to the Y jilates, a stationary trace wall result, but the shape 
of the trace will depend on the phase angle 7 ' betweim the two 
voltages. 

Fig. 549 shows the shape ol this trace for different values of the 
phase angle tp. Some of these are easily verified; for suppose 

(97931) 
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= 180°, then the horizontal deflection at a time t is given by : - 
X = kE sin oit 

and the vertical deflection (assuming equal sensitivity) by :— 
y = kE sin (toi + 180°) — — AiiT sin wt 
whence the equation of the trace is seen to be the line :— 
y ^ — X 

Again suppose f — 90°, in this case :— 

X = kE sin tot 

y = kE sin {(ot + 90°) — kE cos cot 
whence, eliminating t, the equation is that of the circle : — 
y^ — k^E^ 

For values of phase angle other than 0, ji, and the 

equations are again simple to find, but rather more difficult to 
identify. The resultant trace, however, can in all cases be shown 
to be an ellipse. 



Fig, 550,—Phase ellipse. 


From this pliase ellipse, tlu‘ phase angle may be found with fair 
accuracy, (anisider the ellipse ot Fig. 550. Let the horizontal and 
vertical deflections he giviMi by :— 

X — kE sin mt 

and y kE sin (wf d- ^r) respectively. 

Tlieii at tile jioint P the liorizontal deflection is zero, and 
Ihcrcfort' sin wt — 0. 

Hence OP, which represents the vertical deflection at this 
instant, is given by : — 

OP — kE sin tp 

Also OQ is equal to the amplitude of the vertical sweep ; 

OQ = kE 
OP 

From which tp can at oiicc be determined. 
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Lissajous flaures 

Now suppose that the two sinusoidal v(dLa[^es applied to tlie 
X and Y plates are not exactly of the same Ireqaency, but differ 
by a fraction of a cycle. For instance, suppose that the frequency 
on the X plate is 1000 c's, and that on the V plate is 1000-1 c's. 
These frequencies produce a pattern on the screen that approximates 
to tlie phase (*llipse, but instead of the two voltaj^es having; a constant 
pluise diffcri’iire. this diKerenrc is constantly changing, and so 
therefore will the orientation and eccentricity of the phase ellipse. 




z 1 






1 : 2 

Fig. 551.—Some .simple Lissajous fibres. 


In fact, the trace will pass sm ccssively throiif^h all the sta^^es shown 
in 551 (top line), and in this particular examjdc it will complete 
the cycle in 10 seconds. In the second line arc situ the various 
possible shapes of the trace for a frequency ratio 
The other traces in this figure should now be sell-explanatory. 
It should be noted that this method for comparing fiequencics is 
impracticable unless the frequencies are an exact multiple to within 
a few cycles per minute. 
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Fig. 552.—Snine more complex Lissajous Ijgures. 


In to iuU'ipiet Lissajou^ figures il is iiul necessary tn 

renunnber ]):iltLTn slia])(\s, bill a siin])lt' rule coiiiu'ctinp^ lln- 

frequrnry ralic with iJie niiinbcT ol li)i)ps, viz. :— 
y,/ Nuinbi'i of lf)rj]).s linrizonlallv 

/, JSbnnbLT oi loc)])s viTtirally 

In ai>i)hMii^^ iJiis mb' il is sini])l('st if) count llic loops when tlic 
trace is o])en ; by sLiulyiiif; the liaces ol JbL;s. 551 and 552, the 
student slionld quickly grasp tlie use of this rule. 

Characteristic curves 

Another impnrlaul application of tlie CRO is in observing 
characteristic cnives. A characieristic curve is a grapJiical repre¬ 
sentation of tlie way in wliich a given physical quantity y varies 
with another quantit^^ a. If, there]on' a voltage prn])ortional to r 
be fed to the X ])lati's of a CRO, and at the same lime a voltage 



Fig. 553.—Use of CRO to observe mutual characteristics of a valve. 
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pTopDrlional to y is fed to the Y plates, then the spot will trace out 
the required characteristic. 

A particularly easy example of this is a melliod of obtaining 
vaKe cliarartfTislics. 

lug. 553 sliows a siinjjle r ircuit enabling the CRO to be used to 
ubseive the mutual eliaraoUTistie nf a triode. The viiWc is set up 
ill the normal way, with suitable DC voltages on tlu' anode and grid, 
and tlien an AC voltage of suiiLdde amplitude is apidied to the grid ; 
tlie same volt.agi' is also applied lo the X jdates nf the tube. The 
rinrale euircnt will vary with llie sinusoidal voltage ajqdied to the 
grid, and tlie anode voltage will vary as the anode rairrent. The 
pnodo voltage tlierefore is applied to the plates. Tiovided there 
is exactly 180'' ]jhase-shiJt in the valve, the trace will show an 
exact replica of the mutual cliararteristic of the valve. It the 
])liase-shilL has a value dilleriiig Jrom 180\ tlien the s])ot will travel 
ilillL'uiit ])aths oil its go tiiid reliirii sweejis, and a narrow closed 
lonji will result. 

Anotlna' characteristic tliat can he i^lotted (piit*^ sini]dv using 
a slightly iiiori' comjilex technifjiie is tlie hysteresis curve of a 
magnetic material. 



Fig. 554 shows a t^qheal cinaiit. The specimen of material 
under examination must elfectively foiiii the con* of a 1 raiibforincr. 
I'lie magnetic held 7/, which is normally ])lotted on tlie horizontal 
‘ixis, is proportional to the magnetising current ; an AC supjdy is 
iiccordingly fed to the magnetising windings via a small resistance, 
and the voltage across this is a])])lied to the X plates. The voltage 
nidiiced across a small secondary winding is i)n)portit)nal to the 
rate of change of the flux in the magnetic material, that is ;—- 

dB 


In order to apply a voltagi^ Lo tlu' Y plates that is proportional 
to the flux B, it is neci‘ssary lo use a pliase-shijting circuit consisting 
of capacity C and resistance R arranged as shown. 
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From the figure, 

where q is the charge on the condenser 
i.e. e^ = ^^idt 


But if the values of capacity and resistance are so chosen that 


(dL 

then 


e 

' 1 ^ 




edt 


i.e. ^ ^ 

It should be noted that, in order to produce a hysteresis curve, 
the amplitude of the magnetising current should be sufficientIv 
large to cause sat lira lion on the peaks, otherwise the trace will 
merely take the fonn of a distorted pliase ellipse. 



CHAPTER 13 


FOUR-TERMINAL NETWORKS 

\ four-terminal network is a network havinp^ only one pair of 
input and one pair of output terminals. When its electrieal 
properties arc unaffected by interchan^ini^ the input and output 
reiminals, the network is said to be " symmetriral'' ; if this is 
not the case, it is said to be " asymmetricalor '' dissymmetrical 

> SYMMETRICAL NETWORKS^ 

Symmetrical networks have two important electrical ciuirac- 
teristics, namely, characteristic impedance (Zq) and propr-f^ition 
constant (y). Two networks having the same characteristic 
impedance and the same propagation constant arc said to be 
equivalent. 

Characteristic impedance 

If an infinite number of identical symmetrical networks are 
co nnected in tandem as in Fig. 555a , the impedance mcasuretTat 



Fig. 555.—Illnstratin" rliaracteristic impedance* of fuur-lcrmiiial network. 


the input terminals of the first network will have some definite 
value depending only on the composition of the networks. This 
impedance is an important property of the network, aiid is called 
its " characteristic impedance ", rcpre.scnted by Z^. It will be 
seen later that this characteristic impedance may be calculated 
from a knowledge of the component values of the network. 

If the first network of the infinite chain shown in Fig. 5S5a be 
disconnected, the number of networks remaining will still be 


561 




562 


SYMMETRICAL NETWORKS 


infinite, and therefore the input impedance looking into the sect’i l 
network will be Z(, (Fig. 555&). It follows that, if the first section f - 
connected to an impedance equal to Zp, as in Fig. 555c (instead t 
to the infinite chain of networks of Fig. 5556 whose input impcdaiir 
is Zp), its input iinpedanre will still he Zp. 

Thus it can be .s(‘en that if any sym metrical network is t prmjnio^ 
wi th its chara c teristic impedanceJ ^TTtlu^ input impedance will a) < 
he~Z~^. Similarly, if its input kTminals are connected to a gcncralni 
of impedance Zp. then its output impedance wall be equal 
to Zp. When both these conditions are satisfied and both IJir 
input and output terminals of the network are terminated in Z^, 
the network is said 1(j be correctly tcrjninaicU. 


Propagation constant 

In addilion t(^ the characteristic imi)edance just considered, 
symmetrical networks havi* another important propiTty, the 
propagation roust ant, which reja eseiits the lelationship between 
the input and output currents. 



Fig. 55(^\-- niDpaj^alion cimstant uf fDur-leirnia.il nctwnik. 


Consider a rc'cinrent netwoik consisting of a seiies of identical 
symmetrical sections, as sJiown in big. 55(S. The enrrent leaviiiL' 
any section will l)t‘ a dehnitt' j)ioportion rif that entering tlii' seetioii 
and will, in general, be nut oi ]»hasi‘ with it. This means that tlie 
ratio of tlu' euiient entering any sfTtion to that leaving it is a 
vector quantity having l)f)th nuuluhis and angle. Since all sections 
are identical, this vector wall be tlie same for all sections. It is 
convenient tn write this vector in the form where y is a complex 
number. Ih'iice let : - 


Since each section is idemical, it follows that 


Thus 
and 

Considering the case of a finite number of sections w, correctly 
terminated, if the current at the sending end is Ig and that at the 




PROPAGATION CONSTANT 
receivini^ end then :— 

_ f,nY 

i» 

Since y is a complex number, let y — x + j p 

Then e' = e = e , e 

= (cos p j sill p) 

a ;-V.—1 sin p 

= e A/cos*- f) + sill" p / tan~^ .- 

' ^ ' / cos /? 


563 


( 2 ) 


= e" /p 


(3) 


r' is seen to be a vector of niodiilus e' and angle p. r“ gives 
tlie ratio of the absolute magnitudes of currents enteruig and 
leaving a section ; p gives the phase angle between these two 
currents. 






--|o 0|-^ oj---- 

—b— 


o of- 
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Fig. 557 .—n four-termitial networks, correcLly tenninated. 


For sections correctly terminated ;— 


h 


jiV ;;a 

C — 0 


/np 


(4) 


Ill tins case tlie ratio of absolute magnitudes t)f cairrent 
sent and current received will be and tlie pliase angle will 
he np. Since the sections a?'e syminetrical, both the in|)ut and 
output circuits will lie terminated in the .same impedance Z^, The 
input voltage Eg will be equal to and the output voltage Ejt 

will be equal to Ir^ 


Hence 


^0 _ Er 

Ir^ IrZq Er 


and 



/nP 


(5) 


Attenuation constant and the neper 

The real part a of the propagation constant y is called the 
" attenuation con.stant " of the section, and is measured in 
" nepers It is equal to the logarithm, to the base e, of the 


* It must be noted that, tliroui^diout this and 5ub.seqiient cha])ters, the 
values obtained for attenuation and phase-shift, unless otherwise stated, 
are in nepers and radians. Thc.se results can be eonverted into the more 
convenient units for practical work, the decibel and the deforce, by multiplying 
bv 8'686 and 57*3 respectively. [See also Conversion Tables, patfes 839 and 
804.) 
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ratio of the modulus of the current entering the section, to tL t 
leaving it. 


For 


e = 


« ^ log. 14^ 


nepci 5 

For n sections, from equation 4 :—■ 


= e 


so tliat the attenuation introduced hy n sections is : — 


lop:. 


I 

\ln 


= noL nepers. 


Phase constant 

The imagiii.ily jiart /? of th(‘ propagation constant y is callei] 
the “ jiliasc crnistiint nf the section, and is equal tn the angle in 
radians by wtnrli tlie ruirent leaving the section lags behiiifl 
that entering it Fiom equation 4 the phase shift intiodiuetl 
by n sections is n p laihaiis. 

ASYMMETRICAL NETWORKS 

Asymmetiloal nelwoiks geneially ha\e different character!•'tic 
impedances on the two sides ; ^md to be strictly accurate, wJieii 
dealing >vith such networks, the terms “ iteiative impedance and 
“ image impedance should he used in place of ** characteristic 
impedance 


Iterative impedance 





riG 558 —Illuhtralmg iterative impedances of asymmetrical netvrork 

The iterative impedance of a four-terminal network is delinn 
as the input impedance measured at one pair of terminals when ai 
inlinite number of such networks are connected in tandem. Thi 
is the value of the impedance measured at one pair of terminal 
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□f the network when the other pair of terminals is terminated with 
an impedance of the same value. Iterative impedances will be 
different for the two pairs of terminals of an as^onmetrical network 
Fif?, 558). Thus the impedance looking; into terminals 1 and 2 
is 60()I? when terminals 3 and 4 arc terminated in GOOD, and the 
impedance looking into terminals 3 and 4 is 400D when terminals 
1 and 2 are tenninated in 400D. 

When tlie two iterative impedances are equal (as they are in 
the case of symmetrical networks), the common value is the 
characteristic impedance of the network. 


Image impedance 



I c ) 

1' 1C 559 — IlliistrAtiiig ima/’e iiiipi lUncfs f)f a^ymmotriral network 


Tlie image impedances of a network are tliosc impiMlances such 
tli.it when one of them is cemnected across the appropriate pair of 
terminals of the network, the other is presented by the other pair 
of terminals Fig. 559a and b). In the case of an asymmetrical 
netwoik, the two image impedances are different. Thus the input 
impedance at tenninals 1 and 2 of the network shown in Fig. 559 
300D when terminals 3 and 4 are terminated in HOOD, and the 
input impedance at terminals 3 and 4 is HOOD wlieii terminals 
1 and 2 are terminated in 300D. Wlien the two image impedances 
.ire equal (as they arc in the case of syinmelrical networks), tlieir 
common value is equal to the charactenstic imjicdaiice of the 
network. 

An asymmetrical network is said to be correctly terminated 
when it is terminated in its image impedances. (Fig. 559c.) 


Image-transfer constant 




I, 




Fig 560 —Illu=:tratm" image-transfer constant of asynimeti u al network. 


When an asjTnmetrical section, terminated in its image 
impedances, is considered (Fig. 560), the ratio y different 
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E 

from the ratio In such a case, the term '' propap^atin; 

constant"' is not employed, and instead the " image-tran^fn 
constant " 0 is considered. 


0 is defined as one-half the lof^ariihin to the base c of the vector 
ratio of the volt-amperes euteriiip tlie network, to the volt-ampen 
leaving it, the network being terminatinl by its image 'impedaiirek. 

Thus ~ ((S) 

The real part of the image-triinsfer constant is known as tlu 
"image-attenuation constant", and the imaginary ])art is kiiinMi 
as the " image-phase constant ", 


INSERTION LOSS OF A FOUR-TERMINAL NETWORK 

Wlien a network is introduced Irrdween a generator and a lf):ul, 
the resultant reduction in power in tlie load is known as the 
" insertion loss " of the network. Tl is Uhual to ex])ress this loss of 
power ill either the decibid or the nejier notation. 



I. 


(a.) 




T'lfi. SGI.—Insertion hfss ol four-terminal network. 


L 


Consider tln‘ ras(‘ of a generator of intinjial iinpedanca' 7,, 
working into a load (set’ h'ig. Sbla). l^et the current flowing 
be /,. Jf a fonr-terminal network ha\ing image impedanns Zd, 
and Z „2 and image-transfer crmslant i) be inserteil between tlu* 
generator and the load, a.s in h'ig. 56W;, then the current will be 
altered to some value L^, say. The in.scrtion loss is given by : - 


Insertion loss -- log 


nejHTS 


or ; — 


Insertion loss 2()logj(, 

It ran be sliown that, if 
given by : — 

+ log, 


1/, 

I/. 

0 ■-. A 


decibels. 

jB, the insertion loss is 


^0 e Z^iii 


^r, 03 


^0 + Z^ 

t Z Z 

+ It’S. 


- log. 

2^~z;z, 


+ log. 


■^Di “h TTpj, -p Zjf, 


.-20 


nepers (7) 



INSERTION LOSS 


567 


ajid the insertion phase-shift is given bv'; - 


01 

2V^/oi 


B \ angle of +angle ot;,; ;- angle of ^ 


+ a,^le ol (l - . 


7, +7 

/x/„. 

/n> ‘ A 


. e 


-)i 


ladians (8) 


RECURRENT NETWORKS 
Ladder networks 

I he type of rccuiieiit netvvoik mo-^t coinnionly cncuunteicd in 
Jiiie tr.insmissir)!! is tlie laddci lutMoik It exists in two forms - 
the "unbalantid' ladrki mtwnik (sn hi; .uid the 

“ balaniLd " laiJihi nitwoik (hig 5ii2h) 

I 

^ ^ T ’ T » - T 

.— ^ ^ . I . i i 

Z 4 

(c/) Ujibahuu id (^J iHm i iJ 

J 10 5b2 Liuklti nitv\ )rks 


Both the balanced and the nnbalanced Inhlii nctwuiks may be 
consulLitd as bi iiig built iij) ol «l niirnl)ii (d “ sections ” (as shown 
in I ]gs 56v3 and 5(14), \ilncli aie known, 1)\ ita^tin ol Lhcii shape, 
i-. “ I ” and L’ sirtions in tin nnbal.lined foim, and 

as '11 “ 0 " and "( ” sKtions in the balain id form IJiese 
scttions are all aiiaiigid to ]ia\e a tot d series iinjiedanLe /j and 
a total shunt impedance Zg 


II II 


(a) Ladder irntwoik LompusiJ of I siutions 


(6) I-adilei net\AC)ik composeJ nl t sections. 


(f) Lad dor network composed of L seclionw 


Fiu 563 —Unbalanced ladder networks of big. 5Ba represented as 
a senes of sections. 
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RECURRENT NETWORKS 


i:, iz, iz, iz, iz, <z, iz, iz, 

'si 'zf 

-<W/>^ - A/* AO ■ - -ov'/ . -v/^o - ' ■ <>-WSAi -./', \A-0- - - ‘ 

-iZ, iz, jz, iZ, iZ, iZ, iz, iz, 

(a) Ladder network composed of H or balanced T sections. 


.I-vAA-i..- 

t'Z, 


iz, 


—• AA-j—o - <v- -y- -/y /'--j- -o- •■ ■■ - 

■:zz,zz/’ 

‘ i !' ‘ r „ 

-o- - -o—i o- - 


tZ, +Z, 

(?>) Ladder network composed of O or balanced n sections. 


i7, iZ, i7, 

j -o .-v^'^-A-y--o- <j - ' — 

'4 ^zi; 

-• .z-vV. i --O- — -O-./'A/-- i- - 


-V'/A-J —< 
-\.'AA-i—' 

iz, 


(c) Ladder network composed of C or balanced L sections. 

Fig. 564.—Balanced ladder network of Fig, 5626 represented as a series 

of sections. 


In these figures the T and n sections, of which the ladder 
network is considered to consist, are shown as being symmetrical; 
the ladder network could, however, equally well be represented by 
a series of asymmetrical sections, such as those shown in Fig. 565. 


ir, iz, tr, 





■O'-A V 


Z , 

..-i 


X 



" I 




I'lG. 565.—Unbalanced ladder network represented as a series of 
asymmetrical sections. 


In fact, the L section (which is asymmetrical) is merely a 
particular case of the asymmetrical T section (with one series ami 
equal to zero), or of the asymmetrical n section (with one shunt 
arm equal to infinity). 

Other recorreiit networks 



Fig. 566.—Lattice network. 



BECtritlRENT NETWORKS 

Ill addition to the ladder structure, two other forms of 
recurrent netwoiks arc encounteied, namely the " lattice *' and the 
“ bndged-T '' networks, shown lu Figs 566 and 567 respectively. 


[a) Unbalanced. 


- 4 


^ ‘ • 7 / 

T ‘ T T " T 


(fc) Balanced. 

l^iL. 5b7 —UnbalanLLd and balaiutd forms of budged-1 sectiou. 

Ihe lattice section is usually a balanced symmetrical stiuctnrc. 
rh(‘ biidged-1 siction may be balanued ni unbadancerl, symmetrical 
or asyminetricdl, tli()iii;li the unbalaiu (tl symmetrical form shown 
is the most usual 


Equivalence of balanced and unbalanced sections 

Both till b.duKtd and unbalanced sections have identical 
liaiismission ])io[)(i(i( s, as Inn/., as no Loiincr (ions arc made between 
iln input and outinit liiminils (\tiinal to the mtwoik Tlius in 
1 ig 568, a and b an (.quivakiit, pio\idciJ that no comicition is 
made as in c 






w 

Unbalanced 


j 

i 




T 

v^'vV' ^ 


.Z, 

z, 

" 7b)‘ 

BALANCLD 


4 


T* 

O—r v\\A“f-0 


r 'f r 

-I —1 <jfc- —J 


_5" 

(c) 


i 


Fig 568 —Illuatrating eiiuivalpiico of baUnued and unbalanced sections 


THE T SECTION 

The symmetrical T section shown in Fif» 569 is one of the most 



Fig. 569.—SymmetncaJ T section. 


(d7S31J 


20 



5?0 


T SECTION 


important networks encountered in line transmission theory. It 
was shown in Fig. 563a that a ladder network could be regarded 
as being made up of these sections. To give a total series-aiip 
impedance of Zj in the ladder network, the two series-arm impedance' 

Z 

in the T section must each l)e 


Characteristic impedance 

To find the characteristic impedance (Zp) of suoh a section, 
terminate the section on one side with and determine the input 
impedance. Equating this input impedance to Zg gives an equation 
from which Zg may be determinerl. 


2 2 



Lie 570.— Syiiiinctrucil T st'ctiuij li’inuiuiUd in 


Consideiing Fig. 570 : 

liut /,* 


ZqZ, 


>^1 

1 _ 


"•) 

f) 


1 f 

-1 / 

- Z If 

/, 

7,1 

1 _ 

(!■' 


o 



f7„ 


Z,“ ZgZ, ZjZo 


I .P -1 -] +- -.7' 1 ,, “ + ^0^: 


7’- -^'“ + 7/ 

g - ^ -t- iO 2 


Thus giv 


iving 7 0 -t- 7,72 


(9J 

( 10 ) 


Open- and short-circuit impedances 

The values of Zj and Zg ma}^ be determined by measuring the 
input impedance for two given tennmations. For convenience, 
these two teiimnations are taken as an open-circuit and a short- 
circuit. 

Let the input impedance on open-circuit (Fig, 571a) be Zoc- 
Then 7„„ = ^i + 7, (11) 



Characteristic impedance 


571 


Let the input impedance on short-circuit {Fig. 571 &) be 


Then 


7 

Z — ^ -I- 






Z,2 




( 12 ) 


Z I 

2 


Zj_ 

2 


D——wVN/^-vVV— 


□ PIN 2 

CIRCUIT 5C 


Zi II 

2 I 

vW^-j—vW^-O- ^ 


^2^ 


I 


SHORT 

CIRCUIT 


(a) (&) 

Fili 571 —Syinniptiical T seLluiii on open- anil sliort-Liiruit. 


It will be noted tliat nniltipl^ang (11) anrl (12) gives : - 



Zq^ (fioni er|nation 10) 

that is Z„=VZ^<, (13) 

This formula is mo^t itsiful, and should he memorised. 

From these equations, Z^ and Z^ may be rb'leinuned in teims of 
Z^or and Z^jT - 

Squaring (11) ;— 

Z 2 

/ 2 _ 4 Z Z« -I- Z 2 

^ I '-1^2 r “^2 

= Zp- + Zo^ (from equation 10) 

= Zoo ^so + (from equation 13) 

• - Zj^ = Zoc“ Zqo Zjjfo 

z, = yjz,, [Zo„ - Z,,) ( 14 ) 

from (11), Zi = 2 [Zoo- Zoo [Zoo - Zoo)\ (*S) 

197031) “ 2 0 2 



T SECTION 


m 

Example 1.— 

Find the characteristic impedance of the T section shown m 
Fig. 572 


2COn ■’OOn. 



Fin Sll 


This IS most easily done by using the formula Z,® = Zo, Z,(, 

Zo„ 200 -\- 800 = looorj 

Zsi 200 t (200 and 800 in paiallel) 

200 f 160 — 360 iJ 

Hence Z„, Z„ 1000 d 60 = IS I 0 « 

/o - V/ Of 

— 600 A ns 

Example 2 - 

A syinnictiK cil J scrtion coinpusr cl of puit resistant es has tlit 
following ^allies for ojuii ind shoit (iicuit inii)r(ldnce'*:— 

Zoo 800 ohms / 0 , /s< 600 ohms /0° 

Determine and for this f siction 

/, 2 [800 - ‘^00)J 

2 [SOO 'v/ROO 2()01 
2 [800 — 400] 800 ohms 

/y \/800 200 400 ohms Ans 



Consider a 1 section coricctl} terminated, as shown in Fig 573t7 
Let the input current bf and the output turicnt be 1^ 

By definition. 



Applying KirchhofPs La\> tc mesh 5, 3, 4, 6 — 

- (/* - J,) z, +i^ + = 0 



i^ROPAViATlON CONSTANT 
/.Z, - (Z, + f + Z„) 


Henri' 


SincL 


Ij 

h 


A+4* t /„ 

'—— 

L ^il 

2 /, 7 , 


(16) 


/„ 


J'l 


f 


^1 , 1 






% t 


' ^ " A ' n/0/)‘ V O’) 

Jlie propaL^'ition rnii^t.int iif i I st ction is tlieiifoie gi\( ii by — 


/, 


i"-,'. 11 

I 


2A ' Ji'iz) ' /I 


(IS) 


From oquition 17 — 


’ + 2^;.' 




f 


/, 


whcncf. 


wliidi snnpliliti tn 


I I 


1 t 


27, ^VGa) 

27, -J ( 2 /,) 


' A 


7. 


(19) 


Acldiiif, 



i I 

2 d 

/| 

7, 


1 1 f ' 

1 1 

7, 


2 

2Z, 

01 

CDSh J 

-1 1 

^1 

27, 


( 20 ) 


Equation 20 may be derived more simply l)y coiisideiing two 
successive T sections in a recuirent network (sec Fif( 5736) 

Let the currents at the points A, B ^md C be 

and le\ 



I T SECnOlS' 

Applying Kirchhoil's Law to mesh 1, 2, 3, 4 gives :— 

[le^) + [le^ - Ie<')Z^ - - Ie^)Z^ = 0 

Dividing by — 

Zi Z^ — e ^Z^ — ‘ I Z^ ^ 0 

7,(e> H f-’) = Z, + 2Z, 

2 ^ 2Z, 


Thus, as befoip, 


cosh y = 1 4 


Other useful expressions in\ol\in[^ y may be obtained 


Equation 16gi\[s - 
Equation 20 gives — 


J I /l ,^0 

^ 2Z, /, 


cosh } — 1 d 


But = cosh y | smh y 
Tlicrtfnre by subtraction — 
siiih > = 


i inh } 


sinh ; 
LUsh y 


smh y 


'<' ' /A) 


\/ ^'i 


t mb 3 


At 


1 (luatir)Ti 22 is useful as it enabhs t to be cahulattd from the 
open and ‘■lioit nuuit imptdinct'. It cm tlius bi seen tliat both 
till ch 11 ictcnstiL iiniinlmci and the pinpagatinn (onstant of i 
netwoik c 111 hi dLtdnunul from and 1 mm tins it follo\^s 

that two lutworks will belmc similarly if tluy ha\t the same 7oc 
and At; 

Z 

Since uish ; — 1 1 


2 (cosh y — 1) = 2 \ 2 smh^- 




(23) 



PROPAGATION CONSTANT '«7tf 

Now sinhcosh^ = -^_^froin equation 21) 



J'lb 571 T scctinii, showmi^ values uf Lompoiionts in Uniiis of 
chaiddeiistjL iiniJpildiiLC and jiiupaj^ation constiint. 

Equations 21 and 24 enable the romponenb of a 1' section 
to be calculated if and y aie known. The section is shown 
in Fig. 574. 


Input impedance of a T section terminated in Zy^ 


Zi z. 



Fig 575.—T section terminated in an inipr danc^p Z/, 


Consider a T section tcrminatt'd in (itT Fig. 575). The input 
impedance is given by - 




f SECtlOM 


But 


But 

and 

Thus 


7 * 

£l_ _L 7 7 — 7 * 
4 T ■*1^* — # 


— 


= Z, 


■2^2 +-^+ ■^Jl 

<‘+C) + ^-A 


z 

~ — ijinli 7 (equation 21) 

Z., 


2Z, 


— cosh y (equation 20). 


Zijf — Z 


Zfi cosh 7 + Z„ sinh y 
Zj, cosli 7 -|- Zjt sinh 7 


(25) 


Input impedance of a T section having a high attenuation 

Considering equation 25, and replacing 7 by a -|-.77i, gives :— 

_ Z jt cosh (x 4 J p) + Z n sinh (>x +• j p) 

" 7„ cosli (or ^ jp) f 7Bsinh(oi (-;/?) 

Zj, cosh 01 LOS p {- jZji sinh a sin p 
^ -I Z„ sinh (yens p | ;Z„ cosli, (y sin p 

" " Z(, cosh a cos p \ jZ^ sinh a sin P 

-f- Z,t sinli a cos p + jZjt cosh a sin p 

If a is large :— 

cosh a — sinh a 
In this case :— 

^ y Zr cos_ P j- /Zy, si n /? + Z „ co s p -|- jZ „ sin p 

“ Z 3 co^ P jZ„ sin p Zjt go's P + jZji sin p 

- ^0 (26) 

Hence if the attenuation (a) is large, the input impedance is 
equal to Zp for all values of phase-shift (p) and for aU values of 
terminating impedance (Z^). 

This result is of fundamental importance, and is applicable to all 
line transmission networhs. 

Example ,— 

A T section (Fig. 576) has an attenuation of 3-45 nepers (30 db) 
and a purely resistive characteristic impedance of 600i3. What 
is the input impedance (fi) on opcn-circuit, ( 6 ) on short-circuit, 
and (c) when terminated in a 2 |jlF condenser (w = 5000 radians/ 
sec.) ? 



INPUT mPEDANCB 


877 


5652 a 5632 a 565 2a S 65 2n 563 2 a 563 2a 



Pig 576 


(«) 

(&) 

(0 


Zov = 563 2 f 37-99 = 601 ohms^" Am. 

on QQ cf?Q O 

z^c = 563 2 + ~ - ‘^ 1.2 ~ ohms^“ Ans. 


37-99 (5^3 2 - j 100) 

37 99“I 563 2 -j lO'O 

= 599 olims / — 0° 2' Ans. 


THE 7T SECTION 

/ 


j -- 



Fig 577 —Syminntni .t ,1 ji si ctiOA 

rile symmetrical n section, 577, is another very important 
netwoik encounteicd in line ti ansmission 


Characteristic impedance 

Ihe rliarar toiistiL iinpcdaint of the t section may be found m 
m identical intthorl to that employed ff)i tin 1 scrtioii, namely, 
by tcnninatin^^ the section in and erjinitini^ trie input impedance 
to Z ^ 



(d) f b 

Fig 578 —SyniinctriLal ji secliuii tLninm'ited in 


The input impedance Zjy will be 2Z^ in parallel with the senes 
combination of Zj and ( 2 Z 2 and Z„ 111 parallel). Fig. 578&. 








3t SECTION 


or writing Y using admittances) > 




^1 + ^0 ^ -V 


But y,v - v„ 


y«= 4 ^ + 


Y Y 4 t-i-Ll 
^0 i 2 


.-. ^ 0 ^ I v„yi 


Y y V Y Y Y Y ^ 


+ ^^ 1^0 + 




This gives / Q 


I \ (compare this with 

4 * 1 equation 10) 

1 _ 

J 4/^^ ‘ ~ \l 4 


Willing /pr for the chiractciistir impedance of a T section 
and for the chaiac teristic imjiedanro of a t section having tlic 
same total sciies and shunt impedances, this gives — 

/ 7 

y' _ 


Open- and short-curcuit impedances 


c ^ ^ p 

2i2 iU 
o X -L 




r IG 579 — Symimt tncal t scLtion on open- and short circuit. 

If one sulc of the t section is opin-ciicuited [see Fig. 579a) 
then tlie input impedance mcasuitd at the other side will be ’— 

_ _ 27^ [Zi r 2)_ _ 27n (7] -\- 2 ^ 2 ) /oq 

27, r A -t 2Z, “ ^ 

If one side is shoit-tircuited (ser big 579&), then the input 
impedaiice measure d at the othei side will be — 

7 — 2 

“ 7, + 27, 


At? — 


(31 



CHAIIACTEEISTIC IMPEDANCE $79 

The product of these two impedances is :— 

\2Z,(Z, + -2Z,) l ^ (_ 2Z^_1 

j Z,+4/, \ i(Z,'+2Z,) I 

_ ^,Zg‘‘ 

/i + 4Zf 

_ 7 2 
— Z, 0 

Thus Zo - \/Z,;„'. Z~ (32) 

It wil] he iiolicecl that this lesuli is the saiiK' as tint obtained 
foi the T scrtioTi (p 571) , 'in fiut, it is of nmvcrsaJ application fot 
any symmetrical section. 


Propagation constant 

Consider a n section connected between a |L;eneiatoi of internal 
im})edanre and a load Zp. Let the iiiinit .inJ oiiljnit ennents 
be Is and Ijt respectively (srr Fif’. 580). 




vW'A- 




T 

L > 

—L 


■i n 

L > 

R * 


t 


) 


loG. 580.—Piopa^ation roiibtant of section. 


-Sii'ce tlic network is svunnuti ical, hv di'lmitioii: 


1R Er 


- (.)■ 


From Fig. 580 it wall be seen that; 

Z„ 2Z, 


Let 


Er=- 


2Z, 


i 


Z, . 2Z, 
Z„ I 2Z, 


■ A'., 


I±-r^ 14 

‘ ^ Zo. 2Z, “■ 

Y,=^A.Y, - I and F, - 


Z, 


1 

^2 



( 33 ) 



Hence 


m 


M SBCTlCm 
V-106./1 


(M 


This may be compared with the value of propagation con'll i w 
obtained for a 1 section on page 573 , it is important to iioti 
that it gives the same value 


For 


i e 


r, log. } I -I 2y’ + y’ ) 

1 -L 


= log. 


y„-iog,|i + ^^^ + 47] 

= r7 


{.h 


Hence all other expressions for y derived for tlie 1 sectn n 

Z 

apply also to the n section—c g , cosh y _ 1 + 


^ nvr 


)TT 

t inh"^ J 
o ~l~ 


Uor 


-J. 


tanh^ 


IIG ^81 JT fatLliun bliDwiii^ valui s of compoiunts 111 tiuns of ditiiactLii ii 
impLilanu and propagation i onslant 


The 71 section ha\iiig characteristic impedance and projii 
gation coiisttLiit y is shown in hig 581 


THE HALF-SECTION 

Both tlie symmetiical 1 section of Fig 582« and the symmctiK il 
n s( (tioii of I'lg 5826 ma> be split into tvo half sections It vnl 
be seen that the resultant half-sections are identical, as shown i ^ 
Fig 582c , thus either a F section or a ^ section may be coiistructi 
fioni two such half-sections 

J' Il 

^ I ^ 
o—VWV'—•—f——o 

D-1—J—£-O 

[a ) (b) to 

Fig 582 —Showing how (a) a T section, and (b) a n seebon, is composed 
of two half-sections as in (c)^ 




HALF-sEcnoN m 

A half-section is an example of an asymmetrical network ; the 
expression " characteristic impedance " does not therefore apply, 
and the network must be considered from the point of view of 
either iterative impedances oi image impedances 


Iterative impedances 

Tht two iterative impedances of a half-section may be found 
b} cakulating the input impedance ZJ w^hen the section is 
ttiinmat( d at the other part of terminals in ZJ 


7i 

2 

o— wVTA- 

- 


r-o- 

li <, - 


iz'. 


.'ur 

L». 


Zi 

? 




lb) 


1 iG 583—Iterative impedancts oJ half section 


t onsidenng the half '■cction shown ni l*ig 583tt — 

2 I A, 

- /i/j , i/,/.;. i 2 //;, 

. -0 

/' \ Z Z A 

V lb ' ^ 4 

Agiin, roiisicUring the half-stetion shown ni I'lg 583b - 
'IZ 2 + 


(36) 


/' - /— A Z Z - ^ 

“■ “ V lb ^ 4 


(37) 


0 —vVW^'<' 

z- - 


22 ZZ ;; 

k -1-0 f>- -X-c c-i-c 


z_ 

4 

D-WV- 


L L 

4 4 


z / 

4 4 


D-WV^>VvV-o- OAW-p/V/^ CWV\A-*~W 

z.- z.- 3 Z, .z, 

O- -O-4-O- I>--“1-O- O-i- ■< 


*““£1 ^ 


7 

4 

zv ^ r 


Fig 584 ^Ladder structure formed by an in£rute number ol half-sections. 



582 


HALF-SECTION 


The ladder structure formed by an infinite number of half¬ 
sections is shown in Fig. 584a ; it can be seen to be identical with 
the series of T sections shown in Fig 5846 and c having series-arm. 

Z Z 

and shunt-arms 2Z^, with a scries element added at tlif^ 

input at 1, 2, and subtracted from the input at 3, 4. The clianic- 

/Z 2 

teristic impedance of the T* section shown is The 

two iterative impedances of the iialf-sections are thus greater and 
less than this by 

j ^ , 


Image impedances 


r>- 

- 

. — 




luG. 585 — linage' impL'ilanct's ol half-scrlion. 

la't llu* image impedances of the section be at terminals 1,2, 
and Zo2 ‘d tcTiniiiaK 3, 4 (s't’c Fig. 585). 


jiv di'Hiiilifni, if ail impedaiic'e Zq^ coiiiiectc'd to terminals 3, 4. 
the input mi[)edance at 1,2 will be Z^. 


^01 - i^i i o/”| -- 

I 2Z2/U1 (IZj I 2Z2 )Zq 2 = Zj^Zg (3''^^ 

vSimilailv, if an impedance Zqj is connected to terminals 1, 2j 
the input iinpi'tlance at 3, 4 will be Zq^- 
From Fig. 3856 :— 


2Z^,2 ^ZiZ. i IZ,Z_02 [ 2 Z 2 Z 02 


^0. -- 


i f ^0. 


- 2Z,Z„, ! 

Sul)tr.iclin,i? equation 39 from 38 :— 

4Z.,Zoi - (Zi f 4Z,)Z„, = 0 

r 

-d -L- / 

7 4 d- 

• ■■71 ^ ni ^ 


mence = -7 



IMAGE IMfEDAJlCES 


Adding equations 38 and 39 

^01^02 ” ^1^2 

Zoi^ = fT+^^^z,z, 


^U 1 = - ^0 

Zm = , , — /„ 


The image impedances on the two sides of a half-section having 

Z 

a series impedance and a shunt impedance 2 Z 2 are thus seen 


7 . 2 , 


O vW-T-O ■>^//-T » 

'■’or 'V-^On 


_ _u 


t -n ^\V W/-t—O 

?V: -Zn. 

-n ( i , . -i__0 

(C) 


I' li L' 7 

? ? 2 ' 

—VWV - ^-A' t- - J J '• 

^OT- 'yz ^ "OT^'2 ':' V " 

i_ - -I_1-. 

(Ct) 

I'lG. 586.—Matching a 'i' and a 71 wsccliun, using a half-section. 


to be Z^,p and (Fig. 586«). These iinpedanci's are equal 
respectively to the chaiauleristic impedance of a T section and 
of a 71 section having a total scries iinped.uice Z^ and a total shunt 
impedance Z^, that is, to Ihe char^ieteristic impedance of that T 
and of that n section wliich are piodiiced bv combining two such 
half-sections (Fig. 586J; and t). A half-.section can therefore be 
used for matching lietwtcn a T section and a .-r section if both 
these have the same total series and shunt impedances (scr Fig. 586^?). 

Open- and short-circuit impedances 


1 l Ih 

2 3 12 3 



2 4-24 

Fig. 587.—Impedances of half-section on open- and short-circuit, looking 
in at terminals 1 and 2. 



5tA ttAtP-SECTION 

The impedances presented at temunals 1, 2 of the half-section 
(Fig. 587) when the terminals 3, 4 are open- and short-circuited 
are:— 


^oLi = 2^ + 2^2 (43) 

=- § (44) 

Hence ^ 

- 4 (45) 

— image impedance looking in at 1, 2 



110 58S liiipi daiiLLS of hall sLclion on opLii- and short-circuit, looking 
in at ttrminals 3 and 4 


Similarly, the impedinccs pnscntcd at terminals 3, 4 when 1, 
are open and short rinuited 588) are 


^Ull 
^ V(72 


-2/2 

/j/. 

":/ ^ 2z, 


IJeixcc sf2 





_ _ 

^ ^ 1^2 ( 46 ) 

— image impi dance looking in at 3, 4 
Ihiis till impediiiiLs obtained by taking the geometric mean 
of the open and shoi t-cin uit impedances at the two sides of the 
haU-bcrtion are sLcn to be equal to the image impedance This is 
true fOf any asymmttriccii and provides a convmient method 

for tht dt terminal I on of the \mage impedances 


THE L SECTION 

The ladder netw^ork of Fig 562a and 6 can be analysed into a 
senes of “ L ” or " C '' sections (Fig, 589) instead of T or Jt sections 






2i 

W — 

(W 


Fig. 589 —Unbalanced and balanced lurnis of L section 
Such sections are frequently used fi^r matching puiposcs. 


Iterative impedances 



Ca) - (b) 


Fig. 590 —Iterative impedances of L section. 


The iterative impedances of the L section (see Fig. 590) may 
be found by the same method as adopted for tlie half-section 




I A^2-- 


Image impedances 



(a) (b) 

Fig. 591.—Image impedances of L section. 


The image impedances of the L section [sec Fig. 591) may be 
found by the method pieviou-ily adopted ; they aic of course also 
equal to the geometric means of the coiresponding open- and 
short-ciicuit impedances. 

^01 “ • ^ac\ = \/^1^2 T" (49) 


= y/z, 


002 . * Pt 


_ ^ 1^2 


29 


4Ws»l|' 





1- SECTION 


Hi and Z2 mayJbe obtained in terms of.Zoi and giving 


Zj — '\/Z0 i(Zqi Zq^) (51) 



THE LATTICE SECTION 


I 
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[>■ 

2 



3 
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-o 
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cy- 


o 
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Fig. 592.—Lattice sectinn, with reprcseutatiou as a bridge. 


Latlice sections are symmetrical and balanced, and will therefore 
have characteristic ini])odances and propagation constants. The 
lattice stiucUirc, Fig. 592a, may be redrawn^ as a bridge structure, 
Fig. 592b, 

Characteristic impedance 

Let the latiicc section of Fig. 593a be terminated at terminals 
3, 4 in an impedance Zq, Then if Zq is the characteristic impedance 
of the section, the impedance looking into terminals 1, 2 will also 
be Zq. 


V ^ 3 ' 

—^ O- 1 1 

■ -—AW- 7 ^ -ry -J 



(=>) (b) 

I'lG. 593.— Lii'draLtuiibtic impi'dance nl lattice section 


The value of impedance looking into terminals 1, 2 can be found 
by the aj^plication of Kirchhotl's Laws. The meshes may be seen 
more cleiuly by rediawing Fig. 593a in the bridge form, as in 
Fig. 5936. 

Let the voltage applied to terminals 1, 2, be E, and let currents t, 
and ^2 flow as indicated. 

From" the mesh 1, 4, 3, 2 :— 

F = (t — ii)Zji — igZo + (ij — ig)Za 

E = tZji ta(Z Q -f- Zji) 


( 53 ) 



LATTICE SECTION 


From the mesh 1, 3, 4, 2 :— ‘ 

E = i'l -f i^Z 0 + 

E = «Z^ + i^(Z Q + Zj) 


587' 


(54) 


From these two equations : — 
E - tZ^ 


tZ^ - E 


E 


“ ZqI-Z^ Zq + Z^, 

(2Z„ + Z^ -h z^) = Z^(Zo + Z,) 4 Z,(Z„ + ZJ 


155) 


lint— = input impedance at 1, 2 , = Zq 


Zo(2Zo + Zj+ Z^) = Z,(Zo + Z^) + Z^(Zo + 

Z„=V^^A (56) 


Open- and short-circuit impedances 

llie impedances lucsentcd at one pair of teiiiiinLils of a lattice 
section, when the oUrt pah is open- and shoiI-circuited, are 
lespectucly ; — 

^0. = i(^ + (57) 

(58) 

“T ''Ji 

\/Zo,.Z,„=^J{ (Zj |-/«). (59) 

This verifies once again that the geometric mean of the open- 
and short-ciicuit impedances equals the characteristic impedance 
Zp (image impedance in the case of asymmelrical sections). 

Propagation constant 

Let y be the propagation constant. By definition :— 


Fiom equation 55 above : - 


But 

E — tZji tZjf — E 
^ Z Q -j- Z^ Z □ + Z^ 

E = iZ, 



Z Q Z^ Z^ Zj- 

** ~ *z„ + z^-^z„ hZ 


Hence 

Y = Z„ + Z^ Z^ + Zg .. 

Z^-Z^~ Z^- z„ 

(601 

or 


(61) 


(d7d3i) 


2Pa 



Ill addition, since e’': 


-liaxncE SECTiDjt’ 

_z^±z^ 




Z„ (e^ + 1) = Z„(e>' - 1) 


z„ 


^Lzil 

e' + 1 


= tanh ^ 


+ e ^ 

u„i,? /S 

2 VZ, 


Z^t .rh^ 


/..rotiiT 


f 1 


7AanhX 


(62) 

(63/ 


5 

• -O 




Fig 594 —FalHt c' scLtion, sliDWiii,^ \4iliics of rr>nipnni'nts in terms of 
cliaiaUeiJ^tic impedaiite ami propa^Mtinn constant. 


The lattice section liavint:; Lliardctcnstic impedance Zq and 
piopagation constant y, dediui d from equations 56 and 63, is ^lown 
in Fig 594. 

THE BRm&ED-T SECTION 
Characteiistic impedance 

Hie chtUdL ten Stic uujKdaiue ol tin biulgcd-T section may be 
found, as in the case of the lattu e section, by assuming one pair 
of terminals to be teimmatcd m /p and an EMF E to be applied 



Fig. 595.—Bndged-T section. 


to the other pair of tcnninals. Then, if currents flow as indicated 
in Fig 5956, the follovnng equations are obtained :— 

Fiom the mesh 178342+ i^Z^ — E (64) 

whence 

(f +Z,) = E (65) 


From the mesh 15i}42 



From the mesh 1562 ;- - -= E (66) 

Solving these equations gives :— 

(67) 

In practice, the two senes links are ficcpiently made equal to 
Zp. Equation 67 then ieduces to .— 

Zp - ^ (68) 

Open- and short-ciicuit impedances of bridged-T section 


i 


■A'V'v — 1 


h h 
2 2 







o- 


^SC 


o- 



If 

z' 


(b) 


biG 596.— Bndged-T secliDii on ujitii- and shoil-ni LUit 


The impedances piesented at one pair of terminals of the 
bndged-T section, while the othii pan of tiiminals is open-ciicuited 
and short-circuited, are lespectivcly ' - 


•'OO 


— Zg + 


l-z. 


Zl + Zg 
— ZglZ^ + Zp) -f + Zp ) 

Zl + Zg 

7 ^17 4- ^Z^Zg 1 


(69) 
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bridgeb-t section 
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Propagation constant 

Imoim (quiitioii'i til .tiirl ti'* - 

!/„{/, - / ) - iy,/3 

y/. //o 

I />> - i_/./.} 
/J/i ‘ /.) h y,/. 
/,.(/> !_/<) ' 

/«(/> ' /J y/, 
/.,(/. I /)_i y./, 

/»(/, /.) i/./i 
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- 1.*, (1 ! 

U.ltll 
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oil slll)^tltutllu:; fur li )in uiu.ition hS, !(' 
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NETWORK EQUIVALENCE THEOREMS 


Equivalence oi T and 71 sections* 

Ifuvjtni At aii> out fuquuiuv ii f biLtioii l an Ijl iiiki 
dianf^cil, in an^ liitwoik, a t si ctiuii, and iia voi^a, pio\idcd 
lliat LLrtani ulilimis aiL in uiiLain* d bidwtui tin tlemcnis of tlic 

two SI ( tioiN 


vSirice Ihe T st'ction, Fil^ nia\ bp redravin as a star 

(I ig. 597^), and [lit t bcclimi, 1 597l, in l\ be rtdiawn as a viesh 
(big 597t/), this IS somctiiTiLs known as a ‘ slai-mfsb comeisioii 

If the impt JantL looking iiib^ tlie teiimiials 1 and 3 aie equated 
for the t\^n sictions, the following relationship ib obtained 




Z,[Z, + Z,) 

Za ^ Zjf Zq 


(74) 


♦ 1 he 1 ind -r btctions so lai discussed hci\(. not betii tqiuvalcnt, but 
ha^e been related to the same laddir Ilotv^oIk In this section clcctntalb 
equivalent I and si networks are cousidcied 
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Similarly, equaling impedanres. looking mlo terminals 3 and 4, 
7X7— 


aiul tquLitinu impedances looking into tiiin mils 1 and 2 - 
^ni^G * ^ 4 ) 

A 1 A [ /( 




\ovv add equations 74 and 76 and sii])Lrail 75, 

A 

where A — /1 I A 1^0 
^iimlail\, adding 74 anti 75 and siihtiat tiiii^ 7(), 

X _ 46, 

^ /4 A , A /^ 

l ni illy adding 75 and 7G and subtiatliiig 74 


/ - 

‘ ■ A 4 A, 4 A 


/. 


/.A 
/, t A 


^ y n 




(76) 


(77) 


(78) 


(79) 


Tig 597 F lIj ni iijn lm iilt I ds a Uii .111 J i sl it luji 11 ]ji esi rift rl 

a j lilt sli 


Ihese cquiLions, 77, 78 and 79, qui tlie ulatuins between 
the impcflanie ckiiiLiit'^ fnt a tuliin nnpi dam e equivalence 
between the two scttmii'^ iuuIli lallni siittiii .onditums It wull 
now be sliown Ihit tlnsi equation p\i tlic equivakint of the 
two sf'rtnnis imdir the nioie stiingi^nt condilnni'^ dt puled m 
Fig v598rT and h In big 598i7 tlu 1 ''Vetioii is used to (onneet a 



r*) (b) 

Fig 59s — (j) 1 fctinii, anil [h) 71 sLition, lonn Ltint» a ^iniaatoi to 

a load. 
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NETWORK EQUIVALENCE THEOREMS 

generator of intern il impedance Zg and voltage £ to a b 
impedance Zg In Pig 5986 tlie n section is used to connect tl 
same generator to the same load The equivalence of the iw 
sections will be proved by showing Ih it the currents Is and 7^ i 
the same for tlie two nt tvorks 


From 1 ig 598a the curi( iit Ig is sr eii to be 


7 4/1 ^3(^2 ~t 


(hi 


Now suppose that /, and Z^ have tin values given '' 
eqintions 77 78 ind 79 lesp ctivel} Substituting these vah ( 
pn L(p atioii 80 gn 

/ - ^ 


/s 


Z n(Z nZ r Zj/^ Zf/^ 


(M 


ZcZ i \ z I z^ 

1 ruin 1 I ^9S/ lh( ciiinnt 7% is seen tr) be 


V 


Zs 


/ / z ji 

^ A ^ rt 


I e 


I 


/ 

iiiiu T / 


/, /r/4_ ///r /r/.) 

Z vZ B \ z ^Z il I //£ \ 




I 1 um I 1 ^ 59S ? 

I 




z z /r 

or if /, / iiid / ^ JiL\L tlif \ dills issigiud to them bv equitions 
77, 78 nifl 79 u sjn i ti\ i Iv 

/i/« 




1 1 r)m 1 ig S9S^ 


7s 




I, 


z Zi I /,/, A 

/ wluu /( is tl'L ciirnnt in the 


imped UK (. 

SiiTiil 11 1\ 


/. I A 




■U 


/n I 4 




V, , A 

/lA 

^I j -f g 




(84) 



EQUIVAI.ENCE OF T AND n SECTIONS 593 


But Is - Is, hence, comparing equations 83 and 84, it will be 
^etn that — Is 

Ihc two scitions are therefore cqui\aknt whin \ geiiciator of 
jinpcdinct ib comirctid to tniniiiiK 1 iiid 3 md a load 
irrpedonct Zj^ to terminils 2 uid 3 Sjiiif the tcpi ilions SI 82, 
81 nirl S4 are all s\Tnmetiird with respect tr) ind 

(thiT lhc\ arc iiJuhiUt^cd if uid /g ul iiiti ilIi in 

c\(li ouIlt), it followh that tlio SLitioii', nt iqiin dint f llu lo id 
iTid cnri itoi UP each connoctul to in> two ot the thin triminils 
1 null} since I /b ind Z^ art quite ^cni i d \ dm s thi eqiin dnnr'e 
n all ifspcfts of the two sections is established 

(ii\fn a r ^ectirn thcKfoic it is possibli lo itplict it iii my 
n jL b\ thf Lf]iiiv ilent d scitioii wli^ i i li im lit in ^^nen by 
L piitif ns 77 78 ind 7^) 

j < ^ / /] I /y. 

I hui ftfini equations 77, 78 md 70 - 


7 i 

! 


i i 

Tllllub , 


1 ll 


A 

A' 

A 

/. 

// 


/ f ^ B i ^ i ^ ^ / 

A 

A 


/, (,qii ttlon n 


//, 

//l 

/, 

+ // 

(85) 

//. 

/ A 
/. 

/,/ 

(fib) 

/./ 

/o/, 

/, 

' /,/ 

(87) 


IljLiffDu Ul i J ^Lcliiu) i( IS ['IIS ibli ti) rtplice it in iii\ 
utwork l)\ till cquiv i]i it 71 section wliosc" Lkirmt'- lip fjiven by 
11 itioiiT 85 8 G 11 1(1 87 


It IS possible to siinpbfv tin so n suits by roiisirli ring idmittTnc-es 
iiislr id of rnijiLelini ts Jhns — 

_ A'_ _ 1 1 1 

/lAA /, VA /, 

., 1 , I 1 I 1 


Now, from (83) — 
5A - 


i ( 


A 


1 ^ _ 

i.iniAi'A) 

y,v, _ Y,i% 

I Y, I Y, A" 
whe^re A" = Yj j- Y, )- Y, 


( 88 ) 
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Similarly, Yj, 
and Yc 


Y,Y, YaYi 

Y, + Y, 4 Y3 ■ A" 

_ _ YlZl 

>1 V, I i„ A” 


IV) 

(91 


Ihc si^iiiln iimL tif tlK ‘'titrnidit thit llus tluoiua is ti 
only at a siiisli fii tjiuiKj^ will lji in irlu ck u lij m CMinplii 
EAamph - 


[ M " 

R R 

cl- i . 

1') 

I jr 





Sup]) till siiji])li T ^tiiirluK of J I 599^/ IS piit f)f 1 111 
f()ni])l(\ lutuDik mil (01 ifl(i 1 ])iitiujlu fiicjUfiK} Jia\in 
rorii spniuliii^ uiLiilu \c])cit\ r y 1 siii>^ the notatiuji 
1 S9S/) 


// R incl /f 


7 


Now i])ph lli( tlicui in mil ii])lui llu -r si i lion 
ill 111 I sicliDii oL I I s99i I sill I ]\i ill )ij 


mil 79 


t e 


m 1 




A 


2R 


jR{Zn,(k 
A „r A- I 




A_;JryC7v- 
^ 1. y 1 A- i 1 




R- 


2h 


] ;/v“) Djf 
4f (, f R- I I 


Dyf 


liV 

77 


;) 

1 


'in \ / lu I pii\ ill lit to 11 1 im I s HI ^i 1 iLs \^ iili i ojult nsn^ 

hut llu \ llu (f I si^t uu mii i ip irit\ 0 )lh ili ju lul on f 

Similiih /j is ( ]ni\ lU ill tr> i u I'-lnui 111 riiis \Mth n 
induclmci tin \ ilui ol both LonijiuJiLnls ikpiiuhn on f)y It 
tin n ton mhiu otlui fnijuin ^ is c hosLii m mtiuN clitlcri 1 
T siition will Hsiilt It Is ilsi) nil]’* Htint to notui tliil in soin 
tisis I iisistiM or 11 iciiM til Hunt in tin C(]ni\il(nt rnruit ini’i 
turn out tn In in^MliM tint is to si\ tin? iqunalpnt rinmt ni 
not hi ]))i\'='ii ilh n ili/ihU usni^ p issim i imjiomnts 


Equivalence of a complex network to a simple three-element 
configuration 

rheormn —An\ four-tinniiiil nctwoik nnnk up of lincai 
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impedances, no matter how complex it may be, can be lopie-sented, 
a.t a singk frequency, by a simple T or t section 

This thcoiem follows at once from the cqinvdlLUce of the T and 
j 7 section A romplicaUd network can be rcJiiLcd to a single 
section b\ siucessue ti insfoimations fn>in I to r and tliL u\(isl 
as will be seen fiom the following evample 

I xampJe .— 


•» AfV- 'V r 


I i i ^ O 

r 1 

1 jr. bUO Kccluition of a lojiipkx network to a si n|ik J sLcUoin 


Ik bOO sljnws till Kiliiilioii of a liulv coinpit \ lulwork to 

nijik 1 sutioi' 111 S -.Ills, lli( numhe. ol -^Ujis itquiiMl in 
I ])iituulir cast will of loiiisi, inrit isi witi. llii (oinplrMly of 
ll'L network 

Step 1 R[ flare tin t network i on istni^ of / aid /q 

to a 1 iiLlwoik Zj /ti /t 

wSte]) 2 Redact tin Tiictwoik/, Zj, to l I nclwurk Zj,, 

Zj.Z. 

Sti p 3 Rtdiice Llii -r iiftwoik /g /j ' Zo to c- 1 ni t- 

WfUkZj; / u, /1 

Ste]) 4 fian^fLi the impiduuf /J^, frtiiii Liu luwfi to the 
I'ppii aim of tin nelMfuk 1 his is ]iLnnis ihle 
bcttiiisc IliL sami (uiunr flows thimigh Z,q and 
ihiouv^h Z^ and m si lu s Zjq c.an lluidoiL bf 
pliLcd in stiies with /p and Z^ in the same .irm 
witJiuiit affecting tlie \ollagc di\ doped auoss the 
load impedance Z^^ 

Step 5. Reduce the n network Z7 Zp, Zp H- Z^, Z^ 

to a T nctw ork Z^, Z^, Zjf. 

A simple 7 scetion now connects the generator and 
load, the T section being the equivalent of the 
ongmal transmission network. 
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Tliough it IS sometimes useful to perfunn the actual reductn 
of a compk\ network to a simple Lquivalent F or tt section, tlir nn 
important aspect of this thtoiLin is tin fact that it clemonsti i 
the OMstenn of siirh siTn])l( r'quiv.Lhiit rnciuts 

T and tt sections equivalent to a perfect transformer 

1 oi sonu ]>iiipi)^(s it m LonviiuLiit to rcplice the sejiiiL 
primau liuI ^tiuinlirv f mails of a pu h et tian^ffinur l)^ ) 

Lire int hnkt d ])\ a ik Im fuk of iinptd iin is ‘ I '"and 'tt^skIioi 
c in hi u id to u pu si iit i \n iIli t twinsfoiniLi tli it lias in impi rl i 
in sdics 01 in shunt \Mth iillm wimlinj^ 

Jill \ due-, ol th* f fiiiijK iiLiits of Ihcsi erpiu iIlhI nrtwi 
an d(ii\fd h\ i on adi 11114 tin imped inrcs at tin iiijiiil and it { 
outjiiit t( itnin iJs \\itil till oIIh 1 liiinin ils oj)en- and slioit i lu lui 

n ^ S (n ) I. n(T 1) z 

' T liiT'* ' T T 

I , 1 

t*) i.n i' 

till (lOl Jrinsl iHifT with lu i nncil iiK e / muss ])ijniary ainl 
n|uiv ilf nl 1 '■[ ctioii 

For c\am]j]i su])pija tint tin ti insfoinui 111 Fig H)[c{ r 11 
iijilicid h\ till J nitwork of J (>()U) If tins iippo iti )i 

ju^tilud thru th imj’)( luiu bitvi^ 11 ti nmii d I iiid 2. \m 

tiriniiiik d md 4 oyn n iinuiUd (ulnrh will be denoti d b^ /j r 


must bi tin 

7 and S nijcn 

T mu IS t hat (/ 
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Development of lattice sections with senes impedances 

Theorem If dn\ imped nice Z be subtracted simultaneou^h 
from all four arms of a liltice section, and placed in senes with th{ 
input and output U rmni ils of the s( ction then the resulting sectu j 
IS rlr Ltncally idintiral to tlit oii^inal littice scetion 


E.f' 
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I 10 hOl—J) l\c 1 pnieiit 1 ] ilLu c s l Lull with cues ini] t I in ls 


Conslfhi tlic lUtjri sfction sh iwii in 1 il, bOh/ uid the icsulti 
sLitimi (1 Is (lOh) \\\i n it i in ililjiil m tins w ia T ct Ursl tv 
sctLioU'^ l)[ tMiiini iti I on r>]u snh vitli iny inipiLlnuc i 

III ivoltifii i bt Lj phrd ft) till rtliii ]mii of li iinin ilun 

luiiiiits flow i', iiulu ilul 111 tin Imnt ilu i])plRLition 
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eijuations i m bi sohid is on pa^t S87 to gne the characlensti 
imped nil I and the propigation const int 7 namely 




ind 


\ /iA 
/ 

/ 


lo^ " — 


f) I / < 


lu 


ilnaifittl I illiii <!( 1 ';nn (1 1 ,^ (■)04[/) 
MlsIi U<2 I V( I (/ ■ 


, A_/» 


t < 


/,) - /) - + Zs) 

4 - O (/, -Z) + iZ 

t/s - -h Zj,) (99 
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Mesh 1342 — £ - JZi h t\(Z^ - Z) + uJZ ^ Z^) 

+ - U i~ ^i) (^A '') ^ 

te L- iZ^ \ u[Z^ 4 Z,) ( 100 ) 

Eij’iatiOJiii 99 and 100 aji‘ sun to be nleJitiuil ^vlth uiuatiuiiij 
97 and 98 iciptcti\el\, and ll)ev will tluiefoie vald the same 
iLsults for Z(, and for ; The modiiud lattice section of 604i. 

llicufure eh ctiiCrdJy tquivahnl to tJic oin'inil lattat section 
oj 1 6041/ 


n 7, i7 


-> V W" 

vWv'^ • -o 


VSAA^- 

-vWnA- ® 










L>- ♦ A 

/AAj <» 

o AaA^ « 

v/v— • 

^A^AA a, 

7 

; 

7 



iz 


J \(, liUS — LatlitL bLclifjn, and iquiv ilt ni devulopeil section with snics 

iiiijn ilaiiCLS 


In })iactue, tins llitoniii is mosl use ful when ill foni aims of 
{hi I Lttice section lia\c a (omuiun siiks mipedanee IJiis is 
iiln^iialul m 1 is^ b(K5, wlit u /< / and ^ / 


Equivalence of a lattice to a T section 

I In Ohm \ KlUul sutnai tan bi intu eli imjc d, in an^ netwoik, 
til l1 -.h tiDii, and 7 zi I < i; sr/, pio\ idi (] that ((itain n lations aie 
'll iiitaiiiLil betwetn Lht (hnitiu^ of tin two sci turns 

tills till on in follows (luni tin list the oi Lin ^lO rt'.tnctioii 
" ^ nniuistd on tin value rif Ihi niiju d un c Z tliit u is siilniaLtcd 


o • 

7^ . 




Z-7 p ^ 

B A 1. ^ E 


o ^ 

z 

A 

(a) 


(b) 


A 

A 






14 


O'-vVW^ 

* ' T 


L 


(C) 


vVVA O 


WW-O 


yWA 


A 


B AV 


U) 


hiG b06.—l-quivdlence ol Idttue and I sections. 
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from all four arms of the lattice section, and placed in series witi 
the terminals ; Z can therefore be made equal to 

When Zj is subtracted from all four arms of the section show 
in Fig. 60G«, and placed in series with the ternuiuds, the " luttict 
arms are sc*cn (big. to be in parallel, and the resulting secti* > 
can be redrawn as in Fig. 606c. This is a balanced T section, 1! - 
unbalanced form of which is shown in Fig. 606^f. 

The chaiacteristic impedance and propagation constant of tl 
T section shown in Fig. 606^f arc given by ; — 

- z^) 

— (!•(' 


and 


I _ 

^ - Z,) 


Yr = Inp. 1 1 

I \/z 


2Z„ 


(Zb-Zb)! 


--loir.yr" '-v,y 


- l„n 


( 1 " 


These lesulis are idenlkal with those obtained on page 587 ' 
the original lattice st'ction of big. 60Gi/, and Ihia'eloie the L' 
sections aie electiuMlly i‘quivalent. 


Development of lattice sections with shunt impedances 

If any admit IcUiu- 1 be snbtiacled simultanef)u ^ 
frtmi all tuui aiiHb of a lattn l section, and placed across the nq 
and ontpiil terminals, tlieii the resulting sr^ction is eli'ctriia' 
icli'iitical to the original iatLicc section. 

Coiisidii the latlua section rinnvn in big. 6(J7fi, cuul tlie lesuhi 
section (Fig. 6U7c/J when it is modified in this way. J.et llic'se w 
sections be teiiniiialcd on one side with any admittance Yjc, and i' 
a voltage h, apj)lu-d to the otliei ])aii of tmiiiiials, cause an iiq 
LiiiTent i. Let the \ olLiges a])j)eaiing across the various Loinjionei' 
of the two netwoikh be as shown in Figs. 607& and e lespcctivii 
then the currents flowing will be as indicated in Figs. 607c aie' 
and the application of Kirchholf's first law to each terminal in Lie 
yields the following equations ; 

On^ifud latlicc section (Fig. 607c) : - 

TermiiiaT 1. i =- ^ 7-%) f Y^Ey^ 

l'-f. i^-^Ky{Y^y-\ (10. 

Terminal 2.^ - r.- Yj,[E -Ey- E,.) d- Y^{E - Ey) 

ue. '■ ~-= E(Y, + y^) ^ £,(y^ + Y,) - E,Y, 

(10 

Terminal 3.— 0 y^(ii — EJ + Y^Ez — Yj^i 

t\fi. 0 = isy, - Ey(Yj + y^) + E^Ys (Wc- 
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tiuin (103) and (105) . - 

I EVb \ I y,) (106) 

1 loin (104) and (105) 

t 2,(1, (i,) (107) 

I’nUiiiii Yb (iinal to Fp and clmiin itini; h ^ funn C(|intinns 106 
Old 107 oiu obtains 

» _ i,(i« ( 1 „) \,,(^. I y.,) 


will lice 


- \/l bY,, 


ia 1 21 „ 


And thcicfun ^u — y 

— (cis sLLJi on \) 5S7) (108) 


] 


^ J I 

. V 1 J 


X \ 

V 

^ AW I 


\ >" 


^ \ 

V 


/vw' y» if-"* 


li^iG 607 Di\clc)])mLilt of KttKf sLLtion with hunt iniiK lidiic t s 
Also, fiuni i(]Udtii)n 107, pnltuiR 2 1 « om obtains 

2 (1 a ^ o) ^ a I ^o) 


, E 

y log.-T" 

■^s 


Yb+Yu 
Ya - Y, 


(9793.1 
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1 () ** 
^ U 


I /. 

-/i 


(db seen Oil]) 5H7) 


(1 


Modi fit d lath CO 

scch on 

(I ii? 

(i07f - 

— 




Icnninal 1 

1 

\ r 

(Vx. 

' )(/, 

1 1 

T(ia- 

i)^ 


1 r 

1 

/ ^ 1 


a 'ix, 

i\) 

f /_(K 

- i) 

(III) 

Itrininil 2 

1 

^ I 

('. 


/ . 

1 ) 







1 (ix, 


-/*) 


t e 

1 

} . 


i) 

I ,fV , 

1 ix* - 









1 AY. 

i) 

(11. 

I Linunal d 

u 


V)/, 

, (ix 

1 \)L 







-(Y. 

1 V) [L - 

-l-o 


l 6 

0 

/(V 

r 

ii ^ 

n f I 


Vx, 








1 .0 X 

1 0 

(11. 

Irom (110) anil (IJ2) - 








1 “ 

1 1 

f.Oj ^ 

x) 



(11 


liuiii (111) md (IIJ) 

/ L\^ i (V, i«) 


(in 


LquitiouslK^ uid 114 lu ten to bt ukiitK il witii ( qii Ltinii 
U)b find 107 TisjHtlniU mil tin \ will tin i f )u \uld tlu ni 
r(suits foi /„ nul ^ 1 In irmditud littnc u tnni ol I iw, 

tliunloii lIuIiuiIK iiiiiivdiul to tin on lud Idti i si l lion li 

1 11,^ b()7u 



1 iCj b03 —Lottie bLCti )ii in 1 i [uivalcnt tlLvulnpL 1 heLtini witli 
shunt impeddiiues 


In ]n ictici, this thenum is most useful when all four urns c i 
d lattiLi SI lion h i\ c a Luiniiion bhuiit impudanct lliis is illustrate 
in hi^ bOS, while Z^- \ 4 “^ loiisisls of /j and / in paiallel, ane 
Zb ^ consists of Zp and Z in parallel. 
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Equivalence o! a lattice to a tt section 

lh(orvW \ littiu seiliou fin hi iiittic h iii in\ nit 

\Mtb lU tl 7 It; sr/ pi()\ iclcd th if [ 11 tain It 1 itiuiis 

m in lint iiiiuJ Ijl t^^ttn tin t Ununts uf tlu twn sn tunis 

i Ills tliLcn in follow s fitim tin ])Ua loiis tlifomn \o u stiu lion 
N \ ni])os[il oil tilt \ iIuL of tlu uiinitt hill \ 111 i1 w is subti u III! 
fi 11 tlu sturs Liirl littifo inns iml ])li(til uioss Liu input iiul 
itj it tiiniinils, A cm tlnitfoii hi muk tqinl to 


r 

A 


; 


y T 

B 


V V 

A & 


P B Y 


^ -V\ 


Y Y 

A B 

fb^ 


T 

I 


r > 

A B 

\ / 


V'/' ^ 

Y V 

A B 






(d) 


L 1 l ()*■) I m \ il n I I it 11 I 7 I 1 


\\ I c 11 Is siihti u tt (1 fi oin hotli SI 1II oul 1 ill if i ii ins ol tlif 
iiitii sIlowii 11 li liO*-) t uiil ])lui(l in slumt with hoth tlu 

] lit md flu oiitjuit ti nil nils tlu uliintliiHi of c ich ol the 
iMui unis IS LI n to he /( I o (I 1 ^ h()9M m I tlu n iiltin siition 
I hi iidiiwii as in hi^ I Ins is i hilin id -i sution tlu 

111 il iiu ( (1 foim of w Uu li js sJifUMi in 1 i iiObf/ 

1 111 c li 11 irtLi 1st u ini])Ml nil f mil ]uo] i^itmii i on t mt ol 
ti T SI I tion hiiwninli b ()9 / nr j^i\(nl>\ 


inr 


/ 


\/^ 




I 




2V, I 

"'I U U U ij 




^ -I 

i ^ - i'/ 


(IIS) 

(11b) 


(BTqji) 


- Q- 
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y - log. 


Vy^ 


1- V 


- Vx 
/ -1 1 / -1 

loR ^ ^ " 

/ 1 _ / -1 




log, 


■ ^0 + 
/n-A 


111 , 

ni^ 


Jhcsc iLsults u( idtntibcil wiili those Dbt'inu d on p igi ^S7 j 
thi orif^inU litticc section of 1 iind tliiicfoii llu [\ 

sections aif tlicliu dly tf]in\alent 
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ATTENUATION AND ATTENUATORS 

EXPRESSION OF ATTENUATION IN DECIBELS AND IN NEPERS 

111 dtiihl Is fill 1 rl iniLiit all \ a unit (»f pnwii i Uio, bill is has 
1)1 Ml shown ui Cliijitii 5 , it r ui bi iisi il to i\[jtss Min Lilt riliO'* 
whin tliL usistiM t oTn])onLuts of llu inij)i il nu i s Ibiini b wliicli 
tin ruj H Tit flow ^ au i qn li Lnil\olli c r ilius w Iimi tlu toiiLliutivc 
c iiijiuiMit’^ of tliisi nnpMluiLts in mju il 1 he is liirnli- 

iimlilK i unit nl L nn Lilt 1 iti ) but it i iii In iitilloi\jms povVLr 
1 lios whin till iLsjstiM I oiiijiom n(s of 11 ll iinjii il ini i s in qiiil 

llu loss if power in i ti in mission Im oi lIliIiilii net work is 
km wn IS uttMi 1 ilioii \tlMiuition in i\ be ni isuiliI iisiiij^; 
mUui till d( cibf 1 01 thLnt])ii not ition 



111 (ill) \Ut iiualiDU lULcL uiLi II in ikiibil in ] i jii ii liluiis 


If 11 k jiowd cntuim^ i lutwoik n V mil tin jjowu ka\iii{^ it 
is / ^ (i^t 1 blO), till 11 tin ittMin ition in llu ibf Is is ^khin il is 

I > 

Attinn itioii 111 llu i 1 k is ill Ikij ./I ( 1 ) 

^ H 

Il till rniiint inliiin^^ i iiitwmk i nul llu uniuit li ivin^ 
it u /a thin the attuiLi ition 111 iiipiu Is (k linul is 

Attenuation m iitpus Ingu ' ( 2 ) 


Rtiaiisi nl Its (liru itioii fioni tin ixponuitiil t tin m pi i is 
flu most Loiurnuiit unit toi (\pitssin^^^ altinuitiou in tin on Inal 
^^olk lliL iIlliIkI oil tin otliii h uiil be iii^ cU In ul in tains ol 
k ^anthills to bisi 1(1 is a nioic con\LniLnt unit m piaitical 
Lilculations using the decimal s\stem ol reckoning lln coneiitions 
under which tlic two units ina\ be used can be summarised in the 
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DECIBELS AND NEt>ERS 

foUowing equations, the notation of which is indicated in Fig 610 

p I 

Attenuation in db = 10 . 

F ji 


i 


- 20 lop, „ 

Attenuation in nepers — log, 

- log. 

= i loK.| 


- 20 login 1 7 ^ I (provided that Rj — R^) 11 

hi 

hn 


(provided that Gj — GJ (S 


b. 

Ir 

b 

Rr 

Ps 

Pn 


(provided tliatIZiI — \Z 2 }) (7 
(pro\idt d that R^) (S) 


If the rosistivt eoinponents of the impedances at tlio input .uul 
output of the netwoik are equal, tlun the attenuation nia\ 1 m 
readily converted fiom one notation to the other, for 


(Attenuation in db) = 20 . log^ q 


- 20 . log. 


I± 

Ir 

h 

Ir 


X log^^ e 


Thus.— 

Attenuation in clb 


8 • 686 log, 


8-686 X (attenuation in nepers) 


8 686 attenuation 111 nepers 
(pio\idcd that 7v, — R^ 


Attenuation 111 TILj)i rs 0 1151 atteniiatum in db 

(])invuh d that R^ — R^ 

ATTENUATING NETWORKS 


( 0 ) 

( 10 ) 


Til liansntissuni iquipnient, it is fuqiuiitlv desired to attenn iti 
the ruinnts and \ oltages at eoitani stages Attenuators and jiacls 
are netwoiks designed to meet this lequnement, and since to 
preveni aitcnualion distortion, all ficqueneies must be attcmiati. l1 
to the sime degree the networks must consist of piiiely resisti\t 
components No phase-shift will be introduced by such networks , 
thus, for each iiotwwk, the phase lonstant (p) will be zero, 
and the propagation constant (y) wall simply be eijual to tlu 
attenuation ronstant (at)* A fixed attenuator is sometimes known 
as a " pad 


* Bearing tliest^ fdLts in iiuiid, the designs and puiptitics of altLiiuatni 
ntt^oilvs may bt dc dined from the erjnations of Chapter 13 In this chapte"" 
howeAer^ the icsults will, in many cases, be obtained in a simple maniiM 
from first principles fui the benefat of the readers less familiar witli th\- 
subiect 



ATTENUATING NETWORKS 6i^7 

These networks, by choice of suitable resistances, may hav'-e any 
required value of attenuation. They may be designed to have any 
resistive value of characteristic impedance, if symmetrical, or of 
image impedances if asymmetrical. One of these networks may 
therefore be used in place of a transformer for matching between 
circuits of different resistive impedance, thus avoiding, particularly 
in carrier-frequency circuits, the attenuation distortion introduced 
by a transformer. The attenuation introduced will be of little 
^on^equencc if valve amplification is included in the circuit. 

There are three conditions that the attenuating network must 
fulfiL It must give :— 

(1) the correct input impedance ; 

(2) the correct output impedance ; 

(3) the specified attenuation. 


This uttenuation is usually quoted in decibels 

log,„ 

r R 


Attenuation in decibels 


wheie Ps i'" power input and 1*r power output 


i. I 

7;; 


In tlie following ennsiderations the symbol N will be used for 


r- : “ 

Attenuation D 




20 lr)g^„ iV 


( 11 ) 


If both jiairs of teniiinals of the network are matched to the 
same impedance, then :— 

P / 2 

/>» "■ / 2 
^ li ^ it 

Therefore for a pad in a symmetrical circuit, N -- but in an 

^ H 


asymmetrical circuit the value N 


V n 


must always be used. 


Symmetrical T type 


Ra Ra 

o-vWW-1-vWW'- ° 

a-- 1 — , > . —q 

Fig. 611 .—Symmetrical T network. 

This is one of the most common types of pad, and consists of 
a divided scries arm and one central shunt arm. The pad Used 
between equal impedances will be symmetrical, i.e., the series arm 
is divided into two equal parts (see Fig. 611). The values of the 
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series and shunt arms for a given value of impedance and attenuatu n 
will now be determined ' 



Consider the input miicnt (Fig G12) At thi shunt urn it 
divides in piuportion to tin conductain c s 

Henu [. /> lUl 


V _ I i" (1.1, 

^ R n/? 

But till impedaiK L looking into tin .ittenuitor is rc(]LurLd to 
hcR 


Hence 


^ fi„ \ R,-\ K 


-Ra >- 


Ra I R 


R{N 1) - Ra[N I- 1) 


rIn^) r(-^) 



1 IG 61J -1 iict\\ork having input and output impedance equal to li 


But ¥ 

Rb[N - 11 

Rb 


Rb \-Ra \ r 


Rb 

Ra hR 



(15) 



T SECTIOK 


e6B 

Ut>mg these formulae, therefore, an attenuator can be designed 
to give the specified attenuation, and to be properly matched to 
the circuit 

I he resultant T section is shown in Fig 613. 

It ma> bp noted that the lesults obluntd also follow flirtrily fiom 
hn' 574 (t liApter 13, pape 5751, bt iiinp in mind that in this Lasp the 
chaiat^ nsliL mipLilani^c of the iiqiiiied T siition is R and flitj propagation 
Lonslant is a 


Ri 


and /e ^ -- 

^ si'ili ri 


r f - 
2R 


t 


e* — 1 


fN - 1\ 

f — 

+ 1 

ViV 1 \) 

'IRi ^ 

hi 

' \ 

- 1 


V - ly 


whciL 


is 

Ij 


^ N 


\jf.\amph Disiqn a 1 tyjx jiad to gn i 25 (lb itluiii itioii and 
to lia\e a t h uactenstic im[H(liiUL of 6(i() ohms 


D 


25 


N - antilog.o antilogio ^ 

= 17.8 

fN 1> 


, 1) 


1 (i 8 




18-8 

536 nhins 

-(.A,) 


1200 


17-8 


31b 

— 67-6 ohms. Am. 


Asymmetrical T type 



Fig 6H—Asymmetrical T section. 
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ATTENUATING NETWORKS 


Fig. 614 shows a pad that is not symmetrical. 


Here 



(]h 


Using this and formulae for the input and output impedann 
it can be shown that — 




( 1 ' 

(IS 

(19i 


A netwoik consisting of these romponents will have imag( 
impedances /?, and Rn If /vj tlien it viill be found th it 

Ra > A\; 


L type 

If a ])ail IS iiqiuiLfl foi tnatiJiiiig juujjosls onl\, then the ilesign 
Will be sudi as to gi\c minimum attcnuition Examining tlie 
T section it will he sun that this condition will be reached when 
R^has be i n ridin ( d to /tro 

1 his thru foiins tlu I tyjx pad hig 615) 



1 IG bis—t'>|)p neluork 


To obt 1111 values foi Ai and Rj,, consider input impedances 
hooking ni at tciminals 1 and 2 

^ R, I R^ 

R,Rj, h R 1 R 2 - I R^f'^A \ R 1 R 3 

and looking in at teiminals 3 and 4 — 

I-RaL 


( 20 ) 


R^ tRi I Ra 
RJi, ] R^Ra I /?,/?* - RaRa 
Addmg equations 20 and 21 : - 
2R1R2 - 2 RJtjB 

RjRg 


R^Rb 


( 21 ) 


□r 


Ra 



L SECTION 


Substituting in (20) — 

» = /'HL 

Hence — '\/- ^^2 


B ? - R 


\/r^ 


^ ;r 


Fig bib —1 iictwuTk h ivm^ im il,£ iinpctlincts aiiil Jv^ 

1 iw, (lib allows liie Ksultaiit T t\pc iiftwulk 11 is a iiftwork 
lia\ iJig im i^L impLclant es and Ry 

TT type 

Ihis attenuator is another Lommoii t>pL, consistmf^ of one senes 
ami and two shunt amis Wlien usi d puiely as an attenuator 
between equal impedances, svmmetr 3 demands that these two 
shunt arm^ shall be equal 


1 l(» bl7 Tnetwuiks 

B\ calculation smulai to tli i1 u^id foi tJic 1 si ction it ina^^ be 
shnwii that 


Ra r 


K O' 1) 


Tn a pad used for matching Rji / Rf, and the following 
formulae apply — 


„ f _!^_Z L_ ^ 

-2Nb ^ij 
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ATXfeNtf ATINO NETWORICS 



There is no difference in the performance of the T and n 
pads and each one will suit any requiremf^it, but one will probahiv 
be found to have more suitable or standard components than tin 
olJier. It may be noted that a deviation of 5 per cent, from tin 
calculated values of the resistances will mismatch the impedaiUHs 
by no more than llie same amount, and vary the attenuation 1a 
as little as 0-5 db. 

Balanced T, L and tu types 

When it is requiied to balance the two leg^ of the ciicuit, as is 
frequently the case in transmission equipment, then the preceiliii;,' 
pads must be modilied by dividing the series arm into two equal 
halves and insertiiif.; one half in each leg (see Fig. 618). 



I'lij. (H8.— 13alanL'L'(l ami unlhilamed 1, h aiul nulwurks 


When designing these balanced pads the components of the 
unbalanced ty])e should be calcidatetl using the formulae alreadv 
quoted, and the series arm divided between the two legs, dhi 
characteristics of this derived pad—that is, the impedance and 
the attenuation will be identical to those of the unbalanced pad 

Biidged-T type 

Fig. 619 shows a symmetrical bridged-T type section used 
between equal impedances. 






BRIDGED-T SECTION 





%AAAAA 


VW\V^- 


VV‘ -r -VVV\ 

. J 


6l3 


1 iG bl9 —SymmetrjLal biid^ed-1 network. 


llu iKtwolls ni.iy be rJcsi;:^iiccl to luu c .i coiistdiit impprlanii R, 
buL dii\^ cUsiiLcl dttcniiiLion b\ indkinf:^ — 

AVv\ 

Dius to vdiy the iLtleiiuatinii wjiJiuib Liii uusif^ii 

impLiiaiut, uiny two usislduci s lu\i to bt vineil 7^22 Rj, j d A^ 
It should be noted tli it, in tin c.is( of ,i sMiinutiiuil I or t section 
ittcinuiloi, three Ksistancis hue to be v.iiied to chiiif^c the 
attenuition without rdteTiniL* the imped uue 

I he flesi^m foimiilae for the brid^*L 1-1 section au — 


Ra r 
R n -A(^ 


1 ) 

_A’_ 

N - 1 


(29) 

(30) 

(31) 


I 

Desig^n i biid^fd-1 .ittcnualoi haviiif^^ an attiiuiition of 40 clb 
whui v\orkin^ between two 600 ohms inipid inees 

To give 40 db attenuation, N JOO 

Rj^ 600 ohms A ns. 

A,; 600 (100 - 1) 

59 400 ohms Ans 


(100 - 1 ) 

6 06 ohms Ans. 


Tlie network is shown m Fig 620. 


J-A'' ^ -< —I 

I [ 

J J 

Fig. 620 —Bndged-T network having an attenuation of 40 db. 


J 


r 



attenuating networks 


614 

Lattice type 

This type, shown in Fig. 621, is occasionally used. 



The rliaractcristic impedance R of the nelwt)rk can best hr 
determined by consideration of its open-circuit and short-circuit 
impedances. 


Rur 


Ra \ Rb 


(:i2) 


This 

adjareiii 

case. 


A\/vV 


^ 7. I IJ 




K I Ay. 

R 

fi^ives llie condition for matching the network to 
circuit, it I'aii, of course, be used only in a symmetiif cd 


It may be sliowii that ' 

nJ;- 

J11 

But, from equation T4. Rjj 

y 

Hence 

}<A 

Rb 


'Rn I 2 A’ 

A« Ra 

'll 

Ra 

R/^ ! R- 1 2RR, 
R- - R,- 
R I R^ 

R " Rj 



(35) 


(3R) 

137) 


DESIGN OF ATTENUATORS AND PADS 

Thp stops in tlio (U*sif?n of any pad may be summarised as 
follows : - 

(1) Detenninc the fj’pe of pad to be used. In some eases 
alternative networks will be possible, and that one 
should be chosen whicli gives the most convenient, 
component values. 
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(2) Charge the required decibel attenuation D to ratio N by 

ui^e of Table X\TI or the graph m Fig 622 

(3) If a T or 7T netwoik is ti» bt ustd for niuitchiij^ btlvvLcn 

uiuqual impidaiiLCs A\ iiid A\ VLiif) tliat llu \ alue of 
attenuation chosen is f^ruatti Ilian the imniinuiii 
ptinii'-siblL attiiiuation gi\Ln hy big 623 otJiei'wise 
one ami of the lutwoik will woik out to In nc£>atne 
Witli the L t^pc pid tins is unniLLssau 

(4) With the mfomiation so obtinud nid a knowlidge of Die 

design impedance, cxaiiiatc tlu component values by 
use of till f filiations alu ui\ stitccl ihc>\L noting that 
ivliLii it is jiCLCssau to insirt a li»ss of innu than 40 db, 
it IS usuall\ more convcmuit to usl two sinilci ])ids m 
scries. 


TABlf XVII 
iV\alucs (n = 


I) 1 
(dlj) 

V 

J) 1 
(11.) 1 

N 

J) 

(.11.) 


I) 

(Ih) 

N 

1 u 

1 122 

IS 0 1 

7 441 

15 0 1 

5b 214 

52 0 

148 11 

1 0 

1 254 

14 0 

S 41 ' 

lb 0 

(>1 04h 

5 1 0 

416 6K 

< 1) 

1 412 

S 

20 0 

- 1 

10 000 

17 0 

70 745 

s4 0 

501 10 


1 5M5 

21 0 

11 120 

18 0 

74 4 11 

5-> 0 

562 U 

s u 

1 7AS 

22 0 

12 S40 

14 0 

S4 12s 

5h 0 

bio 4b 

b 0 

1 445 

21 0 

14 125 

10 0 

100 000 

s7 0 

707 45 

'j 0 

2 214 

24 0 

Is 844 

11 0 

- 1 

112 20 

1 

sH () 

744 11 

s u 

2 ‘>12 

2s 0 

17 783 

12 U 

125 S4 

54 0 

841 2s 

4 0 

2 S18 

2b 0 

14 451 

11 0 

141 25 

bO 0 

1000 0 

10 0 

i IW 

27 0 

22 IS7 

44 0 

158 44 

bs 0 

1778 1 

n 0 

3 S48 

28 0 

25 U4 

45 0 

177 SI 

'’0 0 

llb2 1 

12 0 

i 4S1 

24 0 

28 184 

4b 0 

144 51 

75 0 

5821 4 

13 0 

4 467 

30 0 

11 b21 

47 0 

221 87 

SO 0 

10000 0 

14 0 

5 012 

31 0 

15 481 

48 0 

251 14 

85 0 

17783 

15 U 

S 623 

32 0 

34 811 

49 0 

281 84 

40 0 

31623 

16 0 

6 310 

33 0 

44 b(i8 

50 0 

31b 21 

45 0 

56214 

17 0 

7 07S 

34 0 

50 110 

51 0 

354 81 

100 0 

10^ 
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IMPtDAMCE RATIO Ij, OB I* 

I ilf 62T —Mminium lo'^s in f or jt ntiwjirks fin givLii ratios of input 
and output impf danLLs 

Examplt - 

Design an attenuating netwoik to mitch between 400 and 
800 ohms, and to give an attenuation of 15 db 

I'uUowuig the steps indicated, the pari ust d t\ould be either 

a r 01 *7 type hrom big 621, —^ 2 allows a mimmiiin 

of 7 db attenuation Fioin the table on p 615, for 15 db 
atlcmiation N — 5 628 

(a) I type {set jiage 609) — 


= 218 ohms Ans 


208 ohms A^is 




-= 644 oluns Ans 

The complete 1 section is illustrated in big 6246 


SIBA b44n 


I09A 3zzn 




I09n 322 a 


Fig 624 —T network having input impedance of 400f2^and output 
impedance of 800i2 


(97831) 







ATTENUAXmc^ NETWORKS 


BIB 

The values are quite suitable from a practical viewpomt, i 
the pad could now be constructed, dividing and Rg bet^ir 
the two arms, as m Fig 624c;, if a balanced pad is required. 

(&) 71 type {see page 611) 


^'VN“- 2VS 1 1 

497 ohms Ans 

1S40 ohms An'i 



— 146J ohms Ans 



(a) ^.b) Cc.) 


1 IG 625 t: iiLtvvuik hiviUf^ inj iit iniptiianuL uf 40UI2 and output 
iiupciliULt. ul 800 


I 111 cuinphtL n bcrtifin is sliown in 1 ig b2S6 1 ig G25r shims 
tliL LOirespoiidiiig htlancLil loini It wiU be iiotid that tlicic is 
a considii diU ihitLiLiiLi in tlu iLsisttUiLi \ahus foi the i and 
71 types ind tlu rnuu coiniiiiLiit miy bi iistd 


Components for attenuators m 600 ohm circuits 

As bOO uliiiis IS the cli ir letcustiL impedance of most hm 
commuiiiLilinn unuits, tlu majority of attcnuitois and pads 
will come uiidti this liiading Iigs b2b and 627 gi\L graphs 
showing compoinnt \ dues for I and t networks respectively fdi 
use in suth ciriuits Table XVIII gives the component values foi 
T, 71 and bridged 1 networks 

If tlie chaidctcnstic impedance is not 600 ohms, but Rt 
values for the components must all be multiplied by 

oUU 
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Table XVIII 


Pads designed for 600 ohms charaL I eristic impedance 



r pad 

71 pad 

Bridged 1 pid 

Loss J) 
in db 


\\\^ 

1 

1 

I 

1 AAAV 

'i r 

r 

VWN 

4 SVVir |^V\r -*- 

hn 1 

I ^ 


a 

/j 

r 

d 

t 

/ 

1 

34 50 

5201 

b9 2 

10 4 3b 

73 2 

4^)18 

2 

70 

2583 

1 39 4 

52 3 3 

155 

>>17 

3 

102 5 

170J 

211 1 

3512 

247 

145b 

t 

135 S 

1258 

2Sb 2 

1 2b51 

351 

1025 

S 

IbH 0 

987 1 

3b5 0 

2142 

467 

771 

b 

190 4 

80 3 4 

44S 1 

ISOb 

597 

801 

7 

229 1 

b70 0 

537 3 

1 5b9 

743 

4S5 


25S 3 

5h7 o 

b31 1 

1 394 

907 

397 

) 

255 7 

4S7 1 

738 9 

ijiii) 

1091 

3 30 

10 

311 7 

421 9 

85 3 1 

11 -)■> 

1297 

278 

11 

3ib 3 

3b7 2 

980 3 

1071 

HJO 

2 35 


— 

— 

— 

— 

-- — 

— 

12 

1 

321 7 

1119 

100 3 

1789 

201 

H 

HSO ‘i 

2S2 7 

1273 

94b 1 

2080 

17 3 

14 

4(10 4 1 

249 3 

1444 

899 1 

2407 

149 

15 

418 8 

220 1 

1633 

859 5 

277 3 

no _ 

20 

490 9 

121 2 

2970 

7 33 3 

5400 

bb 7 








25 

53b 1 

67 bl 

5324 

b71 4 

10 070 

35 8 

30 

56J 2 

37 99 

94 sb 

b39 0 

18 370 

19 b 

35 

579 0 

21 35 

lb Sb4 

621 6 

33,140 

10 9 








40 

589 1 

12 00 

30,000 

612 1 

59 400 

b 06 

45 

593 J 

b 748 

53,350 

bOb 8 

lOb.lOO 

3 40 

50 

59b 2 

3 795 

94,860 

b03 S 

189,100 

1-90 


I Tt 1 


(97931) 







Rt^S'ANC. N OMMS 


$20 


ATtpNUATING lillTS^RBS 



ATTt^^^TO>^ > dL 

Fig 62(i Ctrajili giving component \aluc!> for T network (characteristic 
impedance 600/21 
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ATTE-No^^TIC'N |^ dfc 

Tt. 627 —Ciiiiph giving lomponLiit valuis f'li n network (iliaraetcnstiL 
iinpcjancc 601) (Jj 


022 attenuating NETWORKS 

VABIABLE ATTENUATORS 

Variable attenuators are so designed as to have a consr 
input and output impedance, but a \aiiable attenuation l\ 
may be divided into several classes depeittliiig on the methoil 
achieving the result 

Thi elementary t\pe has the simple construction of a 1 ^ 

n section and the resistors are variable All are ganged togetln 
so that at different positions the pad impedance is unaltcui’ 
although the attenuation is \aried (^et Fig 628a and b) 



riie biidged-T type Fig 628c) has already been discussed 
Tins has the advantage compared with those mentioned abu\ c 
that only two rcsistois have to bt varied, as compared with three 
when T or n sections an used 

A fuitluT type, simple in ionstiiictinn and design consists ot 
a luimbci of jiads of (tpiil inipidnirt but ihJfctint attciiu itioii 
lomuctcd m sirus 1 uli pad may b( switched in oi out 
require d 


111' ii III ■ pi III ■ p. 

4 « r n 

\\ V ^ v/ // 



llj, IJl ty, 111 III, I 



1 IG b29 Non rtciLtn L arljubtdblf attenuator (charattcnstiL iinpcdaiiLL 

iiOOQ) 


Fig 629 shows such an attenuator 

Each pad is of the balanced T type and may be brought int< 
circuit by operation of the appropriate key. The resistances au 
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shown in ohms, and the characteristic impedance of each pad 
is GOO ohms, 

Fig. 630 shows how the principle may be extended so tliat, 
with appropriate switching, only three pads, namely 5 10 and 
20 db, neeil be employed to form a vaiiable atteiuiatoi covering 
tlie range from 0 to 30 db in 5 db steps. 

I’usn. Att. db. 

1 0 

2 5 

3 10 

4 15 

5 20 

6 25 

7 30 



Fig. 630.--Nr)n-rcactive adjustable atlenualor : Range O-30 db. 


TRANSmSSION MEASUREMENTS 

It has been seen (Chap, 5) that the power level in a circuit may 
be expressed using the decibel notation provided tliat a reference 
power is stated; in line cnmmuniration tins refeience power is 
taken as IniW. A decibel-mel er, which is tlie name gnen to an 
instrument measuring power levels when the decibel notation is 
used, should be a specially calibrated wattmeter. However, it is 
found impossible in practice to design a wattmeter that is 
sufficiently accurate at all frerjuencies over the required range. 
On the other hand if all measurements are taken at points having 
the same standard impedance, the voltage will give a direct 





m TltANSMl^SIOH 

indication of the power and a suitable voltmeter may be recalibratt^l 
to read the power level directly in decibels. This is the basis oi ail 
transmission measurements. 

The standard impedance usually chosen is a pure resistance el 
600 ohms. All testing apparatus is therefore designed to work 
into this 600 ohms impedance. All points at which tests have to 
be made must be designed to have this impedanee or else a correction 
factor will liave to be applied. 



lb 2 0-61 -fa -<) -♦ -2 -I 0 +1 ♦z 

l-HI I I I I I I I I I I I I I I I D'.uBE-S 

VDLTS | ll ll| M II |ll ll |I I U|l l ] l |L lli|JI]L|Li n 4U]l| T Iiq 

U OI D2 Oi 04- jO 5 Ob 07 OB 0 I 10 

Fig. 631 —Calibration of voltmeter to read power levels above and 
below ImW in 60013. 

Since the reference j)owcr is ImW, and this is applied to i\ 
600 olims resistance, tlu‘ reference voltage level will be :— 

X ^ 0 • 775 volts. 

This corrospiMicls to a ruiicnt in 600 ohms of ]-29mA. 

If E is a voltage leading, the corresponding power level in 
decibels, reference IniW and 60013, will be given by :— 

E 

Power level 20 log^p ^ 

Fig. 631 shows the corresponding voltage and dbm readings. 

Measurement of power levels 

The reading of power level at a iioint in a circuit may be obtained 
in two wavs : ™ 

[a) “ Level " or** Through " measurement. 




CIRCUIT UNDER 


" test 





LOAD 


Fig. 632.—Decibelmeter giving " Level ” or '* Through measurement. 




3WteAStJRE»<BKT Ol? POWER I^EvEl^ 

A " level" measurement is obtained by tapping a high- 
inipedance voltmeter across the circuit, as iii Fig 632 . 
The high impedance of the meter is essential to ensure 
that its presence will not rlisturh the circuit iiiuler test 
{e 'I 5000 ohm meter will inti odiico a shunt loss of abnut 
0-5 db). If the impedani e of the iiicuit undei test is 
600 ohms, the vfilhneter, calibiuted to uMil ]K>wer levTl 
directly in decibels, will give a tine reading Any vana- 
tiun in ciicuit impedance from 600 ohms wdl of couis(‘, 
destroy the accurac 5 - of the measurement, but, punided 
that the impedance is known, a coireclioii factor may bi 
applied. 

Let the voltage be E and let tin ciicnit impedance 
be 400 ohms instead of 600 ohms 


600 

400 
400 
600 
l-76db 

t i’ , tlie metii will read 1 -76 db low. 

{!)) " 1 uinsims^ion " " 1 cimnuituii^ o) ' I nss ' asiiu nu }it 


Tower indicated on scale 

Al tual power 

El 101 10 


GtNERATOR 

CIRCUir UNDER 
^ TEST 

^ - 

LOAD 

— 


GOOa 

-MAA^ 

o — — 

— 




Fig 633—DcLibLlniotrr giving " Iiansinissiun ’ miasuKMiu iiL 

A transmission '' (1 KANS) mi asun nient is iiiadi by 
teimmatiiig the circuit in a 600 ohm lesistmce, and 
measuiing the voltage acioss it using the mitcT, big 633. 




Fig. 634.—"Level" measurement with meter set at " TRANS 
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TRANSMISSION MEASUREMENTS 

Many decibel-meters give both facilities, a high impedance meii - 
being used, the 600 ohms resistance for TRANS measurements bt n 
brought mto circuit by operation of a switch. Failure to cut oui 
the 600 ohms when makmg a LEVEL measurement will gm i 
reading that is 3-52 db too low (Sec Fig. 634 ) 

E E 

WhcTPas voltage reading^ should be it will be - ; 

2 

/. discrepancy of reading = 20 log^g - 

= - 3-52 db. 


Decibel-meters 

Especially wlien making LEVET measurements it is Lssentiril 
tliat the deeibel-metei used shall take only the minimum possilih 
])ower finm the niruit uiidci test Since suth a meter is evpi cti ri 
to gi\i a uadiiig when the power in tlie (iruiit under test is of tlu 
order of, sa\, O.JmW, it follows that an cxtiemcly sensituc iiuln 
movement must be used, unless some form of \alve amplifit itioii 
is to be employed Such a sensitive meter lias the disach ant ll,i 
that its movement may he easilv^^ ddmageel by artidentil n\ei 
loading Decibel-meters may he divided mto two classes aceoieliiis 
to whcthei or not they utilise valve amplification 

y^eto/ rectifier type decibel-meter .—Ihis t\pe of decibel-mitei is 
frequently used owing to its simplicitv In most rases ,i moMii^ 
roil meter ino\ement is used Ihe mcoiiung signal is ue title el 
by mrtal rectifiers iii tlu form of a full-wave lectilier britU^ 
circuit, and the rectified cunent isiiassed through the metei. 



1 10 635 —\rrangemcnt of rectifiers in db meter 

In Older to spread out the scale at the lower pait of the range 
speriall\ shaped pole-pieces may be employed in the lULtcr 
shown m Fig G36 

Fig 637 shows a dcnbel-metei suitable for use o\(r the aiidu 
range (sav up to about 5000 c s) The frequency lange is hmitcf 
in this case by the input transformer The meter will gue TRA^'" 
or LEVEL readings, and the scale is calibrated leference lm^^ 
in 600i3 to read from -- 15 to 0 dbm. To enable higher powu 
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Plate 31 —Metal-rectifier type decibel-meter (TMS No 2) 
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transmission MRASUREMfiim 

levels to be measured, tappings are provided on the input tran^ 
formei iritioduLing attenuations of 10 or 20 db into the input 
circuit to the mcUer thus jiroviding twcj new ranges — 5 to + 10 dbrn 
and h 5 to { 20 clbm 

I lie arciir.ic\ of siiili a meter depends on the fiequency ermi 
of the Tfctifnr^ d but by using nctifieis having an Lxtremilv 
sni dl If i ipicit\ aiirl omitting theinimt transformer it is possddt 
to coiistriHl mstruinrnts liuing negligible fitc]uinrv eirors up t( 
SO Li s 



1^ I I :i 

lib (il7 I)i iImI niL-iu foi iisi u\cr .ludio lan^L 


llu imtd inoxLTuriit uilditr netwoik, and associate cl sbuiii 
.iiul sc IKS usistois, may In aricingid so ps to present a 600 ohm 
imiifdtUiu at tlu t(imm<ils in 'wluch cist the nictci ina\ be iisnl 
only foi 1 KyVAiS TiK asm (Hunts Altciiiativi ly, tlu uiciut ina\ hi 
airangcd so as to oiltr a \eiv higli shunt imjiLdaiue auoss the 
Liiimt mull 1 test allowing TJ VhL iiu asuiemint to be made 


ValvG type decibel meters Ihe \ahc type clLcibcl-metci has two 
ad\aii1 igcs oicr the t\])e just discussed birstly, it cn ibles mucli 
low Cl puwiis to l)L mtasuiLrl (down to —40 dbm or lowtn), and 
siTondl^, tlu uiLuit ma> bi dt signed so that the meter movemtnt 
IS not damaged by applying too large a signal at the input. 



Plate 32 —Valve type decibel-meter 
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DECIBELMETERS 
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Hi 

wO 


no o 



b3v?i —\aUe tjfe decibel-meter 
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TRANSMISSION MEASUREMENTS 


This type of decibel-meter usually consists of an amplifier 
followed by a detector stage that rectifies the amplified signal. Tli,* 
DC component of this rectified waveform is applied to a mttu 
giving a deflection that may be made independent of the frequeiic \ 
of the incoming signal. The meter is calibrated directly in dbir 
Damage to the meter from overloading is prevented by arrangin;^ 
that at lea.st one stage of the amplifier acts as a limiter it toit 
large an input signal is applied. 

The input circuit may be arranged so that either LEVEL nr 
TRANS measuremems may be made. The range of the incipr 
may be varied by adjusting the gain of the amplifier in fixed step^ 
Fig. 638 shows a decibel-meter of this type reading power le\f‘l 
from — 20 to 30 dbm in 5 ranges. 

Heasurement of losses and gains 

There are two main methods of measuring the loss or gain of 
a network, Thv first is to apply a tone at the requiretl fiequenL\, 
and to determine the ratio of power in to " power out which. 





OSCiLLATOB 



NETWOBK. 





+ lOdbnn 




600 n< 

f 


Fig B39 Mi'isuroiin'iit of thi' loss of a iioLwoik by leadings 


using the det ibel notation, wdll be the difference in the dbm reading^ 
at the input and tlie ontjnit. Tims in Eig. 639, if tlie input power 
is -f 10 dbm and tlie uut])uf jiowei — 7 dbm, the loss, or atteiiuatiofi 
of the iietwuik, will be 17 db. 

The second method is the metliod of substitution. This requires 
a calibrated \ariable attenuator. To measuic a network having 
a loss, the tone is applied first through the network, and then 



FiC, 640.—Measurement of the loss of a network by the method of 
substitution. 






tossEs and gains 

through the variable attenuator (Fig. 640). The attenuator is 
adjusted until the same power output level is obtained in the two 
cases, for constant input power. The known loss of the calibrated 
attenuator is then equal to the loss of the network. 



Fig. 641.—Measurement of the gain of a network. 


To measure a gain, such as may occur if the network contains 
<LU amplifier, the method must be modified, since it is unlikely 
tliat a calibrated amplifier will be available. The calibrated 
variable attenuator may be utilised to determine the gain as 
follows : ~ 

The oscillator is first applied directly to the meter and the 
leading noted. The CLdibrated attenuator and the network 
are tlicii inserted between the oscillator and the meter. The 
attc'iiuatnr is adjusted until the same meter leading is obtained. 
\Mien this is tjie case, the loss of tlie attenuator must equal 
th(‘ gain of the amplifier, which is therefore determined. The 
attenuator should be jilaced in the input to tlu‘ amplilier, or 
the ainjilifier may be overloaded. 

The advantage of this latter method over the foiiner is that the 
results obtained are indejiendeiit of the accuracy of the decihehiieter 
-ill fact, an uncaliljratcd meter can be used, jrroviilcrl some method 
IS ernplo^^ed to en.suvc that the same deflection is obtained in the 
t^^o cases. 

Transmission measuring sets 

A tnuismission measuring set (TM^) is the name given to the 
ajipaiatus used for measuring gains and losse.s. Provided that some 
source of test tone may be found, a simple decibel-meter may be 
used as a TMS by applying the first of the above methods. 

Ill general, a TIMS includes ;— 

(i) an oscillator ; 

(ii) a means of calibrating the output of this oscillator ; 

(iii) a means of measuring the incoming signal 

Practical transmission measuring sets arc usually designed on 
ii 600 ohm basis, and this fact must be remembered when making 
measurements in circuits with an impedance different from this 
value. 
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TKANSMISaiOM JteASWKEMBNTS 



SEND RECEIVE 

J'lG 642 —Schemalic arrantL*iiieiit of a TMS. 


Fiq G42 shows tin* schiimaiic airaiigrment of such a 
'l(j ralibitite tlio ostillatoi output, the output is fed directly iiUo 
the rl( f ihcluK tc'r, and is adjusted to the recjuiied level. The output 
fiom the TMb is tlien applied to the nunit under test via tin 
^END tdiniiial llir* output from the ciruiit is re-apphed to tin 
'J']\1S VI,i the RECEIV^v terminals, and the power level indicaltd 
on lilt nietci Ihf dilteiencc between this latter reading and tin 
ostillatoi output guts tlie loss oi gam of the circuit undci test 
If the itttut til (lilt has an input impedance of 600 ohms, oiiU 
TRANS measiiu mi iits may be mad^* Most 'J MSs, however, ein])lo\ 
the ])nnci])le pievionsly discussed, a high impeilance volt 

metti with a 600 ohms risistaiue in shunt if tlesiied, thus enabliiiK 
eitlui 'i K\NS OI LEMCT. measiiiLments to he made. 

The out[uit of the tistillatoi mav be \aiied o\cr a wide lan^n 
by int oijioiating .in attenuatf>r btdoie the '^end teimmais A langi 
id output fiom | 2(^ dbm down to - 50 dl)m will tiiabk niosi 
gams and lossis lo b(' mf'asiired 
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uNDtH, TEbT ^T under. "Ei" 

I'lG. 643 -—Tiraiismission mcasanng set (" TKANS measuiements only) 






mAStlUtiitG; 

SimilAr modification may be made to the receive circuit. 
A rectifier t37pe meter may read directly from — 10 to + 5 dbm, 
but by incorporating a 15 db pad which may be inserted m the 
input before the meter, the upper limit of the readable level will 
be increased to + 20 dbm. 

Fig G43 shows a transmission measuring set having the 
oscillator output at the send terminals vaiiable from j- 5 dbm 
down to — 55 dbm, and capable of making TRANS measurements 
from ^ 20 dbm down to — 10 dbm. 



1 ic. b44 —Transmissiun mtasuiin;? set (" IKAInS ' and " LLVLI. " 
incasuicmi nts) 


Fig 644 shows a transmission measuimg set capable of making 
IRANS aiid LEVEL measurements on the receive side. 

To measure the attenuation of a long transmission line, two 
TMSs are required, one to supply the standard level at the sending 
end, and the other to measuie the power received at the distant 
<'nd. 



Fig G45 —I^amp bridge? used for calibrating a TMS. 


A " lamp bridge ” provides a convenient method of calibrating 
a. TMS, since it has a neghgible frequency error* For example, 
it may be used as in Fig. 645 to ensure that the output from the 







m TSAtr^ssiON meastjremevIis 

oscillator is exactly ImW, evon though the only meter available 
has a large frequency error The only disadvantage of the lani] 
bndge circuit is that it is difficult to make its impedance 600 ohm 
and a matching pad must be inserted between the bridge and tin 
output terminals 

Ihe resistance of the lamp increases with the current through it 
The 30 ohm variable lesistance is adjusted so that the bridge i 
balanced when the voltage applied across the bridge from tl i 
transformei has an RMS value of 1 49 volts Ihis voltage appluc’ 
to the subsequent network and 600 ohms load ensures an outpiil 
of ImW Iherefore once the correct bridge setting has bun 
obtained, the only requirement to ensure the output of ImW i 
that the bndge shall he b danced ^ e nul deflection of the metii 
Since any frequency erroi of the meter will not affect the balann 
point of the bridge, exactly ImW output will be obtaim il 
irrespective of the frequenr}^ 



CHAPTER 15 

FILTERS 


A network that is designed to attenuate ceitain frequencies 
^ but pass others without loss is tailed a " Idler " A hltei therefore 
posse sses at least one “ pass band * (a band of froqiiencies in w hirh 
t he attuiuation is zero) and at least ont attenuation ban d " (a 
band of frequencies in which the attenuation is hnite) The fie- 
quLJicies that separate tlic various pass and attenuation liands 
,iTp rilktl " cut-olf " fnqiunties and are usually denoted by/,, 
et{ , 01 by fo if thcie is onl\ a single tut oft fitipienry 
All im]K)Ttant ehaiacteiistir of all liltiis is that they irt con- 
strintid from purely reaihii ilements, for otherwise the attenuation 
coulil nevLi become zero ft is interesting to i ompare a filter, 
in which the attenuation changes suddtnly from zero to s onit othe r 
\ aim with an attenuator pad fp iiic iisistances only l of coi\R^ ant 
a ttenuation (independent of fregiienny k an d with an equaliser 
( resistances and reactances! whose attenuation undergoes ^ firadu al 
variation with fiequency^ 
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I m 646 — SvmnriLtnral low pass T anrl tt sLbtions in unbaUiiLPcl and 
bilam ed foims. 


The filters consideied m this chapter will in general be 
symmetrical unbaLmced T or -r sections, as shown in Fig 646fl 
and b respectively, for the case of a low-pass filter 

Symmetrical balanced sections, as shown m big 646c and rf, 
will not be considered separately, since*they may be deduced from 
the unbalanced sections, just as was done m the case of balanced 
attenuators. 
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The simplest type of filter has only one pass band, one attenua 
tion band, and a single cut-off frequency. If it passes all frequeiicir- 
up to the cut-off frequency and attenuates all frequencies above, 
it is called a “ low-pass filter. If, on the other hand, it atten uate^ 
all frequencie s below the cut-off frequency and passes all tre'^enci cs 
^ove, It IS caiieg a " liigh-pa ss '' filter. 

An " ideal filter would have zero attenuation in the pass band 
and infinite attenuation m the attenuation band : an ideal low-pas'- 
filter, for example, might have an attenuation-frequency curve as 
shown in Fig. 647. 



Fig. 647.—Attenuation-frequency cuive of an ideal low-pass filter. 

This cannot be achieved in practice. In the first place, in 
a practical filter it is found that the attenuation outside the pass 
band is finite ; it can, however, be made as laige as required by 
using a sufficient number of sections in series. Secondly, if any 
resistance is present (and it is impmssible to construct an inductaiite 
that does not possess a certain amount of resistance), the attenuation 
in the pass band will not be zero ; usually, however, it is only one 
or two decibels. Finally, mismatch losses must be considered ; 
for although the characteristic impedance of the section may vary 
with frequency, it will probably be terminated in a fixed resistance, 
or in an imjiedancc that docs not vaiy with frequency in the same 
way as the characteristic impedance of the section. 

The complete study of the behaviour of any filter requires the 
calculation of its ])ropagation constant (y), attenuation (a), phase- 
shift (p) anfl charactciistio impedance (Zq) at any frequency, 
this in\olves a somewhat advanced mathematical treatment. It is 
possible, however, to find the pass and attenuation bands from an 
elementary consideration of the variation of Zq with frequency, 
and this method will be considered first. 

Theorem connecting a and Zq 

It will be assumed that the filter is correctly terminated in its 
characteristic impedance ;*the following theorem then applies :—• 

Orfer the ranf^e of frequencies for which the characteristic 
impedance Z^of a filter is purely resistive (real), the attenusMon a 
IS zero. Over the range \of frequencies for which Zq is purely 
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reactive, the attenuation is greater than zero. The case where Zq 
is partly resistive and partly reactive cannot arise in purely 
reactive networks. 

The validity of this theorem can be demonstrated from 
elementary considerations. If Zq is real, the filter and its termina¬ 
tion will absorb power from any generator connected to it; as the 
hlt(T IS composed entirely of reactances it cannot itself absorb 
power, since in a reactance the current and voltage are always 
90“ out of pliasc. Hence all the power delivered by the generator 
miisL be passed through to the load and therefore there is no 
attenuation, i.e. ot — 0. 

If, on the other hand, Zp is purely reactive, the filter and its 
teimination cannot absorb any power, and no power is therefore 
passed to the load. 

riic last part of the above proof is rather unsatisfactory, and 
a more rigorous proof is therefore given below, using the normal 
forinulae lor a T or jt section. 

As any section may be repiesented by a simple T section, it is 
sufficient to consider just the T section shown in Fig. 648. 
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Fig. 648.—T scution composed of pure reactive elements. 


As the elements are all reactive, they may be written in the 
form jX, where X is real, but may be positive or negative. 

The formulae for the characteristic impedance and propagation 
constant of a T section arc ; - 


= (Equation 10 of Chap. 13) (1) 

and e’' =.- i = 1 -)- (Equation 16 of Chap. 13) (2) 

and a can be calculated from the relationship 

h 

Jm 

In this case Z, = jX^ and Z, — jX,, and equations 1 and 2 
become:— 


a 20 logj, 


db 


(3) 


I. 

r. 


j\/^^ + x,x. 

(4) 

^2X, ^ X, 

(5) 


and 
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There are two cases to confer, depending on the value arid 
sign of Xi and JTg- The two cases are :— 

X a 

(a) is negative, = — A, say, 

X a 

and (6) + X^X^ is positive, = + S:iy, 

where A and B are real and positive. 

Consider first case [a). In this case, from equation 4, Zp is 
real (that is, purely resistive), and its value is :— 


From eriuation 5 - 



= 1 


But ix = 20 1ogi„ / 

I I 

Hence a ^ 0 if Zp is real. 

In case (6), Zp is imaginary (that is, purely reactive), and its 
value, from equation 4, is 

^0 = - j V T~B 


In this rase, from equation 5 : ~ 



which IS real and cannot be unity. 

Tlierefore a ;zf: () if Zp is imaginary. 

Determination oi cut-oS freauency 

The theorem just given is of fundamental importance, since it 
can be applied to determine the cut-oft frequency of any filter, 
from a consideration of Z^. For Zp is real in a pass band and 
imaginary in an attenuation band; hence is the frequency at 
which Zp clmnges from being real to being imaginary. 



Ctrr-OFF FREOtmKCY KMC 

This point can easily be found, for a T section, by using the 
formula:— _ 

If all the elements are pure reactances, let Zj jX^ and -= 
so that :—_ 

Hence if X^ and + X 2 have the same sign, will be the 
square root of a negative quantity, i .e., purely imaginary , and the 
(liter will attenuate. If, however, X^ and X^ have opposite 

signs, Zq will be real and the attenuation zero. 



4 


The easiest method is to draw rcaUancc sketches for and 
1 X 2 against frequency. The rule is : Frcquencics fur which 


the curves are on opposite sides oj the frequency axis arc in the pass 
hand ; frequencies for which the curves arc on the same side of the 
frequency axis arc in the attenuation band ; the chan^c-over points 
^ive the cut-off frequencies. For example, the filter whose reactance 
sketches are shown in Fig. 649 has two pass bands and three 
attenuation bands. An alternative method is to write down in 
terms of frequency and rulciilatc algebraically where it is resistive 
and where it is reactive. 


Constant-J^ liectioiu 

Before applying these methods, the following definition is 
required : — 

A constant"^ ” section is a T or tt section in which the 







1 series and shunt impedances^ and Z^, are connected by thn 
relationship Z1Z2 = where i?p is a real constant— that 
a resistance that is independent of frequency. R^ is known as 
the design impedance of the section. 

Consider the equation :— 

^OT — ~y (7) 

which connects the characteristic impedances of T and n sections 
composed of the same series and shunt impedances {see Fig. 650). 
This formula is proved in Chapter 13, on page 578. 



z. 



Fig. 650 — T and n sections composed of the same senes and shunt 
impedances. 


If the section is a constant-A section ;— 

7? 2 

( 8 ) 

and rlcarly and Zpj. will be leal or imaginary together ; and 
when Zqt changes fiom real to imaginary, so also will Zp^i. Henre 
the two sections will have the same pass bands and the same ciit-oft 
frequencies. 

The constant-A T or n sections of any type of filter are known 
as the frolotypcs ; other more complex sections may be derived 
from the prototype, and these will be dealt with later. At the 
moment, the h)w-pass and high-pass prototype sections will be 
considered. 


FBOTOTYFE FILTER SECTIONS 


Low-pass filters 

The piotntype T and n low-pass filter sections are shown in 
Fig. 651. 

Here J 


and 




-J 

(oC 


Hence Z^Z^ — 
sections with :— 


and the sections are therefore constant-A 


( 9 ) 



tdv^-PASB 


64Y 





Fig 651 —Protot>pe T d-ml ji low pass filter scrtions 


As both sections have the same cut-off ficquency, it is sufficient 
to ralrulate this for the T section only The reactance sketches 
must first be drawn — 


= j loL Xi — vjL 



1 iG 652 —Rcattance frequency sketch for a piololype low-pass filter 

The curves are as shown in Fig 652 It is worth noting here 
that all reactance-frequency curves slojic upwards and to the 
right; that is, they have positiv e slope 

It will be seen that the cuives are on opposite sides of the 
frequency axis as far as the point A, and on the same side from A 
onwards Hence the pass band includes all frequencies up to the 
point A, and the attenuation band all frequencies above the pomt A. 
The point A itself marks the cut-off frequency given by w — co^y. 
The section is therefore a low-pass filter with a cut-off frequency 






FILTERS 
X, 


a>j is the point where the curve crosses the frequeni.’ 

axis : that is, where -^ = 0 or tu* = * 

4 toC iL 

' \ 

2 1 

Hence = VlT 

which gives the cut-off frequency of a low-pass T or n section. 



Fig. fi53 —Prototype low-pass filter sections—Variation 
with, froquency of 

(a) Attenuation (b) Phase-shift (r) Characteristic iinprdcinLC 


P'lg. 653 shows the way in which a, /S’ and Zg vary with fiequonc \ 
for a piototype low-pass section ; Zg is not shown above the cut-nM 
frequency as it becomes reactive in the attenuation band. It shouM 
be noted that Zg vanes considerably from the design impedance 
over the pass band. 

The algebraic approach to the same problem is as follows : - 


z - 

“ V 4 


4 " ^ 1^2 


- L 

4 “*■ C 


t.e. 


=■ Jh 7 ' - 


Clearly Zgj is leal if 


)2TC 


< 1 and imaginary if 


y^LC 


( 12 ) 


> 1 : 


hence the section passes frequencies below to = and attenuates 

frequencies above this value. It is therefore a low-pass filter with 

2 1 

a cut-off frequency given bv = — 7 = or fg = — 7 =; this agrees 

"yLC ^\/LC 

with equation 11, found by the reactance sketch method. 
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LOW-PASS 

Note tbat equation 12 may be written as;— 


-*■ 7'-5 



R ^ 

Since ZuT ^ ^ (from equation 8), it follows that : 

^ llai 


^071 “ 


hrom these two expressions the curves of Fig 653c are derived 
Example — 

Consider a simple T section low-pass filtei having a design 
impedance Find at/= 0-9/c7. 

^=f=0-9 

t'Jt? fo 

=-vJ^== 2-3 
Vl - (0-9)* " 



Plate 33 — Low pass filter on a multi-channel Lamer telephone system. 
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Hore adnuiced mathematical treatment of the low^paaa filter 


In order to determine the phase-shift inside the pass band j. 
the attenuation outside the pass band, it is convenient to introdu 
h 5 ^rbohc functions It has been seen (equation 20, p 573) tl: 
for a T section ■— 


cosh y — 1 I- ^ 

where y js the propagation constant of the section Applying t 
to the case of the low-pass tiltd gi\es — 

uj^LC 


cosh y = 1 — 

Since y — (X + ^ /?, it follows that - 

cosh a cos /J + j sinh a sin /? — 1 


(1^ 


j^LC 


Equating real and imaginary parts — 
cosh (X cos j3 = 1 — 


oj^LC 

2 


and sinh a sin p = 0 

Equation 17 is satisfied by — 

either a — 0 or /? - 


nn 


(lb 


Pass band 

If a = 0, equation 16 gives .— 

cos /J = 1- - - (Ifi) 


This conesponds to the piss band of tin filter llic atlenuatinn i 
zero and tlu phase shift is given by equation 18 Suite cos / 
must he between -| 1 and — 1, equation 18 can be satisfied foi 
all frequencies from ziio up to the cut off ficquency wheie — 




— 1 


2 

% e 

ma^L( 

2 

2 

% e. 


2 

tOg = 

y/LC 

f P 

/o = 

1 

V P- 

-iVlT 


which verifies the result already obtained 


From equation 19, equation 18 becomes — 

COS ^ = 1 — 2 —, 

P = cos“^^l — radians 


(1^) 

(20 


(211 


Hence 


( 22 ) 
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Alternatively to equation 21 


m 


l-2sin“-^=l-2^ 


Whence 


p = 2 sin' 


radians. 


(23) 


Attenuotfon Band 

If p = nn, then cos ^ — ± 1, and equation 16 gives : - 
~t~ cosh DC — 1 — —— — 
hrom equation 19 this becomes — 

± cosh a = 1 ~ 2 —5 

The attenuation band of the low-pass hlter is given by :— 

P = n 


(24) 


and 


cosh a = 2 —— 1 


0)0 


In the attenuation band :— 


or 


a = cosh-i — 0 (25) 

a ^ 2 cosh"^ — nepers (26) 


These results give the curves of Fig 653« and b 


1 xamplc - 

At \Nliat fiequuicy will a T section low-pass filter, having a 
cut-oft frequency fc, have an attenuation of 10 db ^ 

10 db = 1 • 15 neper 

lit w = 2 't/, where / is the required frequency. 

1 111 II 2 cosh“' - -1*15 

flic 

-/_=—= cosh 0 -575 (ses p. 796) 

fv ‘»n 

/=-l-17/c 


Design of a prototype low-pass filter section 

Let the design impedance A’„ and the cut-oft frequency /„ be 
gi\cn There are two equations giving these m terms of L and C, 
namely :— 



and 


(from equation 9) 
(from equation 11) 



m 
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Whence 

and 



(2 ) 


From these equations the components of the required section l u 
be determined 


Example — 

Suppose a prototype low-pass filter section is required ha^ mu 
= 6001} and — 1000 c/s Substituting the known a ilii 
of Tvp and fc in equations 27 and 28, 


and 



600 

lOOO’i 


= 191 OmH 


C - - 

71 


10 ‘ 

1000 600 


Ml 


= 0 5304 [xF 


95 5 mH MSmH 

' (TOfllKr’—1—f 00000'^ 







cb) 


l^lG bS4 


Hence the prototype 1 section is as shown in Fig 654fl and tl i 
n section as shown in big 654& Each has a cut-off frequency of 
1000 L s anil a desn^n impcdanct 600Xi} the difference between tlo 
two IS in the way in winch the charactenstic impedance varu^ 
with frequency 

High-pass filters 

Fig 655 shows the prototype high-pass T and n sections 


EC 2C C 



T secnoN (h» TT sectioh 

Fig 655 —Prototype higb-pass filter sections 
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— i L 

Zi = ~ jtoL. Thus ZjZj = and the sections 

-are constant-* sections with :— 

«. - (29) 

The cut-off frequency may be determined by tlie reactance 
sketch method. In this case :— 

/-% and -^^2 — toF^ 
coC 

-I- ^2 = < 0 ^ — 4^ (30) 

The curves are as shown in Fig. 65G. 


+ x 



Fig 656 —Reactance-frequency curves for a prototype high-pass filter. 


Here the curves are on the same side of the hoiizontal axis 
uf) to the point B, giving an attenuation band. For frequencies 
tiliove B, the curves arc on opposite sides of the axis, giving a pass 
hand. The point B therefore gives the cut-off frequency. This 
frequency is given by :— 

4 ' + ^2 = 0 


7.e. 


coL — 


1 

4coC 


= 0 


Hence 


1 1 

(Off — / —= or /p —- ' - 

2\/LC 4ny/LC 


(31) 


which gives the cut-off frequency of a high-pass T or ti section. 


Fig. 657 shows the way in which cc, j5 and Zp vary with frequency 
for a prototype high-pass section. Zj, is not shown below the cut-off 
frequency, as it becomes reactive in the attenuation band. 
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The algebraic approach is is follows ■— 

+ = J /J ~ liii , 

It follows that if Aixi'^LC > 1, Z^r is real and the filter pa^ 
If 4a)^LC < 1, Zqt is imaginary and the filter attenuates 

Hence the cut off frequency is given by - 


t e 

t e 


Am^LC = 1 


1 


Wo 


2^/LC 

~ A7jy/LC 


(which agrees with 
equation 31) 


+TT 



uo 



(a) 


(b) 


(0 


T IG 6S7 —Prototype liiL,h filter—Variition 

viith frtqupnLx of 

(a) AttLiiu itioii (L) Pliise bliift (0 Characteiistic impedance 


Note that /gr wiitten as 



from which results the curves of hig 657c are obtained 
It can also be shown that, outside the pass band — 

a = cosh“^ ^ 2 cosh”^ — nepers (3^ 

and within the pass band - 

P = cos'^ 1 = “ 2 sin“^ — radians (3b 

\ tW* / CO 

These results give the curves of Fig- 657fl and 6, 
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It will be noted that the formulae 13, 14, 26 and 23 for 
a low-pass filter correspond exactly with the formulae 33, 34, 

35 and 36 for a high-pass filter if — is written for — . 

CO iOg 


Design of a prototype high-pass filter section 

Let the design impedance Rq and the cut-oil frequency /i, be 
f;iven. There are two equations giving these in terms of L and C, 
namely ;— 

^0 = 


(from equation 29) 


aiifl 

Whence 

and 



(37) 

(38) 


Fiom these equations, the component values of the rtajuircd 
section can be determined. 


hoc ample .— 

Calculate the comiiJinents of a piototype high-pass hlter section 
h.iMiig a design impedance — 60()ii and a cut-olf frequency 
fu ^ 10 kc/s. 


vSubstituting the known values of and Cr in equations 37 
and 38 


L 


600 

TjiX 10 ^ 


- 4*774 mH 


-- 0.01326 [xF 


471 600 X 10^ 


D 02652>iF o □z652>iV o oijzbMF 



(a) Cb) 


Fig. 658. 

Hence the prototype T section is as shown in Fig. 658a and 
the ji section as shown in Fig. 6586. 

( 07931 ) 2 T 
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Behaviour of prototype sections 

There are twf) obvious disadvantages of the prototype secti[)iK 
just discussed. In the first place, considering a low-pass section 
the attenuation does not rise very rapidly after the ciit-olf 
frequency, being only 10 db at a frequency /-= 1-2/^; secondh, 
Zp is by no means constant over the pass band (r.g. Zp^ — 2-3 7\\, 
at/-0-9/,). 

Consider first the attenuation band; the most obvious way lu 
increase the attenuation beyond cut-off is by connecting two oi 
more sections together. This can be done provided the impedanu'^ 
match correctly—e.g. a T and a n section cannot be connected 
together since Zpj. Zq„, but two or mort' T sections may ht 
connected in serie.s, as also may two or more rr sections. Tliu< 
with two sectif)ns in series, althf)Ugh the attenuation over tin 
pass band is, in theory, still zero, the attenuation over the atteniia 
tion band is doubled ; so that, lor examjile, with two low-pas 
filter sections, the attenuation at / — 1 20 db, showing a nuu U 

sharper cut-off tlian that obtained with a single section. 

Unfortunately, due to resistance in the components, tin 
attenuation in the pass band of a practical filter is not zero, hut 
becomes quite appreciable towards cut-off. The result is that tin 


AkUrnUdUon 


^re^uency 

Fig. (i 59.— Attcnuatioii-frcqufury I'liriiactL-nslic i)f a tyi)iC(iJ prototype 
low-pasb iilter, 

curve becomes rounded off at the cut-off frequency (icc Fig. 659, 
which .shows the attenuation-frequency characteristic of a typical 
low-pass filtei). 

What is really requiied is a section having the same cut-oil 
frequency as the prototype section, but a diflereiit attenuation- 
frequency characteristic in the attenuation band; that is, a 
characteristic that rises more rapidly than that of the prototype. 
It will also be necessary for the new section to have the same Zp 
as the prototype at all frequencies, since otherwise the two sections 
cannot be connected together without mismatch. It might be 
thought impossible to satisfy both these requirements, but it will 
now be shown that it can be accomplished quite simply. Note 
that if the two sections have the same Zp, they must also have the 
same pass bands. 




PROTOTYPE AND M-DERIVED S'ECTIONS 


651 


Derivation of m-derived sections 

C^onsider first any T section, and construct a new section from it, 
ha\ in£^ a scries arm of the same type but of diiferent value ; Lc. for 
convenience make the new equal to mZ-^, where m is some 
constant. 


Z| 

T 

□-^WW 


Z| 


^ 2 , 


2 

A/WV-o 


z 


Ca') Prokolijpe 


mZi 

2 




S I 

p - i o 

(b) m-dBrivpd 


Fio. fiOO.—DL*ri\atiL)n ul ;»-Llcrivc‘d T .sretiun 


'\ he new sliuiiL arm \v\]\ lie not Z., but Z!., say, ami it is i l res.sary 
to iiml that \aliie ol (d an^) which will nuike the two sections 
have the same value foi 

For the prototype secUoii ; 

(39) 

For tlie new section : 



"I'liese two imjx'dauces will be the same if : 


.1 I 


if 


z; -- ^ -1 

m 


1 


( mZ,Z.^ 


Am 



(41) 


(a) Prototype (rn-O th) m-dpnvpd 

Fig. 661.— Comparison of prototype and m-derived T sections. 

Zo 

This means that ZJ must be an impedance —in series with an 
impedance Z^ and both these impedances can be con¬ 

structed if 0 < < 1. The complete “ w-derived T section is 
shown in Fig. 661 

(97931) ?T2 
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In a similar manner, a new section may be derived from 
n section, havint; the same Zq at all frequencies. The comj)l(' 
W'derived n section is shown in Fig. 662&. 



Ca) Proknlype to m-derived 


Fio. fi62 —Comparison ol prototype and m-dcriveJ tt sections. 


Nt)1e tliat if m — i, hnih T and tt m-dcrived sections reduce h- 
the corn spending' prototype sections. Note also that tlic cliai.e 
teristic iinpedance of the ?n-fliTivi‘d sc'ction is the same as that f)' 
the prototype, i.e. Z,,,, f)i Z^^„. 

The wt-denved sections considered so far are perfectly genei.il 
to study further their behaviour, jiarticular cases must be takei 
inflividiiallv. 

Low-pass ni-derived sections 

Idg. (S(i3 shows both the fnnlerivedT and tt ]ow-])ass Idler sectioin 
In deducing tluse from the general case, note that to divide tin 
impedance of a coiuli'iistT by m, its ca})acity must be mnltiplieii 
by m. 



(a) m-dmvpdT to m-denvpdTT 

Fig. OOa.—w-derived low-pass filter sections. 


One important deduction can at once be made, nami^h, 
considering first the ?;i-dci'lved T section, that at some frequeiic\ 
the shunt arm will have a series resonance, giving a short-circuit 
across the traiismisssion patli and hence infinite attenuation. lu 
the prototype sections, on the otlicr hand, the attenuation bccomt*^ 
infinite only at infinite frequency. The frequency of infinitt 
attenuation is denoted by f,, and is given for an w-derived T section 
by the scrie.s resonance of the shunt arm. 

This frequency is given by :— 
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Thus 


Vnr- 


or /„ = 


fc 


Vi - 




(41i 


Similarly an ^w-thnivcd ti section gives a frequency of infiinh 
attenuation at tlie anti-resonance of the series arm ; clearly tin 
frequency has the ^ame value as that for the T section. Fig. H(i| 
shows the way in which p and Zq vary with frequency for an 
m-derived low-pass section. 

Fig. 665 shows tlie attenuation-frequency characteristics foT 
m-derived sections for various values of m. It will be seen tliat. 
particularly for small values of in, the attenuation rises much mou 
rapidly than in the prototype, but falls off again after the frequen(\ 
of infinite attenuation has bi‘en passed. 

It fx aiifl ftj are known, the required value of m may be calculated 
from cfjuation 42 - 

Jzi 1 

In a/ 1 ~m~^ 


1 - m- 


Vi~ 

fo^ 

f> 


-J 


i-iei 


(43, 


This result is used when designing a low-pass filter section ti 
have an infinite atl<mii.ilion at a given frequency 


Example,- 

Find m-deri\'ed T and tt low-pass filter sections having a cnt-ofl 
frequency = lO(K) c/s, a design imjiedance 600X7, and 

a frequency of infinite attenuation/r ^ 1050 c^s. 

The value of m is given by : — 



It has aheadv been shown that L-^191-0mH and C -0-5304 ijlF 
for the i)rototyiie of this Idter [sec example on page 646). The 
required 7n-derived sections are therefore as shown in Fig. 666. 


I— f ■ 

. 5B ?6itiH . 

a 0B09iiF D 0B09,iiF 



(a^ m* derived T section 

Fig. 666. 


lb) m-derivedITsechDU 
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High -pass m-derived sections 

Fig. 667 shows the T and n w-derived high-pass filter sections. 



Fig, 667.—w-derived liigh-pass filter sections. 


I'hesc have a frequency of infinite attenuation given by the 
irsnnance of the shunt arm in the T section, and by the anti- 
u'^onanee of tlie st'ries ann in the n section. This iretpuih v' is th(' 
same for the two sections, and is givt'ii by : — 

1 _417 2 

-- iOc's/l - m" or /, - /t 7 \/l ~ (44) 

Fig. 668 shows tin* way in whirli a, /? and 7^ vai v witli frequency 
fni an 7?Mlerivefl higli-pass section. 


oo 4TT ^ 



Fig. 668.—^n-derived T and high-pass filter sretions—Variation 

with frequency of 

(a) AltPnviation. [b) Phase shift (r) C'li.iractcnstic impedance. 


The effect of different values of m on the attemiation-frequency 
cliaracteristics corresjionds exactly to tliat for the low jia.ss filter 

Fig. 665 is thendore applicable to a 


if "^is written in place of-y. 
J ' Jo 


high-pass filter provided tliat tlie top frequency scale is used. It 
follows that, as with the w-derived low-pass filter, a small value 
of m gives a very sharp cut-off. 


If and fc are known, the value of yn can lie calculated from 
equation 44 :— 

/® =. /o a/i — 
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This result is used when designing a high-pass filter to lia\ i 
an infinite attenuation at a given frequency 

Example— 

Design w-rlerived T and n high-pass filter sections havin. 
a cut-off frequency /'f, 10 kc/s, design imped'ance 

and m = 0-35, and find the frequency of infinite attenuation. 

This gives -= /<; “ 10^'\/l — ^ 9367 c ^ 

It has already been shown that Z.--4• 774mll and C —0-01326fjL] 
for the prot[)type of tliis filter (sec example on page 649). 

From Fig. 667 the 7 ?^-derived sections having m 0-35 may U 
determined. 



The required wi-derived sections are as shown in Fig. 669. 

IMPEDANCE MATCHING OF FILTERS 

Impedance-matching half-sections 

When a filler is composed of a number of sections, it is essential 
that the iinjiedaiiees at each junction shall be correctly matched. 

Z, 


z 



Fici. 670.—rrototype half section, showing image impedances. 


Thus a T section having an impedance should not be joined 
to a TT section having an impedance Zg^. If it is desirable to 
construct a filter containing both T and sections, matching half¬ 
sections should be used. 
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The half-section shown in Fig. 670 has image impedances Zqj 
and and ma}^ therefore be employed to match a T section 
to a 71 section as in Fig. 671. 

If a filter is correctly matched throughout on such an image 
impedance basis, the overall attenuation of the filter will be simply 



Fin. 671. —Use of prototype half-seiiion for nialchini; T and ji .sertions. 


the sum of the* attemiLilioiis of tlie individual scctirms i*r half 
rluuis, thcTf* being no internal reflt'ction or misniatidi lo ^es. 

It will be remembered that tin* half-section is the basic element 
of tin* symmetrical laddt‘r networks, and that both T and n sections 
wJieii divided down the renin* give rise to iwo of th.esc lialf-sei'lions 
(.sa* log. 672). 
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Fig. 672.—Prototype haJj-section as basic element u\ both T ami ji 
prototype section*'. 


Terminating half-sections 

If an m-dciived T section is split down the centre the result is 
an w-derived half-section as shown in Fig. 673a. (dearly one of 
the image impedances will be Zpj., but the otlier one is no^ Zq„\ 
it may be shown to depend on the value of m. Let it be called Zp^^- 
If an w-derived ji section is divided down the centre, the result is 
a different kind of w-dcrived half-section, as in Fig. 673^. In this 
case, the image impedances are Zp^, and Zpy,,,, where this latter 
impedance depends on the value of m. 

These two types of w-derived half-sections, which are shown in 
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cbj 

Fig. 673,—Derivation of ?>/-ilerivccl half-sections. 


Fig. 674 , and the* image impedances and Z^y^f are of griMl 

importance in fdter theory ; the reason will be apparent fioiii 
Fig. 675 , wliich shows how the values of the image imperial k i - 
vary with frequency in the* case of low-pass and high-pass /n-deri\ i <i 
half-sections. 



(Q) m-dprivpd half-Tsrthon (b) m-derived halF-TT secy\on 

Fig. 674.— 7n-dErivcd half sections showing image impedance. 


The importance of ‘'w —0-6 /n-dcrived half-sections", rn 
" teiTuinating half-sections " as they are often called, lies in thr 
fact that, when w/ ^0-6, and Zoy,„ lie between 0-9 7?□ and 

1-1 over most of the pass-band. It will be seen that tin- 
enables a filter to be terminated accurately in a pure resistance 
(equal to the design impedance /?„) over practically the whol*' 
pass band. 

Note that Z„j,n and Z„^„t are only the impedances obtained b\ 
splitting a T or TT section in half. The impedance of a compleb 
w-derived T or ti section is the same as that of the prototype, 
■t.c.j Zgy or Zq„. 
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luG. 675.— Variation of aiul with In*Liurncy ff]"- tliJTorenl 

values of m. 


Example .— 

l^inil the terniiirdtiji^ lialf-sectieiis required fur a 

lii^li-pass filter with/^ -- 1(J kx/s and iv„ -- G00I3. 

I lie ])rotot 3 q)c scctiiui lias already been found to have 
L 4 . 774mTI and C = ()-()132ti[il''' (.srf example on pa.i'e 649). By 
emjiloyinf]; the metliod indicated by hi^^s. 661 and 662, the complete 
;^/-d(‘rived sections having m 0-6 may be determined, and 
die as sliown in Fi^. 676tf and b. The w-derived T section 
flivnli's symmetrically tt) f<ive ^/z-deri’sed halTT sections as in 
676f. and the corresponding w-derived half-ji section is sliown 
in Fig. 676if. 
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□ ooi»j^*if omnuf owJjuF 

II-HI-1-II- 


_s477‘*mH 15 4imH ^ 

Z— l-Z 


□-A- 


oTiin 

tX (z I 

ooi4Bs^r^ ^ o¥m o 

-4--O 


[s^ n\ dzr\\)ad fialf-Ti^icnors uicd To rcrminait o poroPyps T secPu 



(p m Jenvcd half-IT accPiora used To fcrminaPt a prptohype IT section 

I'iij. (t7H < -'inil y. —lllustnilini; use ol /u-rlerivnl Ji.ill serlimis (;;/ l) l'i 
fi)r t (Till ill ail ul; lUtcT.s. 


('uiisiLU‘i furlliiT how llic'so sections may he utilised. Fi.i^ h7('» 
shows how ;«-derivi‘d lialf-T sections are used to terminate a filtii 
that is made up of T sections. In this particular case a siiif^J* 
prototyiie T section has beeji terminated in this Way. d \\> 
iiiijiedance relationshi]is sliown in the dia{.;ram indicate how tin 
terininatinf^ sections fit on to the prototype sections vvithoiii 
mismatch, whilst jnesentin^ input ami output imjicdances ]ji‘acti 
cally eriual to the desi;.,m impedance over tlie whole of the pa^*- 
band. Fi^. b76/ sliows, in a similar wa3^ how « 7 -dcTived half-i 
sections are used to Ixuinnate a lilter that is made up of tt section^. 


Mismatch loss i^^he attenuation band 

be^ seen that, by iisin^x suitable m-derived half-section^ 
with m - CK-G, it is jiossible to match the lilter to purely resistive 
circuits, ^iil this matching is practically perfect over about nim- 
tenths git the pass band. In the attenuation baud, however, the 
charart eristic imyiedancc of the lilter is a pure react an CeT-.an cl the 
filte/is temipiated in a pure resistance (the desi,t;n impedance 
Tlicywhole basis of are^ument so far has been the supposition madi 
on 636 that the filter is cdu'ays correctly terminated in iF 

cliaracteristic impanlanre, that means, in a pure reactance, in tlu^ 
attenuation band. 


The effect of this mis-termination may be deduced by trcatiiii. 
the lilter as a four-terminal network interposed between a generatoi 
ajid a load ; the loss produced by the filter is tlieii given b\ 
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equation 7 of Chapter 13 {see page 566). This method is some¬ 
what tedious; however, it has been shown in Chapter 13 
that when a network has a high attenuation, the input impedance is 
practically equal to Zp, regardless of the termination. 

This applies to all transmission networks, and, in i)articular, to 
filters. Since a filter has a high value of attenuation in the 
attenuation band, the fact that the tenniuation is not equal to the 
characteristic impedance has little effect on the injnit impedance 
of tliC filter. This input impedance changes from resistance to 
leactaiicc at the cut-off frequencies, and gives the pass and 
attenuation bands just as if the original supposition actually held 
L^ood. 

This mismatch in the attenuation band does, howe ver, affect 
the overall attenuation of the seidifin in that it gives rise to an 
adflitional "mismatch loss" over and above the calculated 



\ Vi fi77.—Mibiiiati b luss per trrminatjoii for an ivciJ half scM'tion 

tiirminated in its tlesij^n iinpLMlance (valirl in Ujij aUc^nuatinn 
banii provifled 0-a <C ^\ O-H]. 


attenuation of the filter. The important case is that in which 
an ?/i-dcrived half-section, used as a terminating section, is 
terminated in its design imjiedance. In this case it has been 
found that the misinatcli loss is a function of the ddference between 

the attenuation of the })rolotype lialf-sectioii and that 

of the m-derived half-section. Tliis applies for any frequency in the 
attenuation band, but onl}’ for sections with vadues of m between 
0-3 and 0-8. The loss foi one termination is given by the graphs 
in Fig. 677, curv(’ h being used fur frequencies on the pass band 
side of/oo, and curve a for frequencies on the other side of fj. 

Example .— 

What is the mismatch loss at one termination of a low-pass 
filter at 1 • 2/^ if an m = 0 ■ 6 half-section is used for terminating ? 

The attenuation of an w = 0-6 section at 1-2/^ is (from 
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Fig. 665) a„ = 25 db. 
frequency is — 10 db. 


The loss of the prototype at the 


2 


2 


= 7-5 db. 


samt 


This frequency is on the pass band side of (for /cc = 1-25 
so curve h is used. This gives tlic mismatch loss as about 1 db. 


EffecI; of resistance on filter characteristics 

Reactances used in practical filters arc not pure but conta’o 
resistance. In tlie case of a condenser this appears as a high shiini 
resistance aiirl is usually negligible. In the case of inductaiK < , 
it appi'ars as stTies resistance and is often comparable in inagmtudf 
with tlu‘ reactance. Its eftect is to round off the attcniidtinu 
characteristic near and /on so that there will be attenuation m 
the pass band. Iml;. 650 shows the characteristic of a ty])ifal 



low-j)ass jirototype section ; Fig. 678 gives the curve for a practical 
m-deriveil low-pass section. 

The atti'iniations of a filter section at the cut-off fri'Quency /r 
and at the “ frequency of infinite attenuation "/a: are nothin practice , 
zero and intniite, but are given appro.ximately b^" the relations : 

Dtc — db (46a I 

my/Q 

4>»y 


oc^ -- 20 . !(){,',„ 


1 — 


db 


(46/h 


when- Q --- 


for the inductance. 


Complete filters 

Complete filters are made up of a number of sections and half¬ 
sections connected together. The design of a complete filter 
dependent upon two things : (i) the required attenuation charac 

teristic, and (ii) the impedance. The first determines the cut-t)h 
frequency fo ; if this and the impedance arc known, the element*^ 
of thfe prototype section can be calculated. The number of sections 
depends upon the attenuation required ; if the attenuation 
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characteristic is to rise rapidly, at least one w-derived section with 
a small value of m will be required, w = 0-3 to 0-35 is the value 
usually selected ; a smaller value of m causes too large an attenuation 
at cut-off. If, in addition, the attenuation is to remain high at 
frequencies well beyond the cut-off fiequency, either a ])rototype 
section or an m-dcrived section witli a larger value of in (or both) 
will be required. Finally, if the impedance temiinatinn is important, 
two terminating half-sections with w — O-CS will be needed; 
it must be remembered that these two terminating lialf-sertit)ns 
wdl contribute to the total attenuation to the same extent as a 
complete section with w — 0-G. 

h\(implc .— 

Design a high-pass filter to satisfy the folhwing ctuiditions :— 

(i) Attenuation above 10*S kc/s to be less than (i db. 

(ii) Attenuation below 9-5 kc/s to be greater than 30 db. 

(hi) Input and output impedances to be 600 i 50 olims above 
12 kc/s. 
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Fig. 679. 


02 4Q'SjjF 


Suppose it is decided to work in terms of T sections throughout. 
Ihis is in general an arbitrary decision, and in practice both types 
of filter would probably be w^orked out, the final selection being 
based on values and numbers of the components required in each 
case. 

The cut-off frequency is selected* as 10 kc/s, which fits in with 
conditions (i) and (ii). To satisfy condition (iii), two f» = 0*6 
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I'lG 680 -AitPiiuatioii-fiequi'iicy characteristics for complcU' liiqli-pass 
filter (iiitl for component surtiDiis. 


terminating lialf-seclioiis aie rcMiiiiied. To satisfy condition (n) ai 
low frequencies, a prototype section is needed, and since a sliai] 
cut-oil is required an w-denved section with m — 0*35 is iiiclinUil 

All three of these sections have been ilelermined in previous 
examples. The prototype section is shown in Fig. 658, the 7n -- 
derived section in Fig 669^7, and the terminating half-section in 
Fig. 676c. The complete hlter is therefore as shown in Fig. 679tf 
or, combining the series condensers, the final form is given ni 
Fig. 679&. The attenuation-frequency curves for each section and 
for the whole hlter are shown in Fig. (^0. 

BAND-P ASS BAND-STOP FILIT^US 
Band-pass filters 

There are several types of band-pass filter, of which one onh 
will be discussed here. This is the constant-Zi type, and a prototype 
T section is shown in Fig. 681. It will be noted that the scries 
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Fig 681 —I’rototype band-pass filter section. 


and shunt arms arc arranged to have the same resonant frequency ; 
let this be called /□• It will be seen that : — ^ 

/o " 7^ ^0 " /~ (47) 


271 ^LC 


\/LC 


To show that the filter is constant-A;, t.e. that the product of 
the series and shunt arm impedances is equal to a real constant. 


put: — 


(48) 

and let 

X = j = — = foy' LC 
h ""0 

(49) 

so that 

mL = R^ 

(50) 

and 

_L 

ijoC X 

(51) 

Now the series arm Z| ^ 

n nrot n nx 



i c. 


^1 




(52) 


j wnL 


-pi 


and the shunt arm Zg ^ 


-^”c 




T T ^ 0 O 

'} (nflL - U)L -- - /v 

wC idC X 


IX. 






(53) 


1 

Multiplying equations 52 and 53, it is seen that:— 

ZiZg = 

and the section is constant-^; equation 4B therefore gives the 
design impedance. 

To verify that such a section has a band-pass characteristic, 
let Zi = yXi and Zg = and draw the reactance-frequency 

sketches for and as in Fig. 682. 

(97d»i) z u 
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I'lG. 682 — Ri actaiiLC-frequeiiLy sketch for prototype baiiil-pass hJti r 

section. 


It IS api^Luiit llhit bitwuii /, .111(1 (tilt Iwf) senes resoiiuil 

frequencies (j 1 i />) the ii.ulince tuiMs ,iu' mi opposite suit 

of the frequeiity axis and the iiltii Inis a jiass band ; outside tin st 
limits of fit (jneiH V, tlu tiii\e s ait on tlie saini suit of tht fiequtiiiv 
axis and tin lilte i atte iiuati^s '1 he nttwniU js tluTefoie a lianil pas^ 
filtei with cut-oil tuciiuiKus /, and /2 It would In ]K)ssib]c in 
inul Ji and b\ e\alualmi^ tlie semes u sonant freijiicuLies nt 

^ -f Z^, but a siiiipltr nudbod will be em])loyed. 

C oiiMdei tli(‘ chaiacteiistic impedance of the section — 

sj T""' 

Then, liom eipiatums 52 and 53 :—- 

'1 liiis /q Is real, giving a pass hand if: — 


[x^ 




t e. 


- 1 


{x‘^ - 1)^ 

2nx 


< 1 


1 


The cut-olt ficciuencies arc given by the positive roots of the 
equations ~ 

— I a .2 — 1 

= — 1 and -= + 1 


2nx 


2nx 
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Hence :— 

f 2nx —1=0 — 2nx - 1 -- 0 

-| 271X I 71^ — \ n* A“ - 2nx -f- \ -|- ;t 2 

\ X \ — \ '\/\ -{ 12 - ~ T v^l I 

.. -n \ (54) | n |--y/] 7“>P 


JheM rc'^iilts givt tJie nit-i)ff iiequenucs, siin o 
_/2 


Note that x^ - Xy - 27i 

ic — in 

.111 1 \])iI ssifiii tlie bmid-uidih in turns of n and y,^ 


\lso fioin Ltjii Lluins 51 and 55 


hh 



= -^ .UKl 
y n 

(56) 


(57) 


7l /„ IS the inid hand fiicjiuin^, wlieii rind-band fuqneiity is 
taken to he the L^Lometric mean of the two cut-off fieijnencies 



1 in 68^ Pi[)tut\i)f biinil p iss filli 1 SCI tioi 
with III tjiuIII \ nl 

(a) \lt uuAtion (f) I'liaM-sl^dt (r) (li iiacti ii'.tit iiiipi lUinrc 


It can be sliowii that tin attiniiation outside tin pas-^ band is 
[^ivcn b\ 


DC - COsh-1 \ 1 

[ 27Z“A“ 


ncpei s 


This fjivts the chaiactLiistn ot bii^ b8dr/. J he pliast shift is 
cn by 

(. 

p =■ ros- '■ I i ~ j (59) 

giving the curve of hig 6836. 
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ms 

and:— 




7 — 

— 


plotted in Fig. 683c:. 




4n^x^ 


Deaign oi a prototype band-pass filter 

Suppose that the required cut-off frequencies and and 11 if 
design impedance are given ; equation 57 then gives :— 

/o ~ a//i fi 

and 56 gives :— 

2 /„ 

Thus /„ and ti may be found. 

f.-f, Vf, K 

enfVfd 2nR„f,fj 2^-fd 

o—< |>Hbo^ II—-II- ' Dltll# O 


4tT f,f2 


TTn„(vf,) 


Fig 684.—Prototype band-pass filtei seLtinn with component values m 
terms of cut-ulf frequencies and design impi'dance 

Then, from equations 47 and 48 : — 

T = ir 


H 


Hence 


T ^ „ r — " ( /z ~/ i) 


C, - nC =- 


A /i _ 

4^^o/iA 


n-= 

The required section is therefore as shown in Fig. 684. 

Note that the inductance in the series arm and the capacity in 
the shunt arm depend only on the band-width and the design 
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impedance, and not on the position of the band. This is worth 
noting in connection with multi-channel VF telegraph systems, 
where all the filters have the same band-width. 


Example ,— 


Design a prototype T section for a band-pass filter having 
cut-off frequencies of 1000 c/s and 4000 c/s, and a design impedance 
of 600fi. In this case 7? g = B00,/i = 1000, and/^ = 4000. Putting 
these values into Fig. 684 : — 


Inductance in scries arm is 
Capacity in series arm is - 
Inductance in shunt arm is 
Capacity in shunt arm is - 


600 


2n (4000-1000) 
4000 -1000 


2.t6(K) . 1000,. 4000 
6(K) (4000 -1000) 
An 1000.4000 ~ 
1 

71 . 600 (4000-1000) 


= ^83mH 

- 0 1989M.F 

— 35 • 80mH 


-- 0-1768[iF 


The required section is therefi)re as shown in Fig. 685. 
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H85.—lllusij atjiif; dcsiun pioceduiL' for band-paiib piDtulype T si^ction. 


ni-derived band-pass sections 

IVototype band-pass fdter.s may be derived in a similar manner 
to low- and high-pass filters. From Figs. 660 and 681 the w-dcrived 


mL ‘^r^ C 2nC rnL 

7n m m Bn 



Fic. 686. —w7-deriVGtl T section for a band-pass filter. 

section of the band-pass filter is seen to be as shown in Fig. 686. 
The frequency or frequencies of infinite attenuation can be calculated 
from the series resonance of the shunt arm. 
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The impedance of the shunt arm is Riv en by :— 
m 4 m 




tu.® 


where and Zg ait tlu stias and shunt iinpedaiires respLitivii 
of the piotuty]:)r 


From equations 52 and 53 
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and that 
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• But i 

that Xj , 

L (>l V J 

due of \ f^i\ 111 ^ inliiiUe attuiuatioii), 

IS \vheie7icr is a fie(]iU‘iiL> 

f 0 

of inhinte 

attenuation. 

Similarly 


^ 2 'w --■^1 where is the other frequency of infinite attenuation, 
yo 



BAND-PASS 671 

From equation 70 ■— 

/i. -A® (72) 
SO that /"o IS the geometric mean of tlie frequencies of infinite 
altLiuiation will as being the geometric mean of the ciit-olf 
fi equencies 

1 lum equation^ 71 ami 5H — 



^lao ^1 fo tg CXD D t, to n tj f 

freciugncij frequency fref^iieiify 

(ai tb) W 


I lu bS7 /7i (Uii\Lil iMiul pass fiHcr St Liuiis Vaii.ilioii 

W ith JU IJIILIIL \ ol 

(7) \ttLiiuatif)n (^) I’h ISC shift (r) , and /orm 

1 ig 687a and h shows tin aU( nnitiun firqiiLiKy and phase-shift 
frit|miic\ (liaiai li iistu s foi f;z d( n\« d baiiil iiass sc r tions hig 687t 
sliows and plotltd against fniiiiLJu;y Zq„ and are 
tin same as foi tin pll)lot^])^ s^ntion 

It has bicn shown lliaL llit shunt aim of the /z^-diiivcd band-pass 
filter has two siius it son nil fit ipu lu 11 s, licmg the fieqiiennt's of 
intinile atttnn ition It tan be ])io\ul that this sliunt arm may be 
leitlared l)v two stilts it sonant cm Hits ni paialkl 1 ig 688) 


mL n -nl 

? ] n r n 



I IG 688—Altcniciliv[ fnrni of ni iliri\L(i hanrl jiass si rtiDn 

flip correspondinp \ aliiP'; of L[, Cj', and U, C) are : 

_ Z. (1 — m^) ^ 

’ n 4m ’ x^, »i ' (1 — j^)“ 


(74) 











Band-stop filters 

Fig. 690 sliows the prototype T section of a band-stop filter. 
As in the case of the band-pass filter, the series and shunt arms are 
arranged to have the same resonant frequency. 
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Fig. 690.—Prot£)typc T section band-stop filter 
Let this frequency be /„. It will be seen that :— 

"" ~ y/LC 


To show that the filter is constant-^, 
put 


and let 

so that 
and 

Now in this case, 
the series arm Zj 


X — ~ — 

fo 0 

o}L —— qX 


\/LC 


1 


R. 


wC X 

— jn 


jionL X 




- jn 


C 


mL — 


and the shunt arm Zo 


_ , nR ^ 

_ j wL j 
na)C 


n 


= j 

n nx 

^ R,(x^-l) 

^ nx 


(78) 


(79) 

(80) 

(81) 

■(82) 


(83) 


( 84 ) 
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Multiplying equations 83 and 84, it is seen that 

7 7 - 2 

-^1^2 — ^0 

and the section is a coiistant-/e section , equation 79 tliciefoie ^ 
the desjf^ii impedanrn 

Fig. 691 gives the rcactancc-liequcncy sketch forXj and ~ 

and shows that tlie section is a band-stop filtei with rut ^ 
frequencies and which arc the sciics resonant frequiici 

(t + 



I IG bOl - l\(nliiiLi Jicijiiiiitj 1 t till Jui I Kjtnt^pr Laiitl slop filter 


Coiisidi r /„ for the sec lion 


/ 




I 


IJicn, fiom (cpiatiuiis 83 and 84 — 

/ _ I ij . »'-A’n^A- / 

" 4(1 4(1 -a-)-' 

It can bi shown that tlu cut off fuquenens ait giM n b\ 

- n \/}i- \ lb . fi 'W 16 

V -- and , - 80 ) 

4 4 


f\ In 
Note til at 


71 \ \ 71^ I 16 

I 


and A 

7/ 




X, — V, — 


»e- fi ft - "I” 

giving the bandwidth m terms of n and /„ 


(S7 



BAND-STOP 


675 


fTT 




♦ rpt^uenoj 

(O 

I'lci. 6 B 2 .- Prottjly|H‘ hanil-stop lilter si'clinn's—Varmliuii 

With 1 l C(|UL-llL l)f 

(a) Atii'iiualiiin. (6) I’liase-slaift. (r) Cliaractermtic impedance. 


that A'jAo — 1 

(8S) 

i i., fn. tilt' mid-hand frequency, is Hu' f^eumL'Iiic int'an of tliL' two 
L iit-olt ficqui'iicic s. Fi^ 6!-)2 showb tlu’ vaikilioTi with fn'qufiicy oi 
atuiuiation, phasL'-sJiifl and tliaiartoiistit imjx'dancn. 


Design o£ a prototype band-stop filter 

Ja‘ 1 tliL' iripiiic'd cul-oH fiCMjiK'iK u s he /, and and the design 
in-i])edaiice R^. 

T^^quation 88 tlien qiva's : 


and er[iiatii)n 87 gives : 


/« 


11 

1 liiis [q and It may bc' fimiid. 


V / tj i 

‘MJ'i-fj) 

fn 


f.) R„U, 0 

2nf,fA 


A 

nofftitriiDin 



1— o 


-Hh J 
1 

P 

L Ih 

_i_ 





4TTaj f,) 


TTRJda 


i'U.. 693 —J'rututyi)[' baiui-stuiJ lilUr settion with uoiupunt'nL value's in 
terms ol cut-ulf treipienuics anti tlestj^ii iinpcrJance. 


From equations 78 and 79 
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Hence 


L^= fiL = 


L 

n 

C 

n 


^ 0 (/z fl) 

”f\h 



(90 

4^ (A-/,) 

1 

(91 

" 4.-./^, (A -/,) 

_ A-/, 

(9li 


The required section is therefore as shown in Fi^. 693. 

It is interesting to note that if a prototype band-pass lialf- 
section is taken and the series and shunt arms are intcrchani^ed, 
a band-stop half-section is formed tliat lias the same ciit-oll 
frequencies as the original band-pass half-section. 


m-derived band-stop section 


mtiL 


nnnmnnn mu m' 


2C 

mn 


-L- 2C 


I mTiC 


4mC 

[i 


4 m 


Fig. 694.—m-derived baml-stop filter section. 


m-dcrived band-stop sections can be obtained in the same way 
as for band-pass sections; Fig. 694 shows an w^-derived band-pass 
T section. As with w-dcrived band-pass sections, the altcrnativi 


DO -I-TT CO 



Fitj. 695,—w-derived band-stop filter sections—^Variation, 
with Irequency of 

{a) Attenuation. (6) Phase-shift. (c) andZor^* 
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fonn of the shunt arm is almost invariably used {se& Fig. 696). 
Fig. 695a and b shows the attenuation-frequency and phase-shift 
frequency characteristics for an w-derived band-stop filter. 
Fig. 695c shows and plotted against frequency. Zg^and 
Zqt are the same as for the prototype section. 



FURTHER FILTER DESIGN CONSIDERATIONS 
Connection of filters in parallel 

Consider the case of a high-pass and a low-pass filter connected 
in parallel at one end, the cut-off frequencies being almost equal 
{see Fig. 697a). 

In the pass band of the low-pass filter, the high-pass filter adds 
a reactance in parallel with the resistive termination of the low-pass 
filter. This reactance can be represented approximately by a 
condenser and inductance in series, as in Fig. 6976. The low-pass 
filter is thus incorrectly terminated in its pass band 
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If, however, a senes inductance he added to the low-pass filti 
as in Fig. 697c (i e the final senes inductance of the low-pass lili 
be mrreased), the added seiits mdiutante, together with il 
shunting reartaru e of the liigli pass liltei will foiin an apjiroMin m 
w-dtTived lerniiiiating Jialf-sertion for tJie low-[)ass lilter 

For an m - 0 6 tciniination tlie added indiidaiKo wdl hi 0 i> 
of the sciies mductaiiLe of a piotot\p( h.df-stL tion Simihul^ tla 



fn.') U) 

1 ir. ()i)7 111 li ])a.s 111(1 1()\N pa s lill( i s in p u dlic J 

(cr) 111 h pass ind !«. \\ p.iss lilUis ui paidlUl 

(/;) 1 (piiN lit lit tiiiiuLinthi low ]> I'^s i 

(r) Adfkil ludiJLiauii Julf sicluin tunmiatirjii 

final Londinsd of llu higli jiass liltii nia\ be modilit lI so tiiat in 
the high-pass i ,iiige lh( high ])ass iiltii is tci miiuiti d in an c qiii\ nh nt 
w-deinid hall-scc tion (in 0 6) 11 bolh tin si modihi ations au 

caintd out, boLli liltirs will bt (oiJLiti\ liiniiiutid o\li llu it 
pass ranges 

Band-pass filters 

The sanii' piiiniplc appliis whin a iiuinbi r of liiutl |) iss hlb i 
with luIjiU eiii ])ass bands ai i i oniu iti d in ]) iiallcl hoi ronsidiiuu 
any one liltei, the shiinl uacbuui dii(‘ to all the other filters in 



Fig 698 —Equivakiit circuit m the pass banil ol one of several band pass 
hlters in parallel 
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parallel can be represented (at frequencies just outside the pass 
Liand) by two series resonant circuits in parallel (see Fig. 698). 

The resonant frcquejicies of these circuits will be respectively 
just abL)\T and just below the cut-otf frequencies of the iilter under 
ctuisideiaiion. These resonant fretjuenries may be regarded as 
/, , and fni b>r the lilter ronsideretl; for these circuits are, in fact, 
the shunt arm of an fn-dcrWcd l)ainl-pass filter (see Fig. 688). 
'riius to give an m -- (J'6 half-section lennination, it is necessary 
Id increase the last series impedance of each band-pass lilter by 0-tS 
of the series impedance of the prototype lialf-scction. 

Compensating networks 

The abo\ e ai gunu'nt ajjplies onlv tn a band-])ass filter that has 
at least ruie other filter above and below il ; it tloes not hold for 
till* lust and last of a number of adjacent lilter^. I'o provide correct 
teiminations for tliest* Jilteis, some additional shuni network must 
be ]jro\'iLl(‘d. Such a network is called a “ coinjiensating nL’L\\oTk ", 
and consists of two series resonant cin nits in parallel for aiiv 
f'lrLiiil with two series iesun.inccs) ; these resonant frcqiiencii’S 
an^ arranged just below tlu* lowei cut-olf frequiaicy of the first 
filter anrl just above tin* higher cut-oil befiuciicv of thi‘ last filter. 
Thes(‘ resonant circuits take the ]iLlcl‘ of tin* two "missing" 
band-paas filters, anil thus inm]*h‘le the correct ?w-dprivcMl 
temhiiating lialf-sectiuns for the first and last filters. 

Impedance transformation in band-pass filters 

It is often useful to be able to transform the iinpialaiice inside 
a l)an(l-])ass lilter particularh' whiai coinjiniieiit Vrdues wxiiild 
otlicjvv'ise be inconveiiieiitlv huge or small. The use of onlinary 
transformers for this jiurpose would involve taking into account such 
considerations as the leakage iiuhictaiice, the primary inductance, 



Joe. n9.9 .—71 section equivalent of an nleal transtornier and series 
im])iMlance. 


and the capacity of the transforinei wiiiflhigs, all of which would 
atlect the performance of the filliT. FortunaLely if Z represents 
a capacity (jci? Fig. 699). it is possible to find an equivalent circuit 
for the transformer in terms of capacities only. 

Fig. 699 shows an ideal transformer of turns ratio 1 ; n with 
a series impedance Z in the primary, together with its equivalent 
bisection which was given in Chapter 13. This equivalence may be 
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verified by equating open- and short-circuit input impedances 
as follows ;— 

Let Zj be the impedance looking into the primary with tii* 
secondary short-circuited. 

^ - ifr. » 

Let Zg be the impedance looking into the secondary with th( 
primary short-circuited. 

Then Z, - «*Z - (9-tJ 

The impedance looking into either winding with the othoi 
open-circuited is infinite (since it is an ideal transformer). 

+ Zq) Zo (Z^ zL:£?)L nn 


Hence Zj -|- Z^ -|- Z^, 
From (93) and (95) :— 

-- 0 

• 

(95) 

z = 

^A^B 

(96) 

From (94) and (95) :— 

»*z = 

ZjiZp 

(97) 


Zn 


Multiplying (96) and (97) : - 

m2Z2 ^ Z^2 


Z^^^trZ (9S) 

(The other root, - — «Z, actually gives rise to a seroml 
equivalent circuit.) 

From (95) and (9S) - 

Z^ f Z, - - «Z (99) 

From (96) and (98) :— 

- --- ( 100 ) 


Eliminating Z^ from (99) and (100) 


Z„ ------ nZ 

n 

n^Z 

Zp — - 

1 — n 


From (100) and (101) 


Z,--- 


nZ 

n — 1 


( 101 ) 

( 102 ) 


Thus on equivalent tt network is as shown in Fig. 699. 

The use of this transformation will be illustrated by an example 
of band-pass filter design taken from a multi-channel VF telegraph 
system. 
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Design o! band-pass filters for a multi-channel VF telegraph system 

All the band-pass channel filters have a dcsi^ni impedance 
— 60012, a bandwidth / 2 —/i = 120 c/s, and mid-band fre¬ 
quencies 420, 540, 660 and so on up to 19S0 c/s. From equations 



Fig. 700.—Prototype band-pass T section. 


64 to 67, the values for a prototype, as shown in 700, arc : - 

r ^ p _ A /i j _ -^0 X’ „_ 1 


Hence all the channel filters have ; 
L, 600 


1 


•2 2n.l20 ' n.eUO. 120 


4-421[il' 


Taking as an example the filter with a mid-band trcriueiicy of 
1500 c/s :— 

2 . 120 . 10 « 

1 C/W 12 01415|i.I 


and 


471.600.1500" 

, 600.120 oC-^TT 

~ 4 n. ]500“ -2-53mn 


Note that the value of ("2 (4'421|jlF) is larj^e and the inductance 
lb small. Cg would have to bo a paper dielectric cniidenser, owing 
lo the large cost and bulk of a mica ccaidenser of this caparit}"; 
i>ut paper condensers are not stable enough lor filter construction, 
and tend to have a high loss. would have ei very .small number 
of turns (say about 100) and an inaecuracy of i 1 turn might 
.dlect the inductance by as much as ± 2 jier cent., which is not 
sufliciently accurate for this filter. If the impedance at the middle 
of the section could be increased, a larger inductance aiul a smaller 
capacity could be used, having of course the same resonant frequency 
as the original shunt circuit. This can be done in theory by the 
use of two ideal transformers, as shown in Fig. 701 r?. 


Alternatively it can be done by replacing the ideal transfonner 
and the series condenser 2C^ by its equivalent 71 section as in 
Fig. 701&. The final form of the filter is as .shown in Fig. 701c, 
the various shunt capacities having been combined where possible. 


n can have any value that makes the components of the final 
section physically realisable. For example, n must be greater 


than one, or the capacities 


2 (w — 1) 


Cl will not be realisable. A 


(97931) 


2X 



Plate 34 —Multi-Lhannul VF tclLjjrapb band pass filler, mid-band 
frequency 1500 c/s 



(0-^ [npedarire hansfc’rmdhjn u'iiiigidpal Iransformer 



Cbl Impeddnce fiansformabon using eq^uivalpnt TT sectiops 



(C) Band-pass secLion mdh intprnal impedance tiansfoTmadon 

Fig 701 —Prototype band-pass T section with mternal impedance 
transformation. 
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convenient value of n is that value which makes all the shunt 
caj)acities equal. This gives an equation 

2 {n-l)C^ Co , 4(l~-n)^. 
n n- ' 


2 n (n - 1) Ci Cg + 4 (1 - n) C, 

-I- 2« ----- p -I 4 
hi 

4m2 -I- 4h -f t = -I 9 
hi 


0-797 H D ooa&?j^F 0 ooo 62 J)uf 0 797 H 



Img. 702. - Tllustratiiif; design of proiot 5 rpe band-pass filter with internal 
impedance transformation. 


In the c.ise under consideration :— 
C. -- 4-421(xF 


/ 8*842 
V 0*007075 


and (\ - ()■ 0()7075[jlF 

] 


F 9 


35 - 4 - 1 


n-17*2 and ^ 296 
Ihe shunt condensers now become : — 

^ C, -- 0-0133fiF 

71 

I he series condensers are then : - 
or 

0*000823[xF 


rind the shunt inductance is - 
= 0*755 H 

Hence the complete section is as shown in Fig. 702 

If, as is the case in a multi-channel VF telegraph system, the 
filters arc all connected in parallel at one end, the series impedances 

( 97931 )' 


2X2 
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at one end will have to be increased by 0-6 of their value (to 
an m = 0-6 termination). This must be done before the trans¬ 
formation of tht‘ central section is carried out; that is, tlu* 
prototype is first modified, and tlien the transformation is carrier] 
out usirif^^ the same value of n as before. 


0 797 H O oooB?3^f D OOD5I4>iF I-Z74 H 


0 — f D n b 


- II— 


n z 

O- i 

ijT 

o’"! 

__ o 

- D 

_ a 


Fig. 703.- I’rntotyni^ banil-pass filler with internal inipeLlanre transfi^miatinn, 
moiiiiif'Ll fur jiaralkl i oniicLtion with nthcr filters. 


Tip:. 703 shows the complete filter after miklification in tliis way 
The otlier chaniul filters are romierteil in parallel with the rip;ht 
hand end. 

LATTICE FILTER SECTIONS 

The inajririty of filters in common use are of the ladder type, 
but “ lattire " filters are occasionally encountered. 



Oil 


T Section (b) Fc^uivalenl lattice nciujo’if 

I'lG. 704.—Equivalence of T section and lattice section. 


Ill h'i^. 704 is shown tlie equivalent lattice section for a normal 
T section ul the ladder type. Clearly this equivalence is not 
complete, for the lattice section is inhereiitl}" a balanced section, 
whereas the T section is not. They are, however, equivalent from 
the ])oint of view that they have the same characteristic impedance 
and the same propagation constant. A mathematical proof of this 
will be found in Chapter 13. but the equivalence may be vcrilietl 
quite simply as follows : 


Since 



and tanh 


y 



for any network. 


it follows that if two networks have the same opeivcircuit and 
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siiurt-circuit impedances, they must therefore )iave the same 
of characteristic impedance and propagation constant. 

Considering the open-circuit impedance :— 

For tlie T section.— Zoc ~ ^ + ^2 

For the lattice section ~ (Z^ |- Z^) 

If these arc the same.— 

^A \~ ~ Z\ I 2Z.> 



Considering the short-circuit impedance :— 

Z| 


For the T section.--- Z^^g — -j- 




^ d' + 


z,- 


+ Z iZ.2 


Zsc - - 

- 7 ^ 4 - ^2 


diui for the lattice .sectiim. Z^g ~ 
If these are the same : — 

2Z^Z^ 


J^^Zb 

z. ! Z^ 


ZiZ., 


z, + Z^ ■ z, 


+ Zg 


or using equation (106) 
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values 

(104) 

(105) 

(106) 


(107) 

(108) 


(109) 
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Clearly the solution of equations 106 and 109 is :— 

or ^+2Z, 

and Zj = ^ + 2 Z 2 or ^ 


(111 

(111 


In the same way the equivalence between a n section and 
lattice section may be established, as in Fif^. 705. 

This equivalence may be used to derive the lattice efiuivaleu' 
of the ladder prototype low-jrass filter ; other ladder filters m.! 
be treated in the same way if their lattice erpiivalents are reqnin l 


^ L 

2 2 z 



(a) cb) 

706.--Lattice equivalent of protcitype T .section low-pass filter. 


Fig. 706ti shows a prototy])0 T h)W-])ass filter section having a cut-oli 

frequency , and its lattice etpiivalent. Fig. 707fl shows tin 

7i\f LC 

corres])onding n low-pass fdter section, and its lattice equivalent. 

If a lattice filter section of unknown type is encountered it ma\ 



26)L 





fiPlippncy 


Fid. 707.—Lattice equivalent of prototype 71 section low-pass filter. 
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be explored by the reactance sketch method. For in the general 
lattice network of Fig. 704 :— 

■^0 ~ (^^ 2 ) 
Thus if and are reactances of opposite sign, Zp is a pure 
resistance and the filter has zero attenuation. If, on the other 
hand, Z^ and Zj, are reactances of the same sign, then Zp is a pure 
reactance and the filter attenuates. 

Considering the lattice filter sections of Figs. 706tj and 707fl, 
the corresponding reactance sketches are shown in Figs. 706ft 
and 707&. In both cases it will be seen from the reactance sketches 

that the filters are low-pass, having a cut-off frequenc)^ - \=- 

7i\/ LC 

Insertion loss of a lattice section filter 

Like any other 4-tenninal network, the insertion loss and 
inscitinn phase-shift of a lattice filter may be determined, using 
etiualions 7 and 8 of Chapter 13 (page 566). 

When, however, such a network is inserted between purely 
i(‘sistive imjiedances (such as, say, the fdter’s design impedances), 
the problem is best approached from first principles. 



Fig 


tu) 


cb) 


708.- Calculation of the in.sertiDn loss of a lultice suLtion 


( oiisidei a generator of EMF E and intianal impedance 7^o 
V 01 king into load A*o (Fig. 708f7). Let the cun cut flowing be /,. 

If a lattice network now be inserted lietwern the generator and 
tlie load (Fig. 7()8ft), let tlie new current flowing be /g. 

Apj)lying Kirchhoff's laws to Fig. 7086, it may be sliown that :— 
j _ E Z^-Z^ 

"2 - (Ap + ZJ [R,-VZ,) 

Considering Fig. 708^? : - 

^ 27^p 

(T^p + Z,) (Ap + Z,) 

^2 -^^0 {^A 


Hence 
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Let 

Then 


LATTICE FILTERS 
= ]X^ and Z, = jXg 

+ 1X^) [R,+jXs) 
h iR, {X^ - X,) 

„ (X, f Xj,) - J{ R,^ - X ,X, 

Ii ' RA^^- Xn) 


(n 


Consider first the modulus of this cxpiession. whirli dettnniu 
the mscrtion loss 


VR,^(X, I - X j,X,Y 

RAX^-X^) 


^/(r„^ + xa)(Ro^ + xa) 

Ro {X^ x^) 

_ 1 _ 

Aq 7v!q \jf 

Vr ' V^TTxa~Vr 0 - , 

_ _1_ 

sill 0, cos ^2 “ cos 0| sin 0 ^ 

_ _ J_ 

~ sm (0, — flj) 

X X 

wheie 0, tan“^ ^ and 0 ^ ^ taii"*y ^ 

7v n 






R 


1IG 709 


Cb') 


Tho inseition loss is gum by * 

IF 


or 


20 loKio 

lop. 


s,7) 

(114 

'“e- (», - oj- 

(115 


Considciuig the phase angle of expres'non 113, it is seen that' — 

R„^- 


p — tan" 


RAX. \-Xs) 

1 "Ffl 

R. R» 

R. R. 


= tan“* — 
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, - 1 — tan 0 , tan 0 , 

tan“^-^ ^ 

tan 01 + tan 02 


fi = tan~^ 


- 1 

tan (01 + 62 ) 


Hlmu'c the insertion phase-shift /? is given by : — 
P - 0, + 02 ± (2n -I- 1)|- 


(116) 


Jh)th equations 114 and IIS, and rMpiation 116, are gieat 
siinplifieations on equations 7 anil 8 of Chapter 13 (i)age 566), 
wliirh are the equations employed for iJie determination of insertion 
losses and insertion jjliase anf:;ies of ladder filters. It will be noted, 
therefore, that in many cases it is eonvenieiit to eon vert a ladder 
filler into its corresponding lattice, so that the above insertion hiss 
er|uatioiis may be employed. 


Equivalent bridged-T sections 

As may be seen by studying the low-pass tiltiT sections of 
bigs. 7()6c? and 707^?, the main disadvantage of lattice' sections is in 




I'lij. 710. —Bridgeil T I'auiv.i Iciil nl ,i lattn c scitiDii fiisms Li ansliuiiu 1). 


the greater miinber of compoiieiit.s emjdoycd ; this may be obv iated 
to a certain extent by converting from .1 lattice section to a 
dridged-T section as shown below. 

From Figs. 7l\a and b, it will be seen that, for the bridged-T 
section :— 

(117) 


and 


2 Zj X 4 . ^ 

K. H-4.f 




Z, 


(118) 


By comparison with equations 105 and 108 the equivalence 
of Fig. 710 is establi.shed. ISing this equivalence, lattice low-pass 
sections may be replaced by bridged-T low-pass sections as in 
Fig. 712. 
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Cb^ 

Fig. 711.—Equivalent ciicuit of bridged-T on open and slioit circuit. 



Fid. 712. —Bridged-T equivalents of lattice low-pass filter sections. 




BRIDGED-T 
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The limitations on such filter sections are imposed by the 
discrepancies introduced by substituting a practical transformer 
fur the ideal transformer. 


CRYSTAL FILTERS 

Certain substances, notably tpiartz, exliibit what is known as 
the " piezo-electric ” effect; that is to say, a mechanical strain 
applicfl to a suitably cut piece of the substance causes an EMF to 
he developed between two surfaces of that piece ; and con^’c^scly, 
:i!i applied betw'een two faces of the piece cause a meclianical 

tleforination. These effects arc used in piezo-elecLric microphones 
and similar devices. 

Slices cut from a rpiartz crystal also have another important 
Ijroj'iaty : they behave electrically as a resonant circuit, of 
extremely high Q, resonant at the natural frequency of mechanical 
vdjration of the slice. 

Tln‘ complete cpiartz crystal in natural state is of the gejierai 
sh,i])e shown in Fi^. ami for convenience of reference, three 


X 


(b) SECTION THHOOCH PLANF OF 

X ANDV MZS. SWOVVIHG "xcUl'sUCE. 

Fic, 71 a. — Quartz rryT»tal showiti'' “ X cut *’ slice. 




(Q) GENERAL VIEW OF LlUADrZ riEVSTAL, 
SHOWING A*E5 AND "x CUr"SLICE 


axes through the crystal are defined as follows ; the vertical axis 
yjassing through bntli " ])oiiits of the crystal is called the optical 
or Z-a.xis ; the line at right angles to the Z-axis parallel to any 
major face of the crystal is called the electrical or A"-axis ; and the 
line at right angles to both these axes, and perpendicular to any 
face f)f the crvstal, is called the mechanical nr V-axis. Slices cut 
from the crystal for various purposes may then be described in 
terms of the angles between them and the three axes of the crystal ; 
thus a slice cut with its faces perpendicular to the X-axis is called 
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an '' X cut” crystal, as shown in Fig. 713, and this "cut' 
frequently used in filters. 

If such a slice be mounted between two fleit metal plates - 
which electrical connection can be made {see Fig. 714a), it is fouu 
to behave like the equivalent circuit given in Fig. 7146. C, L, and A 
are merely the electrical equivalents of corresponding mechauica 
properties of the crystal, and their values are determined bv tli. 
dimensions and physical constants of the crystal material. C' i 
the electrical ca])acity between the faces of the crystal, and n 

practice its effective value may be increased by the capacity < ' 

the wiring. 

The series circuit composed of C, L, and R resonates al in. 
natural (mechanical) resonant frequency of Hie crystal; let tin 
frequency be In addition to this series resonant freiiiien \ 
the circuit of Fig. 7146 also has an anti-resonant frequciu'y ; li ■ 

this be The reactance sketch for the crystal is therefore of ili. 



(ui (^b) in 

I'lG. 714,—LiiiiivalL*nt rircuit ot quaitz crystal. 

(rr) frvst xl in " Muliil '* {/>) JCqiiixalciiL circxiiL (f) Kuactaiice skcli li 

type ul inoiinlin;.’. t)l quartz crystal. iui quaitz crystal. 


form shown in Fig. 714c. Neglecting the equivalent resistance l\ 
(which, owing to the high Q, is rcdatively .small), the impedance ui 
tlie circuit of Fig. 7146 is :— 


- ic 



; 

loC 


_ - 7 (^^-TC - 1) 

Thus the series resonant frequency is given by ;— 

»*’ = rc - ” 


(119, 
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and the anti-resonant frequency by :— 




2 

A 


1 


L . 


CC 

C + C 



27t^LC 



( 120 ) 


Hiis can be expanded by the Binomial Theorem as : — 

/.-/.(> I- ?.)■ 

. £ L L« - M) ('£Y 

“ ■ C' ^ 1.2 ' \C'J 




+ . . 


Tor tlie crystal itself, with no stray capacities, C' is normally 

C . 1 

125 times C, so that the ratio ^ is Terms containinf.^ second 


C 


and higher powers of —, can therefore be neglected, so that ; 


I A - 




004 U 


1121 ) 


The separation between the resonant and aiiti-rcsuiiant fre- 
leiicies is therefore : 


h-Jn /«(l -t 

L - Jk ---fit ■ - b-4 per cent, of/,, (122 


^tray capacity in parallel with the uystal has the elfect r)t 

iiurcasing the effective value of C\ so that jt-, ; it therefori‘ 

L 1ZO 

lowers the anti-resonant frequency and reduces tiii‘ separation 

(/. - M- 

If the dimensions of an A^-cuL quartz cr 3 ^stal slice be denoted 
y, aJid z (in centimetres) in the directions of the X, Y, ^md 
Z axes respectively, the component values of the equivalent circuit 
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can be found approximately from the following empirical formal 

L = 115— Henries 
z 

C = 0 0032^- |j.nF 
C 0-40^ (i|xF 


«U 




(12 




No useful formula can be given for R ; for although the artu , 
value of R ff)r the crystal may be very low, its ellectivc value j 
considerably increascMl in jiractice by the mechanical damping 
the crystal mounting. Tin* inherent Q of a crystal slice is aliiiu i 
infinite ; but even with the most canTul mounting, in vacuo, witu 
sprayed gohl electrf)rles, this is reduced to several hundretl thousaiifl 
and with normal mountings, it is of the order of 5000 1o 20,(MHt 
Even these values, however, are appreciably liiglier than tlin-i 
obtainable fioni circuits using noimal type inductances and 
capacitii's, which seldfun yield a Q higher than about 200. 

Example 

A quartz crystal slice measuies 0-2, 2-5, and 0-5 cm in tin 
directions of the X, Y, ainl / axes respectively (syc Fig. 7I5(0 



2 S cm 


Cl dSimiF 




(ai 




Fig. 715 —1 )im['iisK)n.s anil equivalrnt liilujI oi an actaal ciystal. 


Find its c(iui\alent ciicuit and its resonant and anti-rcsonaid 
frequencies. 

From etiuations 120, 124, and 125 ;— 


L ^ 115 


C = 0 0032^ 

X 


C --= 0-40 


vz 


_ 0-2.2o 

0-5 ■ 

- G’0032 . - y-. ~ 


=-. 0-40 . 


2-5.0-3 


0-2 


- 115 H 

- 0-02 (ijiF 

- 2-5 |X|iF 




2n VLC' 


2.tv/115:0 02'. 10-« 


= 104-8 kc ^. 
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= 105-2 kc/s 


This particular crystal slice was found to have a Q of 15,000, 


rnncspoiidin!^ to an equivalent resistance oJ: ~ 
rr)T_2rr. 104-8. lOM 15 
(J " 15,000 


/v' 


—■ -= 500012 . 


The equivalent circuit is then as shown in Fig. 715/;. 


Single-crystal filter 

'fhe simjdcst method of cmjjloying a civstal in a fdter circuit 
IS shown 111 Fig. 71 Ga. Here the behaviour of the crystal may be 
didermiiied liy cfmsidcring it to be leplactal by its equivalcMit 
f’ucuit (srr Fig. 7146) ; thus it j^resents a low im])edanrp at its 
lesonant fretpiency, an almost mfinile im])edaiice at its anti- 
lesonant frequency, and a higli impedance at all other friquencies. 
4lie attcnuatioii-freqiu^ncy curve for this filter is therefore of tlie 
form shown in Fig. 71G6. 

Die aiiti-iesonaiit frequency can be alteied liy vaiying the 
(liectivc shunt capacity across the crystal [C' in Fig. 7146). This 
ran conveniently be done bv using a centre-tiqipecl input trans- 
fonner and a variable ** balancing " condenser C as sliown in 



(cl (d) 

Joe 71 IS — Siiigle-cr)^stal banil-pdiss liltur. 


f 


OutpU 


Fig. 716i:, wdiich can be looked njion as a bridge circuit as in 
I'jg. l\^d. If Cs be adjusted to zeio capacity, the circuit is 
essentially the same as Fig. 71 (k/, hut with onlv half tlie input 
voltage uti'ised. 

If Cjj then be increased, some current will reach the output 
through it, approximately in anti-j)hase to that passing via C' ; the 
lesiilting current reacliing the output is therefore less than that pass¬ 
ing via C', and the effect is the same as would be obtained if C' had 
been reduced. Anti-resonance occurs at that frequency for which 
the capacitive current passing via C' is equal in magnitude to the 
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inductive current passing via C, L, and R ; reduction of the curri i, 
reaching the output via C' therefore causes tlie anti-resonance t< 
occur at a frequency for which tlie inductive current through ( 
L, and R is lesii~i.e. at a higher frequency. 

If Cj is increased uiitil it is equal to C', no anti-resonance v\k 
occur; while if it ])e further increased, the current reaching l!i 
output via Cj, will be greater than that via C\ and the anti-resouaiu 
will occur at a frequency for which the current reaching the outj)ii 
via C, L, and A* is capacitive- i.e., at a frequency below Tlri^ 
as is increased from zero, the anti-resunant frequency is In i 
increased from its original value, and reaches inlinity when Cj^ - ( 
further increase of raises from zero frequency iinti] ' 
aj)proaches fjt when Cjf is made very large. 

A filter of this type is especially useful when it is desireil n 
transmit one particular frequency, and to attenuate a ncigliboui jji. 
frequency seviTely. For most communications purposes, howiM! 
comparatively wide bands of frequencies have to be passerl, iiini 
for this jiurpose the response curve of Fig. 716?; is unsuitable ; iui 
the freijueiicy band over which the attenuation is low is extreiu- h 
narrow. The width of the re.spons(* curve ran be modifleii h 
certain extent by varying the impedance of the input and out] i' 
circuits ; for maximum sharjmess {i.e,, highest Q and mininumi 
bandwidth) biith input and output impedanres should be li»\\ 
but for maximum output voltage at the resonant frequency tin 
output imjjcdance .should be high. Even when its sharpness is n'diiceii 
by increasing the in])ut and output impedimees, the response of a filter 
of this t>'pe is unsatisfactoiy for many purposes owing to 
pointed nature. Various t^ pes of filter have therefore been devehqx ii 
in which advantage* is takcai of the extremely' high Q of (imul/ 
crystals, to lurnish a band-pass filter with a very low and cnnstair 
attenuation in the ]Klss bands, but with a sharpness of nit-o1 
approaching that of “ ideal ” resi.stanceless filters. 

Double-crystal band-pass filter 

A filter circuit giving a pass hand up to about J per cent. i>l 
the mid-band frequency' is sliowai in Fig. IMa. The resonant 
frequencies of the tw'o crystals Oj and arc at the lowTr and 
iqiper calges of the pass band respectiA ely, while the input and 
output circuits are luiicd to the mid-band frequency. At frequeiicic'- 
below the low'er edge of the pass band, both crystals present a 
capacitive impedance ; owing to the “ pu.sli-pullinput aiul 
l)arallel niitpiit connections, the outputs from the two crystals 
are in anti-phase, so that the resultant output is less than that 
from one crystal alone. Between the resonant frequencies of tla^ 
two crystals, x)rcsent5 an inductive and Cr^ a capacitive imped¬ 
ance ; but owang to the method of connection, the two output^ 
are additive, so that their combined output is greater than that 
obtained from either crystal alone. Above the higher edge ot 
the pass band, b«th crystals present an inductive impedance, hul 
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their outputs, being in anti-phase, tend to cancel out. Thus a lov/ 
atteliuation is obtained between the resonant frequencies (/^ and 
of the two crystals, and a high attenuation outside this band. 

If a balancing condenser is so adjusted that the shunt 
capacities across the two ciystals are equal, no anti-resonance 
occurs. But if this condenser be so ailj listed that the shunt capacity 
across the higher-frequency crystal Cr^ exceeds that across 
an anti-resonance occurs just above the resonant frequency /a 
of Cr ^; and a second anti-resonance occurs just below the resonant 
frequency/i of the lowei-frequcnc}^ crystal as cxjdaincd above 
in Lonneclion with the single-crystal filter. The atleniiation- 
freqiienry curve then obtained is as shown in Fig. 7176, and it will 




Imo 717 —Double uiystal band pa>^s liltcr 


be noted that theie is an mciLase in attenuation at the centre of 
the pass band , the wider the pass band, tlic more serious is tins 
mciease. For this reason, filters of tins type aie used only when 
the handwidth required is less than about 1 per cent, of tlie mid¬ 
band frequency ; tlius for a bandwidth of 3000 c/s, this type of 
filter would be satisfactory lor niid-hand frcqiuiiLies aliovc 300 kc's. 
Ill line communication, however, crystals aie crnjiloyi'tl chielly as 
the leactivc elements in band-pass filter riiciiits of ronventional 
tvpe. 

T type crystal filters 

The T tyj)c ciV'^tal filter foiins a good example of the use of 
Mystals as the reactne elements m convenliiiiial Idler circuits, 


c 


n 



o> 


I 


Cr2 


L, C| Cp »■. 



(a) 


tb) 


Fig. 71S.— T type crystal band-pass filter. 


and its analysis shows clearly how' the reactance sketches for 
crystals u.scd in this way arc manipulated. This type of filter is 
shown in Fig. 718a, and its equivalent circuit (neglecting resist¬ 
ance) in Fig. 7186. 

(d7031) 2 Y 
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The crystals Cr^ in the series arms are carefully selected to h l . ( 
a series resonant frequency exactly equal to the anti-resoiiai'^ 
frequency of the crystal in the shunt arm. Let the resonant [uvi 
anti-resonant frequencies of the series arms be and resf)i, 

tively, and those of the shunt arm /j 2 > /jei ~ fA 2 - h< , 

the reactance of the series arm be A"j, and that of the shunt an 
be ; the variatif)n with frequency of and X 2 is then as show 
in Fi^^ 719ff. From this can be lirawn the reactance sketch for tl.i 
filter, as in Fif^. 719?;. 



(a) Cb) (O 

Fn;. 719.—Rfaclnnri* sketch for a T t 5 rpo cr 3 \stal band-])ass filtci. 


It will be seen tliat the Idler has a band-pass characterisliv , 
with a pass band fromy^ to and frequencies of infinite attenuation 
at /jai fm and /g* — Xu- The atleniiation-frequency charac 
teristic, sliown in Fig. 719r, is seen to be of the same form as tlial 
of an wi-deri\ed band-jass section ; wJiile the bandwidth (/g —Jv 
is seen to be less than (/^ — fjt^) - Le., less than 0-8 per cent. o( 
the mid-l)aii(l fretpienry. 

Lattice type crystal filters 

Crystal hlters are frei|uently made up in lattice fonn, as shown 
in Fig. 720c/, with the e(]uivalent circuit as in Pig. 720&. 




LdUice frijsial filtp!,ujilh equivalent nrcuU. 
Fig. 720.—I.atlicc cr 5 ’stal band-pass filter. 








LATTICE TYPE 


The crystals Cr^ are a carefully matched pair, as also are 
The crystals are so cut that the senes resonant frequency of one 
pair corresponds with the anti-resonant frequency of the other. 
Using the method set out on page 686, the leactanu sketch is 
shown in Fig. 721a, indicating that the filtcM Ihis a band-pass 
cliaractenstu The pass band is seen to extend fioin ~ 
to /g = /la, so that the bandwidth is 0*8 per cent of llie rniii band 
frequency /□ = ~ Ibe corresponding atteniiatioii-frequeiicy 

characteristic is shown in Fig 721 & 

13v suitable choice of the crystals in the scius anti lattice arms, 
the icactance curves may be made to cross as shown in hig 72U. 
The points of intersection corresjioiid to t tpial imped inces m 



flit senes and lattu e .irms giving use to hcqueiicies oi 
mhnite attenuation ami f^,, as shown in 1 ig 721 r/. since the 
load would now be across the diagonal of d balanct d bridge 
Such an arrangement gives considciable discrimination against 
frequencies immediately outside the pass hand 

In lattice crystal filtei ciicuits a pur of identical crystals are 
required m the two series arms, and a second ])air in the two lattice 
arms In practice, each such pair of identical crystals can be 
replaced by a single crystal slice with two imlrpcndent pairs of 
terminals Each face of tlie slice carries two metal coatings, usually 
of aluminium, insulated from each other, the two coatmgs on 
one end of the crystal slice being used for one arm of the circuit, 
and those on the other end for the opposite arm. The whole slice 
vibrates mechanically , but owing to the symmetrical disposition 
of the two identical crystals in a lattice filter section, no undesired 

(B7931) 2 Y2 
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coupling between di^erent parts of the circuit can occur. The n 
of one crystal slice to perform the two electrical functions in h,; 
way is not only economical and convenient, but also ensures ^ 
the two “ opposite " crystals in the filter do, in fact, have idenl)? > 
characteristics. 



T 1 C. 722.— Use of a single crystal slice to provide a matched pair ol 
crystal elements. 


Crystals with series inductance 

It has been seen that the bandwidth obtainable from a .simple 
ladder or lattice filter using cr^^stals as the reactive elements is 
limited, by the proximity of the resonant and anti-resonant fre¬ 
quencies, to about 1 piT rent, of the mid-band frequency. It has 
also«been seen that these frequencies can be brought nearer together 
by the addition of shunt rapacity aero.ss the crystal, and that they 
can be separated by reducing the effective shunt cai)aeity. Tliere is, 
however, an irreducible minimum value to the shunt capacity of 
the crystal (C' in Fig. 714?;) ; and in the case of a ladder or lattice 
type filter sci tion, this capacity cannot ronveuiently be “ balanced 
out as it ran in the rase of the doiible-cryslal filter sliown in 
Fig. 717. The lesonant and anti-resonant frequencies of a crystal 
can, however, be separated by the addition of inductance in scries 
or in shunt with the crystal. 



Fig. 723.—Eflcct of adding inductance in scries with a crystal. 


If an inductance L' be connected in series with a crystal Cr, 
as shown in Fig. T13a, the ecpiivalent circuit is as given in Fig. 7236. 
The reactance Xq, of the crystal is given by the broken lines in 
Fig. 723c, with resonant and anti-resonant frequencies and ; 
while the reactance Xj, of the added inductance is given by the 
chain-dotted line. The sum of these two gives the total reactance, 
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shown by the full-line curve, and is seen to exhibit an anti-Tosonance 
at /i, and two series resonances, at and The separation 
between and is clearly greater than tliat between f^. and ; 
it can be sliown that maxLmmn bandwidth is obtained if the value 
of U is so chosen that (/^ — fn) — [fc — Ja), and in this case the 
separation (/^ — Jb) cent, of Thus from the point of 

view of maximum bandwidth, there is an optimum value of L* for 
any crystal. 

vSince any coil has an appreciable rt‘sistaiice, and a low value 
of Q compared with that of the crystal, it is at once apparent that 
the addUion of an inductance // in serii‘s witli a crvstal will 
adversely aflect the performance of a filter. In certain cases, 
however, the added resistance can be made to appear oiitsulc the 
arms of the filtiT, and be roinbined with an external resistance 
to form an attenuator, which will give a cfinstani uitaease in 
attenuation at all fiei|neiicies [i.c., in both the pass dnd the 
atti'Uiiation bamls), the inciease being nsnally only a few decibels. 
This can best be seen by considering the addition uf series 
inductances to a lattice filter section. 

Broad-band lattice filter 

Fig. 724rr shows a lattice filt(u‘ section with inductances L/, 
L 2 ', added in series with each of the four cr 3 ’stals. The anti- 
restmant frequc'ncy /41 of the series arms is made ec[ual to the lower 







Fig. 724.—Broad-band Jdtticc filter using sriic.s inductances. 


series resonant frequency lattice anns ; and the anti- 

resonant frequency the lattice arms is made eciual to the 

higher series resonant frequency of the series arms. The 
reactance sketch for thi.s section is therefore as .shown in Fig. 7246, 
and the attennation-frcqnenry characteristic as in Fig. 724c. 
The component values can, of course, be .so chosen that the 
reactance curves X, and cros.s, giving rise to frequencies of 
infinite attenuation /im n.nd and a response of the form shown 
dotted in Fig. 724c. 
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Since each of the three separations (/41 —/^i), 

and (/ 02 —Az) appioximately 4^ per cent oi\i 
mid-hand frequency, the total bandwidth is 3 4^ = 13J ptr cl 1 
of the mid-band frequency If this is too wide it may be rcdiu 
by LoniULtmg coiuknscis in parallel with tin crystals, ajul t 
this mccins .my bandwidth fioin 13^ per cent down to ^ pci cli 
of tin mid band frLr|iuii(\ may be obtained hoi bandwiclll 
less than i pei cent , the loss caused hy the resistant( of ^ 
indue tanres be tomes cxcessuc, but below 1 pci tint bandwnltli 
the all ciyslal filter can be used 1 01 bandwidtlis greatir tli i 
13 j)ei cent oielinai\ inductann iiid i ondciiser lilters ait siM 
fat toi> 

Ihe mduftaiuts /, end I 2 ni the stilts and lattice arms 1111 \ 
all be niaclL equal anti the anliicsonint fiequcncits adjusted 1 
cepialit} with tht appiopiiate lesonant fiequcnries b\ mt ms (i 
condensers C^, in paialltl with the tr\stals is shown in Inc: 72^/ 
where the inheicnt si ries lesistanei of eaeh eoil is shown as A" 1 luii 
by the thioiem pncii 111 Chqder 13 (paf^t 5*^8) the impi el mu 
foimed by A' and Iv in sciiis tan be subtiaited fiom all fuiii liiin 
of till lattit t ind plact d in sciies with the input or output termni il 
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r 

i -L — 

9 '\'W ✓ DDDD'» .f i 


/ n 


■/ 


^ ^ T/ T T 


(CL) Lb) 

1 iG 72S Sllu\^Jn^ llL^^ iLbibtaiiLL of i>Liits mtlucldii'^es m latijie filtci 
lan be inatlt to Juim an atlLiiuatoi mJipendent of frequency 


of the set tioii as shown 111 1 if( 725h If ii resist nice I\\ bt connecti tl 
acioss tilt teiminals of the lesuiting network it will foim togethci 
with the ifsistanees R\ an attenuator and the \alue of can 
be ehoscn to gi\e correct impcdjincc matching and minimum loss 
In a similar manner a widiband hlter can be obtained by 
coniuehng indiirtanees in pinallcl with each cnstil, and thcsi 
added iiiduetaiK ts if e cjual can be iemo\ed liom the arms of tin 
lattice and placed in pLirallel with the input or output terminals 
of the lesuUing nitwoik A bioad band crystal filter with scries 
indiKtances has a low characteiistic impedance (of the order of 
1001?) while the corresponding filter with inductances added m 
parallel with the crystals has a high characteristic impedance, of 
the order of 100,0001?. 
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LINE TRANSMISSION 


T ine transmission is the theory of tlie propaf^^ation of elci:tric waves 

aloiif^ traiismission lines. These transmission lines are assumed 
10 consist of a pair of wires that arc uniform throughout their wliole 
length. Provided that this uniformity holds gr)od, it is immaterial 
for the general theory whelher the two wires are air-spaeeil on 
telegra])h jioles, are two conductors in an underground cable, or 
form a pair in a field ciuad cable. 

Only steady-state <'nrrents and voltages will be considered, and 
the problem resolves itself into one of finding the enn-ent and 
voltage at any point along the length of the line, when a kinmn 
voltage (or current) is eontinnously apj)lied to the seining end. 

In this chapter, the ])roblem will be treated as far ])ossible in 
a noil-mathematical manner , a more rigid inathematii al Ireatinent 
will be given in Chapter 17. 

THE INFINITE LINE 

The propagation of eletdric waves along any nnifonn and 
symmetrical tfansmission line may be dedueial in terms r)f the 
results for a liyjjotlietiral line of iiilinite liaigtli having electrical 
con.stants per unit length identical tr) those of the line under con¬ 
sideration. For this reason, the propagation of eliTtrie waves along 
an infinite line will be considered tirst. 


Fig. 726. —Inftnito line. 


When an alternating voltage is applied to the sending end of 
an infinite line (see Fig. 726), a finite curn^nt will flow due to the 
capacity and the leakage conductaiire between the two wires 
constituting the line. The value of this current will depentl upon 
these two factors and others to he investigated later. 

The ratio of the voltage applied, to the current flowing, will give 
the input impedance. This input impedance is known as the 
" characteristic impedance " of llie line, and is denoted by Z^. 

The characteristic impedance of any line is defined as the 
impedance looking into an infinite length of the line (c.f. character¬ 
istic impedance of a network, Chapter 13, page 561). 
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T^E INFINITE LINE 

This characteristic impedance, in the case of a telephone line, 
is a vector quantity having a modulus |Zq| (usually between 
200 and 1600 ohms), and an angle tp (usually lying between 
—45° and 0°). Since this angle lies in the fourth quadrant, it may 
be written either as /— 7 ° or as\ 7 J°. The modulus and angle of 
ihc characteristic impedance will, in general, vary with frequency ; 
and the frequency at w^hich the impedance has been measuied 
should be stated. The following table shows the characteristic 
impedance of some typical army cables measured at 1600 c/s 


JAbLE XIX 


Type of Cable 

^0 

Cable, elcctru , I) 8 , Iwdsted 

500 / - 32“ 

( able, cdf'ctrir, D 8 , single, 9 in 

1600 /'-30’ 

sjiaciiig 


Ficdd Quad (unloaded) 

300 /_37° 


In addition to possessing an in put im peib-ujrp an inh nilc 
line has the folloMdng iin])oitant pio])erties 

(1) Since tlu^ line has uifiiiite length, no waves will ever nruh 

the distant end, hence there will be no jiossihility ol 
leflection at the distant end and no relic eted wa\es will 
ictiiin to the sending t'lid. 

( 2 ) I'oi the same reason, wlien a \oltLige is applied to the 

sending end, the current flowing will depend only on 
tile chtiKicteiistic inijiedanee Z and will lie nnalleelnl 
by llie teiminating imj)edanc(‘ Zj^ at tlie distant end. 

It may be noted that 111 ])rartice this last cimrlitinn is approM- 
jnatcly fnllilled by many long lines. 

Short line terminated in Zq 

Consider an infinite line having input terminals 1 and 2 (^c^e 
Fig. 127a). Tlic impedance looking in at terminals 1 and 2 will, by 
definition, be Z„ v^uppose that a short section AB at the near end 
of the line is now removed (Fig. 727?^), so that the line now staits 
at terminals 3 and 4. The impedance looking in at terminals 3 and 4 
will still be since the removal of the short section does not 
affect the infinite nature of the line. This means that the short 
section AB, from an electrical point of view^ was originally ter¬ 
minated in an impedance Z^ B. If the short section is now" 
terminated in an actual impedance Z,,, the current and voltage at all 
points along its length will be exactly the same as if it were ter¬ 
minated in an infinite length of line. 

It therefore follows that a short line terminated in Zj, behaves 
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electrically at all points along its length, as if it were an infinite 
line In particular, this means that the input impedance will be Zq, 
and that theie will be no reflection Before a line can be thus 


ta) z— -- ► to 

2 ^- 





J 


727 Slioit IjiiL lLrmiin.ULl in 

temimritcd iiowcvti a method must be ili\ cluprd for tlif pjcictical 
dettrmmatioii nf wlun onl> a shoit li ngth cd line is Livailablc 


Determination of Zq for a short Ime 

A short line may bo Lonsidcred as a complev ckctiical lutwork, 
and like any othtr network it ma\ at the frtfimncy under con- 
sidtration be represented by a 1 stction {see 1 ig 728n) If the short 


[>“• 




o- 


Lirve 



2 

“—MAA- 


N 


2 


IiG 728—(fl) Shoit liiiL tcmimated in I r[ui\alciil 1 s^Ltion 


line IS terminated in Zj, it will bch i\ t as an mhniti lint and ha\ e an 
input imp[ danLL Zq Since the L(iui\akiit 1 sci lion reprt senls the 
line, it also must have an input impedance Z^ when it is ti iminatod 

in ^ ^ 

I et tlu equivalent T section ha\e strics aims - 7 ^', —\ and shunt 
arm (big 728a) 


Then 


But 



+ ^ 0 ) 

-^ + ^8 + ^0 


A, - Zo 

^ ^ + Z.Z, 


(1) 
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THE INFINITE LINE 



Thus Zq for the T section, and hence for the line, may be dvUr 
mined if Z, and Zg can be found. This will require two equation- 
which may be obtained by measuring the input impedance 
using two different terminating impedances. For convenience thest' 
terminations will be taken as infinity and zero. 



Fic 728 --(?;) Slirjit line un f>pen (ii lujI— Fi[ui\alpnt J srTtinn on 

Cll LUlt 


Let the input impedance with an mhnite-irnpedance teriniiirition 
?.r. open-circuit, be Z^p. 



Fig. 728.— ir) hliuit line on bhoil-cinuit—Equivalent T section on shoit 

circuit. 


Let the input impedance with a zero-impedance termination. 
i.e., short-cirruit, be Z^p. 

Considering the equivalent T section on short-circuit (see Fig 
728c:) : - 



Equations 3 and 4 give two simultaneous equations from which 
Zi and Zj may be determined. At this stage, however, only Zq i- 
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lequired, and this may be obtained directly by substituting equations 
1 and 3 in equation 4 :— 



— \/^0(7 ■ (5) 

The characicrisiic impedance of a line is therefore the /^^eometric 
mean of the open- and short-circuit impedances. 

This gives a very convenient method for the detiainiiialion of 
the characteristic impedance of a prartiral line, since Zoc and 
may readily be determined using an impedance bridge. The 
impedance bridges most frequently enijdoyed for such measurements 



- -tan'yCjR^ - tan'uCjRj 

FiCi 729 — (a) Neejativi* parrillL'l l)rid!Te. 

(^) Paiallil iisoiianu* 


are the inverted Wien (negative parallel) biidgc [see lug. 729r/), for 
rapacitative impedances, and the parallel ^ resonance (negative 
parallel condcnscr-to-line) l:>ridge (scr’ Fig. 72[)h) for iinhictive 
impedances (see Chapter 5). 

Example .— 

The following measurements lia\ (‘ been made on a line at 
1600 c/s : — 

z^a - 900 n /_ 30 ';;^ 

= 400 n / - 10° 

What is the characteristic impedance of the line at 1600 c/s ? 

Zq = 'v/ Zqq . Zgp 

^ v^Toocry ^ 3o° j "[4 oo~ 7 - ro°j 

-- V 360,000 / - 40° 

= 600 / — 20° 


Ans. 
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I LAiE ^5 —ViLw of paiiU of typical imped inec budge 


CURRENTS AND VOLTAGES ALONG AN INFINITE LINE 

Consider a. niirciit applied to the sendiiif^ end 4 of an iniinitt 
line (oi a line ternimatid in ZJ as in 7"M)a At the point />' at 
a dislaiifc of one mile down the line let the cun cut be Ij 


A B C V 

I, I5 



1 “IC 



(a) Zo-* 



to DO 


Imric- 

I" — - lm.W 



Cb) 





I io 730 -CunLilts along an iiihmlt lint 

Due to the lobb introduced hy the line, the current /j will be 
less than the current Is ; and since, in addition, a phabe-shift will 

be introduced, the ratio ^ will be a vector quantity. 
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CORHENT A!ro VOLTAGE RELATIONSHIPS 

A convenient way of representing a vector quantity is in the 
form where y is a complex quantity. 

Hence let Ia — 

y is known as the “ propagation constant ” per mile of the line. 

Considering the equivalent T section for the hrst mile of the 

Z 

line, y may be determined in terms of the arms ~ and Zg. I'rom 
Fig. 730&, it will be seen that ^ 

7 

T _ T 

^ . ij 

-^2 + + -^0 

i 

Hence ^ ^ ^ J ^ ^ (6) 

giving -/ =. log. 1^1 1- A + Aj (7) 


At a distjuire two miles down the line, at point C. let tlic current be 
/g. Since the section of the line between B and C is identical with 
that between A and B, it follows that it may be lejiiesented by the 
same equivalent T section. 


Thus 


^2 


A 

2Zo 






Similarly it will be seen that, for the section between C and D 



ivhere I.j is the current at D, three miles down the line For the 
section :— 



where and J„ are the currents at distances (71 - 1) and n 
miles down the line respectively. 



and, in the general case :— 
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From this, it follows that:— 

h = . e-^v (y. 

This is the gejieral equation for the current at a point distant n 
miles down an infinite line, in terms of the current at the sending end 
Is, and the propagatitm constant per mile. It applies for anv vahir 
of n. 


A similar equation ran he derived for voltage, since at all points 
along an infinite line the ratio of voltage to current is equal to the 
characteristic im])cdauce Z q. 


Thus 

Hence 

Hut 



p 

Therefore 

En 

from which it follows that:— 


K, 


Eji — Fjf 




h 



(9) 


Attenuation and phase constants 

The propagation constant y is a complex quantity ; let it l)e 
equal to a -f- j p. 

Thus, for one mile of line : - 

j ~ ey =- 5 ®+^^ 


e ^/ P 


Hence 


h 


(2“, and the angle of ^ is /jS. It follows that 


a = log. \ y\‘ gives the ratio of the absolute value of tin 

^current sent, to that of the current received, while p gives the 
phase angle between the two currents. 


a is known as the attenuation constant per mile of the line, 
and is measured in nepers per mile. 

p is known as the phase constant or waveleng*th constant 
per mile of the line, and is measured in radians per mile. 


If the length of the line is n miles :— 


h 
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The attenuation of such a line is thus nepers, and the phase- 
shift is radians. 

It must be noted that, throughout this chapter, the values obtained 
jor attenuation and phase-shift arc in nepers and radians. These 
results can be converted mto the more convenient units for practical 
work, the decibel and the degree, by multiplying by S’060 and 57-3 
respectively, or by using the Conversion Tables on pages SOO, S04, 63^ 
and 839. 

Conclusions .— 

In the {general case of an infinite line or a .-,hort line lenninated 
ill its characteristic im])edance and leaving a propap^ation constant y, 
the current I at any point distant x from the sendiiifj^ end will be 
given by : — 

1 -h. (lU) 

( 11 ) 

where is the sciidmg-end current. 

The voltage E at any jioint distant .y from the sending end 
will be given by :— 

E^E,,c'^^ (12) 

Es /- i ix (J3) 

whore is the sending-end voltage. 

Example ,— 

A twisted D8 cable has, at 1600 c/s, an attenuation of 3-0 db 
per mile and a phase constant of 0-319 radians per mile in 
dry weather. If 2 volts at 1600 c/s are applied to the sending end, 
what will be the voltage at a point 10 miles down the line when 
the line is correctly tenninated (i.c. Icrminaterl in its characterivStic 
impedance) ? 

The voltage at a point distant x miles from the sending end is ;— 

E E, . 

= Es,e~'^ /- Px 

where a is in nepers per mile 
and p is in raclian.s per mile. 

In this case, attenuation at 3-0 db/mile is equivalent to 
3-0 X 0-115 nepers per mile, i.e. 0-345 nepers/mile. 

The required voltage E = 2. g-0 345xiD 0 . 3^9 ^ 

= 2 . g-3-^5, /- 3 -19 
= 0-0635 volts, 3-19. Ans. 

Thus the voltage at a point 10 miles from the sending end is 
0-0635 volts, lagging 3*19 radians, i.e. 182° 47'. behind the sending 
end voltage. 
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Oraphieal repreflentation of cmrent andT voltage distrllmtioii siony 
an infinitely long line 

Current. 

It has been seen that the current 7 at any point distant x frui 
the sending end of a line is given by ;— 

I = Is. e-^ /- px 

To repicsent this equation graphically would require a thui 
dimensional figure, because Ig itself is an alternating current 
and therefore I varies both with the distance x and with the turn t 

If Ig has a frequency /, it may be represented by a rotatui 
vector of length Ig^az rotating with angular velocity w radians ])i \ 
second, where m - 2nf. The projection of this vector on to th 
veitical axis will give the instantaneous value of Ig (s^e Fig 731) 



Ino 731 —noidtmg vector and giaphical representation of Ig atjamsi 

time 


At a point distant x down the line, the current I will have the saiiu 
frequency /, but, due to the attenuation of the line, the maximum 
amplitude will ha\e been reduced from Ig^ to lJu 

curient I will therefore vary sinusoidally between the liniit 
Ismaz peak of the positive half-cycle and — Isrnax‘^~"'‘ 

the peak of the negative half-cycle (see Fig. 732) 



Fiq 732 —Decrease m amplitude of current along an mfimte line 
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Fig. 733 —Magnitude and phase of currtnt along an infinite line. 
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THE INFINITE LINE 


Due to the phase constant p, the current I will lag by a 
angle px on the current 

Both the magnitude and the phase of the current I at varini, 
points along the line (see Fig. 733a) may be seen from the sun. 
waves in Fig. 733b ; each of these represents the variation of curreiii 
with lime at the point on the line corresponding to the vertiiru 
line at the left of tlie sine wave. 

In place of these sine waves, however, it is more convenient tr- 
consider llieir corresponding rotating vectors, as shown in Fig. 73.'^ 
These vectors arc drawn to correspond with tlie instant at wlurii 
Is is at its positive peak ; but it must be rememliercd that a'l 
these vectors are rotating in an anti-clockwise direction with 

angular velocit}^ m. Thus at a time ^ seconds later, Ig wiU be id 

Z 0) 

zero and approaclnng its negative peak, and tlie correbjionduu 
sine wave and vectfir diagrams will be as shown in Figs. 733d anu « 

respectively ; while at a time ~ seconds, will be at its ncgdli\t 

(») 

peak, and the corresponding sine wave and vector diagrams as in 
Figs. 733f and g. 

Alternatively, if one in.stant of lime be considered, a picliue 
may be obtained of tlie current distribution along the line at tli.it 
instant. Thus, conevsponding to the vector diagram in Fig. 733r 
which show’s Ig at its positive peak, one can draw the dotted cau'm 
along the line. Similarly, the dolled cuiw’cs of Figs. 733e and e 
show the current distribution at all points along tlie line at tin' 
iirstaiith when Ig is at zeio and at its negative peak respectively. 


Voltage. 

The voltage at any point distance x from the sending end 
given by 

E Eg . c~ V- Px 

The ratio of voltage to current at all points down an infinitt 
line is equal to Zp, the characleribtic impedance of the line. 

Thus if Z„ “ [ZqI/'--??, the voltage at any point will lag 
on the current by the imgle tp. Bearing in mind this diflcrencc 
in phase, the voltage may now be represented in a similar manner 
to the current. 

Fig. 734& and c show the instantaneous distributions of current 
and voltage respectively along a line (see Fig. 73Aa) having a 
characteristic impedance 1000 X — 45”. 

The full curve in Fig. 734Z shows the distribution of power 
P = |£ |. |Z| cos g) along the line, while the broken line shows 
the same power distribution expressed in decibels referred to ImW. 
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Er 



Fig 734—Distiibution of uirrunt vnlti^'c and power alun*' a corrnctly 

tLrmmatt cl line 


197931) 
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THE INFIKttE LINE 

Logarithmic spiial representation of current and voltage distribution 
along an inflmte line 

The diagrams dealt with so far refer to one instant of timt 
only, and m order to obtain a complete picture of the cuircnt or 
voltage distribution at all instants one diagram would be requm li 
for each position of the or Eg \ ertors 

Just as a waveform that \aiics in amplitude with tune iiia} hi 
represented by a lolahiig \ertnr so ini\ a wavefonn that varu^ 
in amplitude with distniLc Ihus the instantaneous picture giviii 
by the dotte d c urve m I ig 73Jc may be represented by a \ eclor ( ^ 
length Ismax ^ angle as shown m hig 735 As i 

increases, this \ector lotitis in a clockwise diicction, but it 
the same time its modulus decieases logarithmically and tin loeu^ 
of the \eetor is, m firt i logarithmic sjiiral Ihe pro](ition ol 



the leitatmg \ e ctoi on to tin a i rtical axis will gn e the instantain oils 
value of cuf^fiit it the point down the line corresponding to the 
distance x 

If the complete logiiitlimu spfral is now rotated m m anti 
clockwise diiection with .uigular velocity m radians per second 
and the projection tiken the ^alue of cuirrnt or voltage will be 
obtained foi all distances (a) down the line and for all times (/) 


Wavelength and velocity 

The wa\t length A is the distincc between any point and the 
next point along tlie line at which the current (or voltage) is in 
the same phase In 1 ig 733 A and B are tv, o such points Although 
the cuirent at A rtailics a inaMiniim at the same instant as the 
current at B, the euiuiit at A is really leading 2 ji ladians on 
the current at B llie phase-shift along the line is j3 radians per 

2-r 

mile. Hence the dist iiicc A must be - miles, that is '— 
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The Vf'locity* of piopaf,a.tion ( 7 ) fiequcncy X WAveltn^^th 
Thus 


or 


FxampU — 

At 1600 l/s, 

T 01 an iiiliJic 


and 


A 


0 — 


O' 10 000 ] nil ins slcui d 
0 OSS 1 idi ms j)Li mill 

; 

0 OSS 
10 00 I 
' 0 OSS 


(I'i) 


1112 inilt s 
IS2(>00imli SI )j 1 


lilt H f )iL till turn t il (11 fill i w i\ ( of Mils li 1 (]iu in V t > tiiM 1 
100 miU s IS 0 SS inillist i oinls 


1 01 a Inadtd undtiw,!nmul i ibk j 1 0 1 nliaii | inili at 

li^lO L s 

/ (1 28 mill s 

ind V — 10 000 1 nJ( s si 1 )iid 

In this r isi tlu time Idun foi i si^n il to liasil 100 miles is 
10 millisf conds 


LINE CONSTANTS 

It has dlii^ady htni sn 11 tli it i ]ji n tic il Inu li is i c li ii actcnstic 
impedaiKC /„ a pro]) luxation lonstuit y, an itUnii ilion constant ly, 
and a jihasc constiiit llitsi u< known isiln sit indiiv hue 
Lonstants Although tli(> in icfciicd to a lonslmts d should 
be noted that, in t^fiiLial ill will \ u\ if tin fuquenrv iscliinp<fd 
Thc"piimai> line c oust iiits twliiLh hu ilu piiipo'-c of trans¬ 
mission theory, am issumerl to bi indcpindLiit ol fin|iiinry) am 
R (t I, and C, where — 

R IS tilt usistaiice })ci nnli of tin lint mt isini d 111 ohms, 

(r IS the IcakantL pci mili of tin Inn me i mrd in mhos 
I IS the indue tanrt jn r mill ol tin Inn nn isiinrl m Innnes, 
C IS the tapacitancc pir mill of the line* miasiuod ui faiads 
They aip measured consuh both i ondiietors, te pu mile 
loop 

These pnmaiy constants lUAy be obtained b} intasuiements 
on a sample of the line 


• Tins IS the phasL or Avavr Mlorit^ Hit up \plr city (i e , the velocity 
at which the energy is tiaiisferred along the line*) is ^ 
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LINE CONSTANIS 


Relationship between primary and secondary line constants 

Consider a short length of line I miles long This shoit section 
will have a resistance lU a leakance G/, an inductance LI, aiirl < 
capacitance C! 

Its chciracteiisliL nn]K dance will bt the same as that of tin 
complete lim 11s pKjpag ition const ent will bi yl, where ; is tlit 
propagation ronstaiit pei mile ol tin complete line 

Ihis shoit section of line m be repieseiited by a f uetwoik i 
shown in 1 ig 7 



(a) (b) (C) 

1 ic» 7r sections Lfiuiv'ih nt to shoit h n^jLli (f line 


If the length of tlj( se etieniis ve i y sm dl will be apipioxmi itely 
equal to the sines unpciUnec of the sextion, ti to AV j 71 
and amH be appioMiii iti ly crpnl to the shunt imped inre ol the 


section, 1 I 


Cl f jf^Cl 


J lu Leeuiai\ of tins stiUinini lueicisis as I duu ises uul in 
ordci to uht un in n nii m uiswn it will he issiiincdthat the s( itioii 
IS so sm dl tint I tends to zero 


Determination of Zq 

It has Imii ^hown th it for i 1 scctmii 


/, / (P i|u ition 2) 


Hinrc in tins t ist iinu/, (R I / d/’)/ anil 


/(A> I (A J'^)/ 

V 1 ((, joi)/ 


hi _ {K \ ;<>/)- 

V G 1 4 

\s / ->► 0 teims conlaiiiing /- may be neglected gumg — 

z„ - (ie>) 

" V G 4 7 wC ' 

This equation it, very important, suice it enables both the 


[G f j)t/)/' 
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modulus and the angle of Zq to be calculated from a knowledge of 
the primary line constants. 

Example ,— 

A line has the following primary line constants : ~ 

=- 100 ohms per mile. 

G — 1-5 X 10“® mhos per mile. 

L - O-OOl henries per mile. 

C = 0-062 microfaiads per mile. 


Find the characteristic impedance in modulLis-Lind-angle form 
at 1000 c/s. 

R I ]i»L 100 ^ ; X 2t \ 1000 n 0-001 
- 100 I /6-2S0 
-- 100-2 3iV 


G 


j(nC 1-5 > 10 M j ' 2t 1000 
- (1-5 1 / 389-5) \ 10-fi 
= 389-5 X 10-0 4,S' 




v 


J. 


/ G 


j foL 


h J (»C 


100-2 3 

389-5 \ 1(T-®" 


3(V 

89" 48' 


( 0-062 X 10-0 


507 - 43° 6' An^ 


Eciuation 16 can lie expussed in the iiidlIuIiis and angle foiin : 
^ sj G “|- j ni(y 


'R -f- * 

_G J 


_ OiC 

y (- f/)2 tan-^ -q 


jR^+ai^U _i«)L 

>y ^ V - -g) 


(17) 


Alternatively, since 



R J 
G + j tuC 
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LINE CONSTANTS 


it follows that Zq= sJ ^ ^multiplying by ^ ^ 

Hence, instead of equation 17, one can write — 

.rtan-_^.-tan--^n ( 

" V “ L colJ ^ 


It will bt scin fiom equation 17 that — 

Wlmi tjisMi}^ small, 

When rf) IS \ LI \ larfre, I''"! sj^ 

1 \ 1 

Sniff is 111 <dl uisfs f^icalii Ih in , the \ ariatioii of/„ with 

(t (y 

frequency r xpi cUd for a pnctic d line vmU be as in I 7d7. 


o 



VdrialiLnof /pUJilh frti^uenrij 
1 IG 7 i7 — Ch\i iLlrnsitiL impciUincL t)f a lino 


1 liking 70 lb ( d Cu inulti anhne \s an o\ample of an open-wire 
line, big 7dS diows how |/„| and ^aiy with fiiquciuy o\ei 
the audio and lainu i in^;! foi a jnaftiL d hnf\ 




freiiuency kt/s fret^uency kc /6 

(a) (b) 


Fig 738 —(«) VanaUe^li^f | /o I w*di frequency fnr Cd-Cu multi-airliTie 
(?j) \ari^on of y^tpa \Mth frequency for Cd-Cu multi airline 
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Determinatioii of Y 

For the T section of hig 736&, the piopagatinn constant is yl 

Z 

Since the senes and shunt arms of the T section are and 
respoctnely, it follows that 

1 I ^ 

' 0/ T / 

But as / ->- 0, — (K t jtiil) / 

and — -TT-r 

^ [(r \-JnC)l 


Hence 


I 4 


[R I jnT)[(. f 

2 

[R ^ j (iJ ) (fx j (j)( ) /- 


t / „ (fr I ;roC) t 


2 


J 


R J mL 


(t J CO Cl 

1 I + ^'^niCr~+7orc)i 

(K i jaJ) (G -j jo,C)l^ 


+ 


\( t j ) I 
(19) 


Hut by tliL uxpuneiitial seiiui 


e>^ ^ 1 t yl I--^2 


to 00 


As Z -> 0, tcinis roiitaiJiiiigand hi^lu! ma\ he neglected, 

1+:^+'!,^' (20; 

Coni])inng equations 19 and 20 il snn that 

y - t- 7 cJ) (G I )co() (21) 

This equation is \try important smet it tiiabh ^ } to be talculatetl 
fiom a knowledge of the priinai\ line constants 

Since y - y \ J P, 

“ ^ — 1 (22) 

If y IS to bo cakulated r f|uatioii 21 should In used, and the 
result obtained in reetangulai notation, tlien tlu real pai twill bo 
the attenuation constant t and the imaginai}^ pait tlie phase 
constant /? 

If 7 IS obtained in ilio minlulus-and angle notation say — 

7 - PZ_^ (23) 

the attenuation and phase constants ina^ be found from the 
equations — 


oi - P cos B 
P ~ P bin 0 


(24) 

(25) 
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LINE CONSTANTS 


The primaiy and secondary line constants for various types uf 
lin^re given in Table XX. 

v Example .— 

A sample of field quad cable has the following primary Imt 
constants :— 

= 78 ohms per mile loop. 

G = 62 micromhos per mile 
L = 1 *75 millihenries per mile loop. 

C — 0-0945 microfarads per mile. 

Required to ralrulate at 1600 r/s 10,000 radians second) the 
following : - 

Characteristic impedance 

(ii) Attenuation constant (a), in nejiers and decibels per mile, 
(ni) Phase constant (/?), in radians and degrees per mile. 

(iv) Wavelength (A), in miles. 

(v) Velocity (?’) in miles per second. 

(vi) Time for a wave to travel 100 miles along the line, in 
milliseconds. 

R I- jv)L - 78 4-0,000 X 1-75 10“^ 

-78 t-yi7-5 
-- 79-94 /vr 39' 


i.e., 


r; 1 /rnC - 10-“ . 62 I /10.000 X 0-0945 I0-“ 

- 10-“ (62 f ;945) 

- 10-« X 947/86'^ kV 


Z 


lR±l 

\f G \ j 


/ fi)L 

I 

Z„ -- 290, 36° 48' 


V 947 xl ()-«’■ 

A71S. (i) 


36° 48' 


y =. X(T<~l7'X) (“i^ - V7^4'x'T(r-»Xn^ /'49° 27 ' 

i.e.. y()-275./49'^ 27' 

i.e., r ()179 I yO-2U9 

oc 0-179 nepeis jiei mile _ 1 - 56 db per mile. Ans. (n). 

P 0'209 larliaiis per mile 11° 58' per mile. Ans. [iii]. 

2.7 2-7 

The aveloiigtli / - 30 miles. A7?s.{iv). 

P U■209 

™ 10.000 , A 

V - — — - 47,840 miles per second. Ans.(v) 

p 1 ' ’ A\j^ 


The vclocilv 


The time taken for a wave to travel 100 miles is :— 
100 


t - 


- seconds 


47.840 
— 0-00209 seconds 
= 2-09 milliseconds. Ans. (tu’). 
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Evaluation oi a and ^ 

Equation 21 may be converted into the modulus-and-an^le 
notation, in which case : — 

J(P + tan-» j (2G) 

Hence \y\ -- 

But y - a \ j p 

h'l \/“^ + 

Thus V“‘" I -= T~ /T^TT?,^ + (o'^C^) 

Squaring both sides ; 

0 t= -} fr~ ^ V(7v’-“ I I- U>^) (27) 

Fiom etpation 22 ; - 

X \ jP=- -\/(R I j(nL) (G {-jo)C) 

Squarinji; both sides :— 

(^+jPV" (A' I j(oL)(G-] j('iC) 
x^-^2jxp ll^--RG \ jujLG I jvfCR — LC 

Equalinf 5 real terms on botli sides :— 

OtZ - /J2 = RG - fH^LC (2S) 

Addiiif^ equations 28 and 27 : — 

2a* \/(^T A") ((7- + f (RG - .0* LC) 

« -■ Vs [VWT^^I>) (G‘^ I + (RG - w*LC)l (29) 

Subtracting 28 from 27 : — 

2/(* -- (/^f^- f^^LC) 

•■- /» -- a/J [V(RM” 0,^1 J)JG^ - (RG - r.,*LC)] (30) 


Practical formulae for Z^, a, and [i for unloaded cables 

Tn prai tii e, certain a])pM)\nnatiiins are made tn obtain simpldied 
'([expressions foi a and p. In the case of an iinderp^round cable, 
small diameLer conductors are used in order to obtain the maximum 
mmiber of conductors for a ^iveii overall diameter of the cable. 
An undcrgruunil cable will, therefore, in general, have a fairly large 
resistance R per mile ; and, due to the small 5j)acing between the 
conductors, a laigc capacitance C and a small inductance L per 
mile. The leakance G jier mile is very small, due to the good in¬ 
sulation between conductors in a well-laid and well-maintained 
cable. 

To take a particular case, the constants for an air-spaced paper- 
insulated 20 lb. underground cable are given as = 88 ohms per 
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mile, G = 10"* mhos per mile, Z, = 0-001 henries per mile and 
C= 0-065|iF per mile. Thus, taking the extreme hmits of the 
audio frequency band as 200 and 3200 c/s, it may be seen that in 
th'S band wL is always less than 20 and wC is always greater than 
80 X 10-' 

The permissible approximations for unloaded imdergioiind 
cables at audio frequencies an then fore that rot > G, and that 
wL < R Th ese cippiuMmatioim will clf'nilv gn e more aiLUiate 
TLSults at the lower tli^in at tin lusher audio fiequonnes 


C/iorocter/st/c impedance 

Vo I /if 

WllPlI K nl lllfl f / (t 



(31) 


Propagation constant y 

/ 's/{R jifL) )(j I (tcpidtion 21) 

Wlien 7? > u)I and t ( > G 

y::^'\/jt)CR \ t tC R 45 

\/i C7^ cos 45 1 ; y/ u)CR sin 45"* 


I UR . /w(R 

- V 2 ^ V 2 

I3nt y - a { j p 

a ^ nepers pii milL 

and ()— j radians per mile 


(32) 

(33) 


'^Example — 

An underground cable lias the following constants — 

7^ = 44 ohms per mile loop, 

G = 1 micromho per mih, 

Z, = 0 001 hLnrn s per mile loop, 

C = 0 065 microfarads per mile. 

hind the appioximati ^ allies of a and p at 400 c/s and 1600 c/s 

Jli / 
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At 400 c/s, cu = 2500 radians per second, 


\l 2500 A 


jW _ _ 

0 005 < U)-" 


Z„=^520/ 45 

[Atnii<itf4>. Z„ 521 43 14'] 

At 1600 I - 1 , ro 10,000 ladicuis pin und, 

’ 45 

" V 10 000 O-OHS < 10-"- 

260 45 


[\(nii,itcl>,/„ 26a_as 86'] 

It will be iioUd that the niodtilu'! of Zf,for an unloaded underground 
cable app) 0 \imates to a value that n i/iver'.cly proportional to the bquait 
root of the frequemv, uhtht the angle approMinatcs to /—45° 


J'"T 


At 400 c/s, 


Hence ^ 
[Arcuratelv, a 

clllfl /j 

At 1600 L s 


0 065 X y[)^A44: ^ 


0'059H mj)trs ])or mile 
0*0598 idLliiins per mile 
0*0582 nepiis \)u mile 
0-0612 Kuhaiis pei iiiilej 


10.000 0*065 V 


0 120 iu‘j)iis pi I mile 
0* 120 iiidians ])ei mile 
0-107 iirjx is pCi mill 
0 184 lailnins pi i milCj 


[AcLiiiatih, ft - 0-107 iirjx is pCi mill 
aiul /j 0 184 lailians ]n 1 milCj 

]i mil he iioicd that Joj an unloaded undcrf^roiind cable at aiidu 
freqitcnc'ic'i, ix and fi approxtmale io ealiu'i dnecilv proportional to 
the hquare yoot of the ftequency 


LOADINGl OF LINES 
Conditions for minimum attenuation 

The attenuation coiistaul: a has been shown by equation 29 t(j 
be given b\ - 

“ \/ I [V t Cf f {JiG - cu'LC)] 

It Will be seen that a depends on the four pnmary hne constants 
in addition to the frequency under consideration. 
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Value of L for minimis attenuation .—To determine the value of L 
for minimum attenuation when L only may be varied, difterentiate 
a with respect to Z, and equate to zero. 


t/ot 

IL 


UOL j 

j r ~ 5 


AI _ .r-a)_ 1 

“ L'^ a/(A‘- + 1- ~ 


\ [RC~ m-LC)\ 

. 1 r 1 ! _ J . r-n _ 0 

Hence the condition for minimum altt^nuation is that . 


r.)2 Z (G'^ 

+ ("-) 



- - - " - fu** c - = 

(on-j 

b 


L (G- f- C'2) 



' 1 01- IJ) (G"'* + IM-G“) 


] p 

1. '\/ G“ <o" 



V/v-H- r^i-Z^ 


i.r.. 

Z\/ G'^ -|- io^ iS'^ — 

C \/R'^ I foOJ 

Squaring both sides 

: - 



Z- 1 

i ro-Z2) 

i.f., 


R^ 1 viH'MJ 

i.f., 

JJG^ 

r;- R'^ 



CR 


L 

-G- (^*4) 


Thus, if Z is vaiiable, the attenuation will be a minimum when :— 
Z — lienries/milc 


This result is important because in practi is normall y lej^ 
tha n this desired value, and lunire Ilif> attenuation ni a^ line cap be 
reduce d by artifici a lly increasilig- Z. 


Value of C for minimum attenuation. In a similar maniipr, if C is 
considered as the only variable, its value to ^ive minimum attenu¬ 
ation may be determined by dillLTeiitiPtini:,' ot witli respect to C 
and equating to zero. 

The result obtained in tliis case is : — 

LG 

C — farads/mile (35) 

In practice, C is normally already greater than the value given 
LG 

by —, and to reduce the attenuation it would be necessary to 
decrease the capacity. 
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Values of R and G for minimum attenuation. —If either R oi G 
IS the only variable, no minimum is found by differeiitidtiu(» 
and equating to zeiso When, howe\ er, = 0 and G- = 0, tlit 
attenuation is zero, as can be seen from equation 29 , hence R anti 6 
should both be kept as smtill as possible 


^ra^tions minimum distortion ^ 

If the recfived signal is nut airexact icplica of the transmit Li 1 
signal, the signal is said to be distorted ' 


There aie thiee mam causes of distortion along a transmission 
line Distortion otcurs when - 


(1) I he chaiactenstu impcdanct of the line varus with 

fiLqULiicy and the line is teimmati d m an inipcdanLC th it 
does not ^ .iry with fuqucncy in an identical manner 

(2) The attenuation of the lint \aiirs with fieqiiency, so th a 

wa\Ls of diileicnt frequencies aie atlLiiuated by diihiiiit 
amounts 


(3) lhL\eloLiiy of piopagation \aries with frc'quency so thi 
wa\es of diliuent fuquenues airi\i at ihffeient tinu 


Distortion due to Zq varying with frequency .—It has bei n seen 
that — 

16) 

\ G I yuC 


^ _ / H' -1 r) 

V + 

L C 

It will be seen that, when LG CR, t e then — 

A G 


(41) 


In such a case, Zp no longer depends on w, is therefore iiidc- 
pendtnt of frequency, and is resisti\c 
• L C 

Hence a line for which ^ ^ can readily be correctlv 

terminated in its charactenstie impedance at aU frequencies, thus 
eliminating this form of distortion 


D/stortfon due to oc varying with frequency .—It has been seen 
that;— 


Y 


\/{R + y coL) (G + j coC) (equation 21) 



DISTORTIONLESS CONDITION *71^? 

' (CR + LG) - ro* LC ,42) 

When LG - CR, 

CR LG = \/CRUt 
hence (CR \ LL)=-2 y/(7RLG 
From equation 42 — 

= RG \'RG'Lt ~ / C 

y — \/RG 4- (o \/lC 

But y a + ^ /} 

Hence, when 7-G - CR, 

a (4?) 

Jiid p- oy/li (44) 

If a — ‘y/RCr, it lb indiptudLiit of fii qiiiiic}., luncc tliire will be 
no distoition due to the atluJiiidtion vaiyiii^ ^\lth ticqueiicy. 


Distortion due to velocity varying with frequency 

Ihe velocily of inopa^ation v = (equation 15) 

When ^ f 

iV Cr 


fi — lo \/LC 
Ihub V 


LU 1 

—— — units T)ei second 

V 1 ( \/LC ^ 


(45) 


u) has now disappcaiccl fiom tlit \Llotit}^ equation, and hence 
V* IS indL]JLndent of frequency 


The “ distortionless condition ” 

L(t ~ C7\!_i s called the distoitionhs'y condition foi a' line , for 
when this lelalionship holds, the ititned sif^nal is an exact leplica 
of the sent signal, although leduitd in ainjilitude and delayed by a 
constant time It will be noti d that tins condition foi minimum 
distortion is identical with that foi minimum attenuation when 
either L or C may be varied It is evident, then, that the 
transmission pioperties of a line can be greatly impro\cd if either 
L ran be increased or C decreased in order that this condition be 
fulfiUed 

C depends on the construction of the line or the make-up of the 
cable and cannot readily be reduced Attempts have therefore 
been concentrated on efforts to increase L 'Loading" is the 


/— do) 1 

• V^Tien p — covLC, the group velocity — also equals 

nf frfBniiPnrv 


and 


therefore independent of frequency 
( 97931 ) 
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name given to the process whereby the inductance of the line 
is artificially increased to reduce the attenuation and distortion. 
There are two main types of loading in general use—continuous 
loading and lumped loading. 

With regard to distortion alone, attempts have been made In 
satisfy the condition LG = CR by increasing G. These have provtii 
unsatisfactory, however, due to the fact that although increasiu:' 
G reduces the distortion, it increases the attenuation. 

Continuous loading 

A tape of iron or some other magnetic material sinh as mumetal 
is wound round the cnndiirtor to bo loaded, thus increasing the 


IRON WIKL 



Fic. 739.—Continuous loading. 


permeability of the surrounding medium and thereby increasing the 
inductance {sec Fig. 7d9). It mav be shown that the increase in 
inductance is:— 

/- mH 

1 

M. r 

where fx permeability of iron wiie. 

d — diameter of copper conductor. » 
n ~ number of layers. 
i thickness per layer of iron wire. 

If /4 — 200, n — 2, and t — 0*005 in,, then the additional 
inductance per mile in terms of the diameter d of copper wire is 
given by Table XXL 


TABLE XXI 


Type of 

1 

Additional inductance 

conductor 

d 

per mile 

40 lb. copper 

0*05 in. 

34 mH 

70 lb. copper 

0 066 in. 

27 mH 

100 lb. copper 

0 079 in. 

23-5 mH 
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This method may be used to give an increase in inductance up 
to approximately 100 millihenries per mile, but the cost is excessive 
due to the difficulties in construction. Further disadvantages are 
the large apparent increase in the primary constant R, due to 
eddy current losses and hysteresis losses in the magnetic material, 
and the fact that small differences in mechanical treatment or 
pressure between the tape and conductor cause large variations in 
the primary con.stants. 

Contimious loading at the jneseiit time is used only on 
submarine cables, where the jnoblcm of making water-tight 
joints at loading points renders “ lunipeilloading difficult; 
further, repair of a break in the cable wrmld probably result in 
an alteration in the loading coil sj)acing for that section and hence 
introduce irregularities. 

The rniitinuoiisly loaded cabh* has the advantage over the 
lump-loaded cable, that its attenuation increases smoi^Mdy with 
increase in fieipieiicy ; theie is lU) “ cut-oit " frequency {See Fig. 
7406.) 


AOenuahDn 



ffil ( QNiriNl/CaJM Y LOAPm CABLt lb) ATTtNlMTlON FREQUENCY CMARACTFRI57IC 

DF CABIE 

Pig 740 

It has been found unnccessai}^ to use coiilinuoLis loading ove r 
t he entire rahle to obt ai n the required reduction in attenintfi nn 
and dist ortion . Some submarine cables employ sixtions of 
continuously loaded cable separated by sections of unloaded 
cable, a typical length for the sections being 440 yds. In this way 
the beneiils of continuous loading are obtained but the cost is 
greatly reduced. This system is known as “ patch " loading. 

Lumped loading 

The inductance of a line may be increased by the introduction 
of inductance coils at uniform intervals along the line. Provided 
that the spacing is uniform the line behaves, at all frequencies 
up to a frequency called the cut-off ” frequency of the line, as 
if this added inductance were distributed uniformly along it. Above 
this cut-off frequency, the attenuation increases rapidly. The line, 
in fact, acts as if it were a low-pass filter. 
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Provided that a limited frequency range is permissible, this 
method of loading is more convenient than continuous loadinji^ 
There is, however, a practical limit to the amount by which th\t 
inductance of the line may be increased to reduce attenuation: 
the inductance (or luriding) coils have a certain re.sistanct^ aiiij 
thus increasing L also increases K. Moreover, hysteresis aiul 
eddy current ]oss(*s will occur in loading coils. These will cause a 
further appariMit increase in R, and unless the coil is carefull^' 
designed, may introduce distortion. The ii'si.stances of several typical 
loading coils may be seen from Table XXIT. 


TAHLR XXTI 

CliaTdctiTistir.s of tyjiical Irjarliog C'oils 


Type 

Inductance 

(niH) 

Re,si;3tance 

(14 

Pots, loading, 2-C()il, No. 2 

4-6 

2-3 

Pots, loading, 2 coil, No. 3 

SlS 

10-0 

(j.P.O. tyj)e ASS . . 

88 

3-0 

G.P.U. type HS8 .. 

88 

4-3 

G.P.O, type 506 . . 

250 

5-B 

G.P.U. type 582 .. 

250 

10-5 


I'ig. lA\a and h .s liow the eff ia t of loading on the iitteiauatioii 
and characteristic impedance of cuuier quad rable at various 
frequencies. They also .show th(' v.iriation of attciiuatiDii aiid 
cliaractrrtstic iiiipi dance with friMpicncy for .several other t\pes 
of line. 

"Construction of loading coils 

The most important features in loading coil design are low 
resistance, Ipw roie loss, maintenance of circuit balance, avoidance 
of int<*rfercnce between ciicuits, and (particularly for field work) 
small size. 

The core is usually toroidal in shape, and made of permalloy or 
molybdenum-permalloy dust, bound by .sliellac. This fonn of core 
permits the construction of a coil of high inductance, having small 
dimensions, very low eddy current losses, and negligible external 
field which might otherwise cause interaction with neighbouring 
circuit.s. 

The coil is wound of the largest gauge of wire con.si.sterit with 
small size, and each winding is divided into equal parts, so that 
exactly half tl:e inductance can br inserted into each leg of the 
circuit. To avoid cn)s->-talk, a high order of accuracy in balancing is 
necessary, and Fig. 742 shows the method of winding employed to 
ensure that the two parts of the winding are identical. 

Loading coils are usually built into steel " pots," which are 
made in several standard sizes to accommodate one or more coils. 
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LXJAUlNUr 



lac. 742,—Winding t)f single Inading coil, showing dirccl-ions of curreni 

and hiix. 


In addition to Riving llic coils protrrlioii from tliu weather aiul 
from mechanical damage, Ihe pots also screen the coils from exUanal 
magnetic fields. 


Important considerations in the use of loading coils 

When installing loading coils, one must ensure not only that the 
circuit balance is maintainofl, but also that the ijiductances and 
spacings of the various coils on any circuit arc all equal within 
fairly fine limits. In the case of rej)eatered circuits, divergeiu'ie- 
of more thiin about 2 pt'r cent, from the mcaji value of induct.!iicc 






Pl \te 36. - Loading coils. 
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or spacing will render the construction of accurate line balancing 
networks almost impossible, and so prevent the setting-up of a 
stable circuit with a good overall T.E., as explained in Chapter 21, 
When it is impossible to locate a coil at the correct distance, the 
effective length of a section of line may be artificially increased by 
a process of " building-rmt " as described below. 

Care must always be taken that no winding is reversed, or it 
will neutralize the inductance of the other winding of the coil 
instead of adding to it. 

When DC telegraphy is employed over a loaded circuit the 
telegraph current must not exceed the maximum permissible for 
the coils in use, or pernianeiit magnetisation may occur, causing a 
ri'diiction in the effective incluctaiice td the coils and also introducing 
distortion. 

Building-out short loading circuits 

When, foi geographical and simdar reasons, loading pots cannot 
be located at tin* correct spacing, short sections can II " built- 
out to tlie correct electrical length. In the case of a long section, 
an additional loading point must be inserted, and the short section 
(or sections) lesulting ran then be built-out. 

The principle of builduig-out is rimply the addition of capacity 
and, if great precision is required, of resistanre, at a convenient 
jinint in the section. The capacity must be added not only between 
the two legs of a pair, but also between all wires m a cable, and in 



Cj -T- ^ C 
C. = - C'l 

wluTi^ 

Cj, = Bi ll l)IN«.-OUT 

lAPACllY DI' SIHK rilUUIl 

(\j, HUH oINC,-our 

CAPACITY 01 PHANTOM 
I lULUIT. 


Fig. 743.—Buildmg-out capdcity. 


the same proportion as the capacities of the cable. Thus, in the case 
of a quad, six capacities must be added as in Fig. 743. 

The capacity G to be added is not simply equal to that of the 
" missing '' portion of the section, but is given by the formula :— 
C, = C. - d, C (46) 

where C, is the lumped capacity that would simulate the dis¬ 
tributed capacity per section, 
is the length of the short section, 
and C is the capacity per mile of the line. 
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In practice, the most convenient method of adding capacity ib 
the nse of “ stub cables/' These are short lengths of cable, usually 
made with a very high capacity, that can be bridged across or 
connected in series with the section to be built-out. Series connection 
adds resistance as well as capacity, but this is not usually necessary ; 
the parallel connection is the more common, as it permits convenient 
adjustment of the added capacity by varying the length of the 
open " end of the stub. vSeparale resistance can, of course, be 
added in series with the conductors o[ the cable if required. When 
large values of capacity arc to be added, several stubs may be 
connected in parallel to avoid excessive lengths of stub. In cither 
case, the stub must be balanced against cross-talk in the same wjiy 
as the main cable. 


Side circuit and phantom circuit loading 

Two metallic pairs between two places A and may be utilized 
to provide three speech circuits by the use f)f the phantom circuit. 

A 1 b 


iDt CfLCui^ 1 


H AMTO 


i D £ L[ (LCJ ?, 

A. 

Fig. 744.—Side and phantom circuits. 



This is usually tapped off at the line transformers at either end, as 
in Fig. 744. 

Briefly, the reason that speech is possible on the phantom circuit 
without interference with the side eiicuits is that current arriving 
at the centre tap of the line transformer side circuit 1 at A splits 
equally, half travelling to B in'a line 1 and half via line 2. These 
two currents will produce no resultant magnetic flux in the iron 
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cores pf line transformers at cither A or B, and hence no interference 
with the side circuit 1. The same applies to the return path via side 
circuit 2. 

Since the twn phantom currents m 1 and 2 aie in the same 
direction, a loading coil such as is shown in Fip. 742 will have 
zero inductance since the two equal currents will pi uduce equal and 
opposite maf^^netic fluxes. This loadnii^ roil, although satisfactory 
for the side circuit, will be useless as far as the phantom circuit is 



FiCr 746 —Arrangement of 'jidc cinil phantom Joarling coils. 


concerned. If it is desired to load tJie phantom circuit, phantom 
loading roils must be used (slc lug 745). When luseiting such a 
loading coil, side ciuuit 1 AAould lie tieatcd as one line, and side 
cnciiit 2 as the other (scf* I'lg. 746). 


Cut-off frequency 

A lump-loaded line acl^ as a low-pass filter, since the inductance 
IS lumped instead of being iimtoimly disliibiited along the line. 

- 1 ODQDQQOl) , -1 - QD II POO D > -j- Q D 0 D DQO D . «- 


L 


I 



I 



L 


■^TTTTinnrtr'- 


'TTiinnnrinp- 


I -qrBWW 


Fig 747.—A lna.jLd liiio shown as a lf)vv-pabs filler 


The hue can be rtpresented appioximately by hig. 747. If 
the i nductanre of the line plus loading pdiI is henries i^cr loadin g 
coil section, and the capacity of the line per hiading coil section is 
Cg, then the rut-oil fiequcncyyc is given by . 


H 71 y/Lg Cg 


(47) 


Alternatively, if L is the apparcM ind]intanr.e of the line per 
mile after loading, ^ 

C is the capacity of the hne per mile, 
and d the loadmg cod spacing in mU^ 
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Then Ls = Ld 
Cs = Cd. 


(48) 


Hence the coil spacing d must be less than — 7 = where / i*, 

Tif y/ LC 

the highest working frequency. 

It will be noted from equation 48 that 


(1) If the value of the loading coil inductance lemains 

unchanged, the cut-off frequency is inversely proportional 
to the square' root of the loading coil s])acnig. 

(2) If the loading roil spacing remains unchanged, the cut-off 

frequency is inversely proportional to the square* root 
of the inductance of the hiading coil Fig. 748). 

(3) If the loading coil inductance is multiplied by any amount 

and the spacing is divdded by the same amount, there is 
no change in the out-iiff fref[uency. 

(4) If the inductance of each coil, and the spacing between 

coils are both divided by a factor n, the cut-ott frequency 
is increased by the same factor n. 


Cul off 

fn'cjuenry (fc) 


\nJai.\ar]Lc londiruj ldiI 

Fig. 748.—Eficct on cut-oft froquenry of varying the mclucLance of the 
loading coils with fixed spacing. 



Fxam/>le.—Carrier quad cable, when loaded with 4'6 mil 
loading coils at 440 yds. spacing, has a cut-off frequency of 24,0(K) c/s. 

(а) What will be the cut-off frequency if the spacing is reduced 

to 110 yds ? Ans. 48,000 c/s. 

( б ) What will be the cut-off frequency if 18-4 inH loading coils 

are used at 440 yds. spacing ? A ns. 12,000 c/s. 

(c) WbdL will be the cut-off frequency if 18-4 mH loading coils 

are used at 110 5 ^ds. spacing ? A ns. 24,000 c/s. 

(d) What will be the cut-off frequency if 2-3 mH loading coils 

are used at 220 yds. spacing ? Ans. 48,000 c/s. 
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Hall-coil and half-section terminations 

It lias been statetl tliat a loadrcl line beliavcs in a similar manner 
to a low-pass filter. There will therefore be two methoils of terminat¬ 
ing such a line. If the line is terminated half-way along a loading 
coil section, an impedance will be obtaineil correspoiirling to 
for a low-pass filter. If the line is terminated in a loading coil 
having half the normal value, an impedance Zq^ will be obtained 
roiTCspoiiding tt) Zpy for a low-pass filter (iar broken eiirves in 
Fig. 749). 


HALF - SECTION 
OR Min-SHUNT 
IMPEDANCE 


—omnnp- 


nnnnnr 


■^^^^^HALFCQIL 
DR MID 5ERJE5 


IMPEDANCE 



HALF-SECTION TCRMINATION 


AJUMiLr 


D IIO&P r - 




HALF COILTERMINAriON 



TREQ FREQ 

T'JG. 749.—Vaiiation in Z and witli frequL'iiry. 


In practire, tlie cairves olitaiiieil for the input iinpeflaiice tif a 
loaded line, although having the same geiieial shape as those 
corresponding to a low-jiass filtei, will nut hi* .smooth owing to the 
presence of poiiit.s of reileeiioii along the line (.si'c full curves in 
Figs. 749). 

Effect of lumped loading on a practical line 

It is found in praclice that lines can be made almost distortionless 
by loading only up to a fraction of the theoretical valiit', the final 
sjiacing and size of the coils being a compiurnisu between the 
attcmiits to - 

(i) obtain a high cut-oH frequenev, 

(ii) use as few loading coifs as possible, 

(hi) increase the resistance by as small anioimt as possible. 

It has been shown that, to obtain a high cut-off freC]Uency, small 
loading coils spaced at short intervals must be employed. If loading 
coil spacing is to be economical, this means that, for a given value of 
added inductance per mile, a definite limit is set to the cut-off 
frequency. For this reason loading is most commonly applied to 
underground cables carrying audio-frequency circuits. A typical 
form of loading in this case is the insertion of coils of 88 mH at 
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intervals of 2,000 yds., such a system being designated as " 88 inH 
2,000 yds/' or ” 88mH/l'136 milcs/^ It should be noted that tliu 
value 88 mH is only a small fraction of that rerjuired to satisfy tlu 

distortionless condition L ^ 

(r 

Until recently, unclergroand cables on main trunk routes weu 
invariably loaded. In the case of multiple twin cables it was the 
usual practice to use and to load the phantom circuits. With slai- 
quad cables, tlie phantoms are seldom used, since the paii-to-pair 
capacity is too great for satisfactory lumped phantom loading. 

With the introduction of carrier systems over undergiomul 
cables, loading has rt'ased to be so important. At the higher fre 
quencies used, even an unloaded line approaches the distortionless 
condition. In any ease, all but the lightest of loading is out of the 
quc.stion owing to the high ciit-ofi fief|ueiicy rciiuired. I'hc higli 
attenuation of the uidoacled eahle is rjvereoiiK' by jilaring vahe 
amplifiers (rep(‘aters) at fre(]uoiit intervals along tin* line. Tin 
distortion clue to vaiiation of attenuation with frequency is coi 
reeted by the usi' of " attenuation etpiuhser-.,'' and the ihslortioii 
due to the variation of velocity with frequi^nry is corrected by the 
use of " jihase etpialisers." Phasi' ecinalisers are used only on tin 
highe.st graile circuits. 

Airline is siddom loaded because the value of L is already 
approaching that rerjuired by the distortionless condition, and the 
introduction of loading would mean the introduetion ol further 
resistance into the circuit. 


Loaded undeigiound cables 


CR 


If an underground cable were loaded up to the value L =- 7 ^-; 

(1 


then, as h'as been shown, would be ^—and oc would be '\/RG, 

In practice such loading is impossible owing to the resistance of the 
loading coils and to the fact that in order to obtain a reasonable 
cut-off frequency, the loading coil spacing would be impracticable. 
Coiisider the example of an underground cable having the 
following constants :— 

R — 4*4 ohms per mile, 

1 micromho per mile, 

L — 0-001 henries per mile, 

C 0*005 microfarads per mile. 

In order to attain the distortionle.ss condition, L must be in¬ 
creased to a value L' where 

0-005 X 10-» X 44 • 

-- 2 * 86 henries per mile. 

This is more than 2,800 times the natural inductance of the line. 


L' = 
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It is’tleaily impracticable to introduce such heavy loading ; for, 
supposing that this added inductaiiLe could be obtained with 
negligible added resistance, if it added m the fonn of a single 
loading cod of 2 86 hennes at one mile sp icing, the cut oii fiequcncy 
would be much too low^ foi an audio (inuit 

In this particular case, 

fo- w.,- / - 740 cs. 

■' ^d\/r( -t\/2 «6 A 0 0(n \ K)-' 

In onki to increase the indiii tance of the line by 2 86 henries 
per nii!e and still ha\L a cuL-off Jn qiiinev of sa^ 3000 c s it would 
be nccLssaiy to load the line using loiduig coils of 715 mH at 
int(i\als of 440 y uds Such lie i\v loiding as tins is, liowiwcr, im 
iLonomu il, since liiukIi lighlci loiding sto li is 88niil \i intervals 
of 2 000 ^arJ^ will gi\i a suffieicnt uduLtion l)i)lli in distortiou 
and m atti ini itiun In pi ut ci the Icnglh of tli loading section 
IS usually indardned it 2 OOOvaids and theloLidiii; i oil i diiclanee 
is standarilisi d in sttciil v dues i iiigin^ li oiii 2S0m}l down to 
2 3 mil with 88 mil the most uniimoiilv n ed 


If till praetu il lo uliiig of 88 mH at 2 000 vai d pai mg is ipplicJ 
to the cable iiiuUi eoiisuliration, the ii mltuit indintintL j)ti mile 
/ 88 \ 

(l 116 ^ / 78 SmlljHi mil*, smci the lumped inductance 

m ly be legiulLcl as unifouub distiibutcd 
In llu lauw^e 400 to 3000 c s 
iol vaiK s belwc Ml 200 and 1500 \vliil( R 41olims. 
t)( \ incs bcLwicn 80 ^ 10"^ and 1250 10 v hd( 

(f — 1 10“^^ inline 

Thus w L R, and u) C ^ G foi a lr)adeil undeiground cable, t c , 

andaie both small, very sm ill it high fn qui luics 
wL coC 

Undei tlusL conditions, approximatL foiinnlat in i\ be found for 
/p, Dt and p These approximations au veiy useful m practice 


Practical formulae tor Zg and 7 for loaded underground cables 
Characteristic impedance /„ 



—7- and —^ are both \ ci y small, 
roL aj( 
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R R G G 

Alsotan“^——= radians and tan“^ ——^radians 

ojL (ijL 1i)C 0)C 


Jc h ) 


(49) 


The characteristic impedance will be seen to have a modulus 
that is independent of frequency, and to have only a very small angle. 

More approximately, since the angle is very small ;— 

(50) 

This last ai)pn)ximatioii is permissible for heavy loading 

G R \ 

^ ^ distortionless condition 1, 'and also for th(' 

higher audio frequencies. 

Propagation constant y 


(: 


y — V (R + j loL) (f/ + j (j)C) (equation 21) 

= V7J' [(i (i 

2i>oL ' • • •] +^mC' + • ■ ■ 


Expaiirlinp l)y tho binomial tliiMiiom, 

R 


y - joy I. C 


This is pennissible becaiisi 

I I li 


and 


1 ] v)L I 

G 

J V)C 


foL 


1 




Also, since and — ^ arc small, second and higher order terms 

mL (oC 

can be neglected, and therefore :— 

V-P^>^/LC r 1 -j- 1 

L 2j wL Ij riiCj 


fC , C /L , ■ 

2 sj 1. 2 V r ^ 

The attenuation a of a loaded cable is therefore:— 

“ ^ f n/z- 


(51) 
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Since w no longer appears in the expression for at, the attenuation 
will be independent of frequency. 

For loaded paper core cables (where G is negligible) 

"" is] 

The phase constant p for a loatled cable is :— 

fo LC radians per mile. ( 53 ) 

Thus velocity v* ^ , a value that is independent of 

frequency. y L( 

It will thus be seen from equations 51 and 53 that, although the 

CR 

loailing is only a small fraction of the value required to make L = — , 

G 

the line approximates to the distortionless condition. 

k- 

Example — A 40 lb PCQT undergrouiul cable with c Mistants : 

R - 44 ohms per mile, 

G -- 1 microiiiho pe] mile, 

L — 0-001 henries per mile, 

C - 0-0(35 miciofarads per mile, 

is loailed witli 88 mil loading coiF of resistance 3-7 ohms at 
2,000 yd. spacing. Find the approximate values [)1 /q, a and fi. 

The total inductance for 2,000 yds. is (88 + 1*136) inTL, i.e., 
89* 14 mil. 

Therefore the total inductance per mile is 

Tile total resistance per 2,0(X) yds. is (44 X 1 ■ 136 j- 3*7) ohms, 
t.e., 53-7 ohms. 

Therefore the total resistance pei mile is :— 

R' — ohms. 

1 ■ 13n 


ThenZ.^ 

,G ju 
“ 2 \l L' ^2\l C 


1 KKJ ohms (using equation 50) 


« /-f- - 0-5 X 10 -“ X 1100 

2 V // 2 V C 2 '< 1100 

i.e., DC — 0-022 nepers per mile = 0* 191 db per mile 

and tu \^I7C ==-■ 10,000 \/7B'5~xTo-» ^To’-OOS x 10-“ 

= 0-715 at 1600 c/s. 

* In this case tha group velocity is also —— anil is independent of 

dp V LC 

frequency. 
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i^e., p =t= 0-715 radians per mile at 1600 c/s 
and /3 == U-179 radians mile at 400 c/s. 

V — 14,000 miles/bcc. at botli frequencies. 

The following table shows these results for partial loading 
compared with those for the same line unloaded :— 


TABLE XXITI 



UnloLided 


Loaded 88 mHy2,000 yds. 

Frcq. 


a 

Nejjci 

mile 

V 

miles/ 

M‘C. 


OL 

Nepers/ 

mile 

V 

miles/ 

S(‘C 

400 i-/s 

520/ -4.r 

0-058 

41,000 

1100/0 

0-022 

14,000 

1600 c/s 

260/’ 

0-107 

74,000 

1100/0 

0-022 

14,000 



Kig. 750 —Secondary constants of Larricr quad cable loaded 4-6 niH/440 yds. 


Summary of effects of loading 

The eflccts of loading on the secondary constants of a line may 
be summed uj) as follows :— 

(fl) The characteristic impedance Zq is increased and becomes 
piactically a pure resistance. 





LOADED LINES 


749 


(6) The attenuation constant oc is reduced and becomes prac¬ 
tically constant ov^er the working range. 

(c) The phase constant p is increased, and the velocity of 
propagation is reduced to a value wliicli is practically 
constant over the working range. 

These effects may be seen from a comparison of the curves 
given in Fig. 750, which illustrate the secondary constants of 
carrier quad cable when unloaded and when loaded with 
4-6 mH/440 yds. 

REFLECTION 

vSo far, cuiTent and voltage relationships have only becji con¬ 
sidered for infinite uniform Inics, or iinifoim lines tenninated ir 
their characteristic imjiedaiices. If a line, at any iioint along its 
length, i.s joined to some impedance liaviiig a value other than Zq, 
part of the wave travelling down the line will be lefiecled back again 
Irom the point of discniiliiiuity. In particular, if a line is iinifouii 
along its length but is terminated in an imju'danee Zff, reflection 
will occur at the distant end. This retlecLion will be a maximum 
when tile line is on 0 ])en cinaiit (Z^ do) or short-circuit 
(Zjt = 0), and will he zero when Zj^ - /„. 

Before proceeding fiirtluT to discuss the emtent and voltage 
lelationships along sudi a liiu*, the m.ignitude of the reflected wave 
will be considered in more detail iii a general case. 


Reflection coefficient 

In general terms, it ma\ be stated that rellectifni occ urs wherever 
there is an inqiedance mis-niatch lielween two networks, ('oiisider 
a generator network A , impedance Z,„ woi king into a load network ii 
impedance Zji (see l^g. 751). Accoiiliiig to the i onia^pt of reflta'tioii, 



fb) ic) Cd) (e) 

Fig. 751. 


an "'initial cuirent"’ /, Hows from the generator expecting to find 
a load equal to Z„. This current in a load ])rofluccs a " reflected 
current " h, flowing back from the load to the geiUTator. The 
resultant current / in the steady state is therefore ; — 

7 = /, 

Applying Tlievenin's Theorem, replace network ^ by a generator 
of EMF E and impedance Zq. Replace network B by the two 


9B 
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impedances Zq and (Fig. 7516) such that 

Z Q Zji Zji (54 

Applying the Compensation Theorem, replace impedance Zj 
by a generator having zero internal im])edance and an EMF pijual 
at all times to — (Fig. 75Ir). 


E 1 (2Z„ -I Zi) (55) 

Applying the Sii])eipf)sitioii Tlu'orem to Ing. 751c, the riiiuMit 
may be considered as tlie sum of two turrents ; the rurrenl /, 
prfiduced l)y thi^ EMF II, and the curient produced by tlu 
EMF —TZ'ji (Figs. 75b^ and c). 

From Idg. 75\d : - 


From Fig. 751c 


^ “'■2Z„ 
Dividing (57) by (56) ;— 


Jhit from (55) ;— 


I ( 2 Z„ -h z;,) 

h == 

I, I (2/„ + Z’„) 

. ^2___cr _ 

7, ~2z;-hz;. 

cfiiiation 54) (58) 

called the" rellection coefficient,'' and gives 

Zq -j“ 

the ratio of the “ reflected " current to the “ incident " current. 
In addition from ctpiatioii (57), 

I — Z' 


7—7 


Therefore gives the ratio of reflected current to total 

current flowing. 
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DerivatiDD of general line equations from reflection considerations 

Consider a line of length I, and characteristic impedance Zj,, 
that is terminated in Zr at the distant end. Consider a generator 
of impedance Z,) and EMF E ctmnectcrl to the sending end (Fig. 752) ; 



I IG 752 — KcilecU'd Luiruit m hue terminated in Zjt. 


let the sent rnrienl l)c and lh(‘ received lurrent be //j. It is 
required to find the curient and voltage at any point P distant x 
from the sending end. 

The problem cannot be snJted hy using the inhiiite line equation 
directly because the line is neither mfiintely long, nor terminated 
at the receiving end in Zq. 


Consider the current at P. 

Ihe generator of KMF E may lie consirleieJ to send a current 
wave along the line ni the direction A to B, while a reliiru current 
wave can lie considered to l)e “ reflected liack along tlie line from 
B io A. The current at P at any instant is tin' vector sum of these 
two currents. 

Let the totLil ciureiit at P be 1. 

Let the incidenf current al P be 7^, and the reflected current 
at P be 1^. 

Let y be the propagation constant of the hnf*. 

Then : — 

— wlien* b ~ 

Received current at is given bv - 


Reflected current at B is equation 58) 


T _ ^ 0 J 

^ Zo + z/* 
Z„-Z, . 


-y] 


^0 H" 


Is ey^ 
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^ 43 , 


i.e. 


Z ^ Z 

= ae y* where a ^ /« 2 y/ 


^0 H” 


I'^c^ntal current I at point V is therefore : -- 

I "I, Vh 

^ y'.e. i — acy^ + b6~y^ 

6e-v«’j-cV)rcsents the wave startiiif^ from ^ and travelling towards 
B, and rtr\Qrei)resents the reflected wave starting from B and travel¬ 
ling toward A. 


An expression of a similar general form can be derived for the 
voltage at P, hut the nratliematical treatment is rather more 
advanced. Tliis will be considered from a different aspect m 
Chapter 17. 
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MATHEMATICAL TREATMENT OF 
LINE TRANSMISSION 

chapter ^ives an alternati\e np})ii)arli If) suiii(‘ abi)ects of the 
-*■ subject of Jane TrauMnissioii. Jn 189(J Kt'jinelly anti Sleiiiincfz, 
woilviiifj; inLlcpendenlly, intiockireil the use of hypeibtdie functums 
of conij)]L‘\ numbers in onlei to sini])lify tlie form of llu' lesults 
obtaineil. I'his rliupUT is intr'iuled to hlustrati' the iisi' of tlies^' 
functions. It will be nol(‘d tlral nuinv oi the r(>siilts obtiinu'd will 
have alieady betai dcTJ\ed or assumed in the ])iec['fhnf ^‘liapter, 
blit the use of hyperbolic functious will enable a more detaiit d study 
to he made. 

DERIVATION OF THE GENERAL LINE EQUATIONS 

ft is rectuired to obtain exjiressions hu' c,uri(iit, voltage and 
impedance, in flu steady state, at .iny point idon^ a line of any 
length having uniformlv distiibuterl eltalrical constants. Since the 
line may be Lerminatecl in an impedance not equal to its ehaiarter- 
istic impedance, the icsult must take into account lh(‘ jio.ssibility 
of reflection. 

Let the line liave length /, rharactei istic ini]>edauce and 
propagation constant y per mile. 

Let R, C, L and C be the primary con.stants of the lim^ \wr mile 
It is assumed that they do not vary with frequency. 


T ► I d I ► 

L 1 ’ dL 


Fic. 753.—Short sectioD A'V, distant a from the sending entl ol a 
tranhiiiLSsioii line. 


Consider a short section of line XY, of length dx, at a distance x 
from the sending end (see Fig. 75v3). lly making dx very .small, the 
current may be considered constant for voltage calculations, and 
the voltage constant for current calculations. 

At X, let the voltage be E and the current 7. 

Then at Y, the voltage will he E dE and the current 7 + dL 

The series impedance of the small section dx will con.sist of 

749 
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resistance Rdx and inductance Ldx. The shunt admittance w/ 
consist of leakance Gdx and capacitance Cdx. 

Since dx is very small, the voltage drop from X t(> Y nu^ hi 
considered to be due to the current 1 flowing through the serus 
impedance Rdx -\-jajLdx. The decrease in current from t(j V 
may be considered to be due to the voltage E being applied to tlic 
shunt admittance Gdx + j toCdx. 

Consider voltage. 

Potential difference between A’ ami Y is due to current I flowing 
through scries impedance elements Rdx ami j mhdx. 

Thus E — [E + dE) -- IRdx f I jmLdx 

- dE = (R + ju^L) 1 dx 
dE 

- ^ = (R+j,oL)I ( 1 ) 


Consider current. 

Current difference between A and Y is due to voltagi‘ applied 
to shunt admit l ance elements Gdx and 7 v}Cd\. 

Thus / - (7-1- dl) - h(Hh d EjioCdx 
— dl = (G -\- jotC) Edx 

^-7iuC)E (2j 


To determine the current at distance x from sending end 

Differentiate (2) with res])ect to x 

dH dE 

= (f' H- } ) K 


dx- 

dU 

dx^ 


--- (R H jwL) (G I jwC)I [from (1)] (3| 


To simplify notation, 
let (/\ j o)]^) ((j -| j i'd ) - 
Hence (3) becomes :— 
d'^1 

— ^ P .1 
dx^ 


P (say) 


(4) 

(5) 


Tliis is a diflcicntial eL|iiatioii the solution of wliich gives the 
value of current I at any point distance x down the line, its solution 
being 

i = ae'^^ * + he '' (d) 

where a and h arc constants. 


This may be verified as follows : - 


If 7 = * » 



CURRENT AND VOLTAGE 


= aPe^‘’‘ + bPe~^'^ 

dx^ 

,.e., ^ = P [aeVf * -|. *] 

(i** ■* 

_ P7 

dx^ 

Before proceeding; to a ^;eneral stiulv of hue traiisiui^sion, some 
meaning must 1)(‘ gi\ im to tlie roiistants nj etjuation (S. This can be 
done by coiisideihig a line (jf ininnte length, since the current 
must become zer(j as Uk* dislance becomes inlinite, i.e., /->0 as 
x->cx). ('oiisidernig eijiiaLion b, tlii-, means a fui theiiisttcini 

i)\cri'aii€S with a. lleini‘ m an mhiiit( line ; 

I -- b.~ V " 

If the H'liding cndrinnntis If., then 7 mnsl ecpial7^.wdien ^ — 0, 
b - 7, 

Hence the current at any point of an mhniti line is : - 

/-(7) 

Ihit the dehnition of the jirojragation constant y of a line is such that, 
in an infinite line : — 

1 = ( 8 ) 
Hence, comparing equations 7 and 8, it follows that :— 

V = ^/¥ 

Hence y —-s/i^R-\-jml) [G \-)\uC) " (9) 

Thus y may be determined from the values of tlie primary line 
constants. This verihes the lesult obtained by another method 
in the last chapter. 

To determine the voltage at distance x from sending end 

The voltage K can be obtained from equation 2 . 

E - ~ —J— — 

(jr -|“ ^ C(jC' d% 

= - • r, ( - r) e-y^ 


p = - 


G+jmC " 

— / ^ c~y* 

G + jwC 

= 'y (R + jmL) ((7 4- jfoC) from equation 9. 


-/ 1 ^- 

“ ~ G + jo>C^ 

Thelcnding-end voltage Es can be obtained by putting * = 0 . 

ICC f''-T 

gTT^ 
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Eb _ j R + jpyL 
Is \/ a j 


. E . 

But by definition the ratio—^in an infinite line is its characteristic 

-*5 


impedance Zp. 


Hence 


+ J 0)C 

This again verifies a previous result. 




-h j (^L 


(H) 


' These results were obtained by considering an infinite line ; 
the general case of a finite line is given by equation B, which may 
now be written :— 



aey^ + bc-y^ ( 12 ) 

tion 12 ran now be expressed using hypeibolic fuiictums. 
r'^ - rush | sinh 
_ ('i)sh yx -- sinh y\. 


Equation 12 theiefore now beronies . - 

1 [a f b) cosh yx + - b) sinh y\. 

This may be furtlici simplified l>y putting a \ h- A, and 
a — h - if, giving 

i/J A cosh yx I Ji sndi yx. (13] 

The \oltagc may now be found in these terms from equation 2. 

^ _ 1 _. 11 

(r -| J mC ih vZ' 

(yiysmhyv t ^osli 

[i f- / fi)L ' 


E - 

since y - 


- Zp (T smh y\ -f B cosh 
V(i<l-J''>L)~((r iT-O aiul 


(14) 


Equations 13 and 14 may be used to find tlie current and voltage 
at any ]ioint along a line, if the constants A and B ran be determined. 
Tins is usually done from a knowledge of the conditions at one end 
of the line. 

- Determination o£ constants A and d 

(a) If cofiltiions (it scndiitf^ end of the line are known. 

Let Is be tlie current at the sending end, and Es be the voltage 
at the sending end. 

But at sending end \ -- 0. 

Tims equation 13 becomes : 

Is = A cosh yO + B sinh yO 



DETERMINATION OF CONSTANTS 

i.e., Is^ A xl+BxO 

t.e., 

Similarly, equation 14 becomes :—- 

Eg - - — PZg cosh 3’0 AZg sinh /O 


7S3 


(15> 


I.C., 

i.e., 

i.e., 


E, -- - BZ^ 


1 


X 0 


E, 


BZ, 


B - - 


Es 


(US) 


/n 


Thus A and B are expiessible ui teiins of the current and volta^n 
at the sending end. Substituting these values for A and B in 
equations Id and 14 gives :— 

f/ = r^cosli yv sinh y\ ( 17 ) 


a lull 


h - Ei, cosli y'x l.sZ ^ siuli y\ 


(IS) 


(b) If i-ondiiioHs at /nrn/^/g oid oj the Iim an /i/n>rc>/. 

J.et 7^ be the ciinenL at the ](‘cei\ing end, ami 7:^,. the voltage 
at the luceiving i‘iid. 

But at the receiving end \ 1. 

Thus equation Id becomes • 

7^ _ A cosh yl h B smli yl. (19) 

Similar!}', equation 14 becomes :— 

Eji — />/„ cosh yl AZ Q sinh yl (20) 

* 

From equations 19 and 20 . 

Iji — zL cosh y! B sinh yl 

Eji -\-~AZq sinh yl - BZyy cobii yl 

Zp cosh }'/ I /I/p cosh-y/ yt^Midiy/ } /l/p siiih- 
E 


.1 ^ sinh yl d Iji cosh yl 

^ n 


( 21 ) 


Simdarly 


7jj B sinh yl 


A ro'^h yl 
.4/p sinh yl 


Eji d- /7/p cosh yl 
— 7yi Zp sinh yl -f- /7Zp smh- yl -- cosh yl \ BZ ^ cosh^ yl 

B =- — Ifi sinh yl — cosh yl 

Substitute in equation Id for A and B 


(22) 


J 1 . -.7 , 

^ li 


codi yl [ sinh 
Z 


yl 


cosh yx 


E "I 

“ la sinh vl d~ yl y^ 

_ ^ z Q J 
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e.c., 


Lii 


cosh y [I — x) + siiih y {I — x) 


Substitute in equation 14 for ^ and B 




E 



Zq sinli yl -\- Es_ cosli yl 


cosh yx 


t.g., 


lx Zfj cosh y/ -1- Ex siiih y l "[ s i illi 
Ejt cosh y (/ — v) 1 Ix Zj) siiili }■ (/ — ~\)J 


yx 


(24) 


Equations 17 and 18 aie the f^eiieral line equations expressiiif^ 
respectively the luirenl and volt.n^e at a ]>oiJit distant x from lli(‘ 
sending end in teams of tlie sent cunent and the sent \()ltaf^e. 

Ef|uations 28 and 24 an* the general line ['quations in another 
form, but tins tinif' the current anil voltage at a ])oint distant x from 
the sending end aie expressed in tiains of the reeeivial eiinent and 
voltage. ('hairh then, equations 28 and 24 ran be applieil only 
to a line of finiti' length, whilst equations 17 and 18 apply also to 
an infinite line. 


I sinhv^ 1 /smhy^ 




r'lG. 754.— Curves of | siiih y/ | and /sinh yl jilotted against 1. 


Since y is a eoniplex quantity, both [sinli yJ\ and [rosh yl\ 
will be curves of the characteristicsliapeshown in Figs. 754 and 755. 
For ronvenience in calculation, sinh yl and cosh yJ may be evaluated 
in the furiii A jB by expanding - 

sinh yl ~ sinh (a -|- jfi) I 

- .sinh a/ . cosily pi |- cos in g/ . sinh 2 
i e., (Tinh sTiiTrgrr gis pi h 7 ■ cosh gZ . sin p^ (25) 

and rosh yl -= coslTJoc -\- j ji) I ' 

=i 

Example ~ - 

sinh (0-6 -\- y . 2-9) — sinh 0-6 . cos 2-9 -f ; . cosh 0-6 . sin 2-9 
= - 0-6367.0-9710 + j . M855.0-2392 
- - 0-6183 + ; .0-2836 Ans. 


t.e., 




cosii orl ■ cosh ; />/ 
L:osh al. cos iJl 


: I- ^nh ixl ■ sinh j pi 
■ j . sinh al . sin pi 


( 26 ) 
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cosh (0-6 + y . 2-9) =- cosh 0*6 . cos 2*9 . smh 0*6 . sin 2-9 

- 11855.0*9710 f ; . 0*6367,0*2392 
- - 1*152 f 7 . (1*1524 


I cosh/^I 



1 IG 755 —L UI\ LS (jf I LOsll I I 


^"coshr^ 



i hMimple 

An upui-wirc lino has di 1()(H) l a cli.iiAiloiistu impodaiice 
Zq of 730 y - 11 ami l pio]) ij:>aUnu roiistanl y 0 012 \- 
] 0-058 

When 2 \u\\.^ .lit a.[)i)hocl to the si'iiihin^ ouil, a cun out f)i 4 miUi- 
ani]is flows Wliat will be llu ruruiit al the distant (‘iid 50 miles 
awtLv ^ 


IL vvill be iiotid that the \ahu of Ihi ti iininatin;:^ impedance is 
not ^i\ on If loqimed it ( mild be calriilaLid fiom the information 
given From efpialioii 17 


I 

In 


Is cosh y\ 


/r 


sinh ; \ 


1000 


cosh 50 (0 012 I ; 0 ()5Sj 


730/-11 I j 0 058) 


- 0 004 . cosh (0-6 / 2-9) 

-- (0 002689 1 y.O 0005229) smh (0-6 i ; . 2*9) 


^ 0-004 (- 1-152 1 ;.0 1524) 

- (0-002689 + ] 0*0005229) .( - 0-6183 I- ; . 0*2836) 


- — 0-002797 ^ y 0-00017 
= 0-0028 /176° 35' 


Thus the current at the leceiving end of the hue is 2*8 miUiamps, 
leading by 176° 35' on the sent current. Ans. 
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APPUCATION OF THE GENERAL LINE EQUATIONS TO 
PARTICULAR CASES 

Case (i). Finite line of length I, tenninated in 

At the (listdJit end c , wheie \ — l)^ lei the cuirent be Ijt aiul 
tlie voUtifTe hji 

Now La r,in be found in trims of the sent (iirient and voltagf 
by sulKtilutni^^ '\ / in equation 18 

f.cJ., J '^ I osh — J yl (27) 


and IS found by putting \ / in (17) 


t,e., 

Thus 


In 

hn 


Is ( osli yl — sinh yl 


- / 

1 ” ” 
* 1} 


^0 

A^foshy/- sillily/ 


(28) 


But siiuL the teiniinatiiig iinjieilaiu e is it follows that . 

bt - / 

j - ^-0 

Thus /, 


“ (i.Mi yl - A, Miih :/ “ 

/istDsIlJ'/ mull ; / - 1^ / -jl 


7‘ s ‘^illll yl 


But 


L, 

h 

/s 


/ 


cosh v/ I sinh }l 
” losh '}! [ sinh yl 


/n 


IS the injiut impedance of the hiu 


(29) 


Thus - /„ ^ (30) 

That is to sjiy, the inpnt impedaiiLe of a finite line teiniinated 
111 its characteiistu imjiedaiu l /pis the characteristic impedance Zp. 

Now^ consider tlie general (quation foi luiient 1. 

Fiom e(|iiatu)ii 17 •— 

1 /s cosh yx - sinh yi 

^ n 


II 


But Zp - ^ (from cttuation 29) 

* s 


Substituting for Zp: — 

I - Ix, cosh yx — Es . ^ sinh y v 
Es 

- Is (cosh yx — smh yj{) 

~-I,.e-^^ (31) 

This IS the same expression as that giving the current at a point 
distant x along an mfinite line. 
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Similarly, tho general equation for the voltage E can be found:— 
'■ E — Eg cosh yx — IgZg sinh yx. 

Blit Z^== ~ (fioni equatirm 29) 


E = Es cosli yx — Is 


, siiili yx 
^ s 


— Es (ro^li yx — SI nil yv) 

E - Es (32) 

whicli is the same expression as that giviiiL; llie volLai^e at a point 
distant x along an inhnite line. 


Hence with regard to current^ voltage and impedance, a \hort line 
t^^naied xn its maractcrisfjc impeilance hehaves as an rnfimlelxnc. 
This veriTIes fhe as^uniption made in llii‘ ]jievit)us rliapiei. ^ 


Case (ii). Finite line of length U open-ciicuited at distant end 

Ill the case of an n|icn ciicnitcd lino, the luneiit at the distant 
end (7J is zero. ^ 

Thus when % — I, equation 17 bei oines : — 


0 -= Is eosh yl — sinh yl 
Es yr coshy/ 

sinhi:/ ~ 


£ 

Blit is the injnit impedance of the line. In the special case 
of an open-ciicuited line call it 

Then Z^p -- Z^coWiyL (33) 

Note that when yl is \ er}^ large, roth yl ->1. lleiun* Z^t^ approaches 
Zq if / is matle very lai ge 


Case (iii). Finite line of length U short-circuilied at the distant end 

In the case of a short-inciiited line, the \olt.ige at the distant 
end (E^) is zero. ^ 

Thus when x = I, equation 27 bei onif^s ; — 

0 — Eg cosh yl - Is Z^^ sinh yl 
Es sinh yl , ^ i y 

7. =-'• 

E 

But “ is tlie input impedance of the line. In the speci.il case 
ds 

of a short-circuited line, call it Z^f, 


Then Zs„ ^ Zfj tanh yl. (34) 

Note that when yl is very laige, tanh yl~^i . lleiici' Z^papproaches 
Zp if ^ is made very large. 

Multiply equations 33 and 34 :— 

Zqq w Zgp — Zp cotli yl ■ Zq tanh yl* 
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Zqb , ZgQ - Z 

Hence Zj =-\/Zo„ . Zjp (35; 

Thus for any uniform and symmetrical line the characteristic 
impedance is the f^eometric mean of the open- and short-circuit 
impedances. This verifies the result obtained in the prevlou^ 
chapter. 

Dividing ecjuation 34 by equation 33 gives ;— 

■W. > Z^enth j7/ 

tanh yl ^ (3(i^ 

^ ^no 

^Example .— 

A line 10 miles long has the following constants :— 

Zo = 600 /{y 
OL — 0*1 nepers per mile. 
fi -- 0-05 radians per mile. 

Find the received current and voltage when 20 miUiamps are sent 
into one end, and the receiving end is sliort-circuited. 

The general line equation for voltage (equation 18) states : 

E = Es . cosh y\ — /^iZg smh yx 
But E = 0 at A - 10 miles, due to the slioi t-circuit. 

0 Eg . codi y . 10 - /jZq . sinh y . 10 

_ y ■ 

cosh y . 10 


^ Is • CA)sh y 


A - 


^0 


Sinn y . 


D 

on I ijfZp. sinh y . 10 . . _ 

= 20 . cosh y . 10 — -:-. smh y . 10 

Zp . cosh y . 10 

=-— (cosh“ y . 10 — sinh2 y . 10) 

cosh y . 10 ' 


_ 20 
” cosh (I . 0-5) 

_ 20 
” i-354 +>.0-564 
= 12.6 - i . 5-25 
= 13-65/- 22°^ Ans. 


Thus the received voltage is zero, and the received current is 
13*65 milliamps, lagging behind the sent current by 22° 30'. 


Practical application of the above fonnulae 

Equations 35 and 36 enable the primary and secondary hne 
constants of a transmission line to be calculated from the me^ured 
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values oi the open- and short-circuit impedances of a known length 
of line* 


For suppose the mucluUis and aiii;le of both Z^o and Z^a are 
fcund by neasurement, then Z^^ will be iJetonniiied from eciuation 
35, which is a vector eipiaiiim, and will give both tlie modulus and 
angle of Zp. Similarly, Ihc right-hand side of equation 36 will be a 
vector quantity, which ina 3 ^ changed into the rectangular foim. 
i.c., lanli yl -- A -\-jH where .4 and i) are known. (37) 


It has been shown (fJiapter 2, page 97) that m this case : — 
taiih2a^ 


and tan 2 pi --- 


_ 2U_ 

1 - n-} 


(3H) 

(39) 


From equations 38 and 39 (see also Appendix II), a/ and pl may 
be deduced, and if tlie length of the line is known, a aiiii p may be 
found. aZ may be didermined fiom tables, or as follow ’ - 

Let taiih 2^1 ^ ^ ^ c 


Then 


e-' -1 
+ 1 
(1 - C) 

^4ul 


=■ 1 + c 

_ 1 -bC 

1 - c 



(40) 


From p, the wavehaigtli A (^ and the velocity of pro¬ 
pagation V (= ^) may be calculated. 

Further, y is now known (y ^ ol j P), ^uid multiplying equations 
9 and 11 

Z,y = R \ jmL (41) 


Also, by dividing 9 by 11 :— 

I- =G+>i«C (42) 

^ 0 

From 41 and 42 the four primary constants may be determined. 


^Example .— 

Impedance mea.surcments made on a 44()-3'ard length of field 
quad cable at 1600 c/s (w = 10,000) under open-circuit and short- 
circuit conditions gave the following result.s :— 

Znc = 2460 / - 66 ^ 30 ^; - 21 * 5 / 14 ° 

Calculate Zq, a, p, R, G, L and C. 
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From (35) : 

— y/Zoo ■ Zsa = \/21 -5 X 2460 /— 36" 15' 


Zj = 230 /- 36° 15' 

From (36) : 

: tanhy/= /^-l" = /?Ll^/50° 15'= O-OOSS/SO'15' 
\J Zoo V 2460 -- 


= 0-0598 -i-jO-0719 = A ^ jB 

From (38): 

tunh2aZ=j^ j 0-1185 

. ^ H 0.1185 1, M185 

From (40) ■ log, j 4 0-8815 ' ^ 


But 1 = 0-25 miles 


a — 0*240 ncper.s/milc 

From (39) 

■ ■ i - (4""4- B'i) 0-9912 ^ ^ 


2 / 1 / -- 8 " 16' ziz where 7i is zero or a ])ositive 

integer. 

ue., 

2()l = 0*1443 ± radians. 

But 

/ = 0*25 miles 

P = 0*289 zi: 2nn radiaiis/mile. 


In order to determine tlic coirect value of it is necessary to 
make one inoie ubsei vatioii. 

(i) Liilivr estimate the approximate velority of propagation in 

tlie cable at the frequency consiileied, 

(ii) or esimiale the loop iesistaiica‘ jn*r mile of the line. 

These two mi thods of approach will be taken in turn. 

(i) Tin- veloi'ity of piojiagatiou for airline at 1600 c/s ib approxi¬ 
mately 170,000 miles per second, and for loaded cal)le approxi¬ 
mately 10,000 miles per second. For field quad cable it will be 
somewhere between th<‘si‘ values estimate it at roughly 50,000 miles 
per second. 

Since -y — — 50,000, and u) = 10,000, 

fJ ~ 0-2 radians per mile (approx.) 
n = 0 , and the correct value of is :— 
f) = 0-289 radians per mile, 

(ii) McavSuring the DC resisth.nce of the 440 yard loop, the result 
was 20*4 ohms, giving a DC resistance of 81-6 ohms per mile loop. 

The method is to calculate the AC loop resistance H using 
jS = 0-289 i 29UI and see wliich value of n gives the nearest agree¬ 
ment between R and the measured DC loop resistance. 
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Thus y = 0-240 + j (O' 289 ± 2nn) 

Z, = 230 /-36° 15' = 186 136 

R + jtoL = yZ^ = [186 —] 136] [0-240 + j (0-289 ± 2«n)] 

R = ree. 0-210 + 136 (0-289 ± 2«i) 

= 44-6 + 39-3 i 854 m 
= 83-9±854» 

Since the DC loop resistance is 81*6 ohms, the correct value of 
» is « = 0, giving p ^ 0-289 as before. 


Having established the cmrect value of p, piocced as follows ;— 
y = 0-240 1 -; 0-289 0-3758 /50° 2 (V 

- 230 X- 36" 15^ 

:.R+jijjL^ yZ^ = 230 X 0-3756 /W" 1 V 
-=83-8+;21-0 

Hence R = 83-8 ohms per mile 

and ojL =21-0 


L = 2 -1 mH pci mile. 
Similarly . - 
G+,„t 

= 0-000094 +^0-00163 
G = 0*000094 mhos per mile, 
and wC = 0*00163 


C = 0-163 (iF per mile. 


Thus, for the cable consideied :— 
= 83 • 8 ohms per mile 
L = 2 ■ 1 inH jier mile 
G = 94 |i.mhos per mile 
C = 0 * 163 yF per mile. 


QENERAL CASE OF A FINITE LINE TERMINATED IN AN 
DUPED.^CE 

Consider the case of a hmte line of length /, terminated in any 
impedance Z^. Let the received current and voltage be and 
Eji respectively. 


Then, from equation 17, putting x = 1 :— 
= Ig cosh yl —^ sinh yl 


(07931) 


SC 
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and, from equation 18, when x = 1 :— 


But 

Thus 


Ejt — Eg cosh yl — Ig Zq sinh yl 
En 


Zjj since the line is terminated at the distant end in Z^. 
Eg cosh yl — IgZ^ sinh yl 


Ir 


]£ 

I a cosh yl — sinh yl 




EgZ, 


- sinh yl = Eg cosh yl — IgZ^ sinh yl 


■ B ^R cosh yl 
/. IgZ^Zjt cosh yl — Eg sinh yl=Eg Zp cosh yl—lg Z^ sinh yl 
The input impedance is given by :— 


_ Eg _ y Zg cosh + Zp sinh yl 
' “ 77 ' ^ “ ■ 7^p^cT^^TTTZ^ sinh yl 


Alternatively: 

_ Z^ -t Zp tanh y l 

Zp+'Z^tanhr^ 

Variation of input impedance with frequency 

Equation 43 may be written :— 


(43) 


(44) 


ZtK -Z fl 


cosh y/ +-^ sinh 

Z R 




cosh yl + sinh yl 


Z 


Put y- — tanh i) = tanh [p + jq) 

Z R 


This is iH'rniissiblc, since Arabics of p and q can be found to give 
any value tor tanh 0. 

„ cosh yl + tanh 0 sinh yl 
1 hen Zijf ' 


z,. 


“' tanh 0 cosh yl + sinh yl 

cosh )'/ cosh 0 j- sinh yl sinh 0 


cosh yl sinh 0 + sinh yl cosh 0 


_ y cosh (y' + f?) 
“ “ ^ih (yl + d) 


= Z 


cosh [(«/ + p) +j(pi + q) ] 
® sinh [(ai -\-p) + ;' (+ j)] 


In Chapter 2, page 97, it was seen that :— 

I cosh (A + jE) I = sinh2 A + cos^ B 

and I sinh (-4 + jB) \ = sinh*-^ A + sin^ B 

Tu. . 17 1 17 1 Vsinh'-^ (ttf + j>) + 005== iPl + q) 

• • • Vsinh^ («i + ^) + sin* (pl + q) 
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i.e., squaring^ 


\7 1 2 _ I 7 1 2 sinh^ [fd -f- />) + cos^ (P^ ^ 

' sinh2(a/ + ^)+sm2(|ff^ + y) 


Note that sin (pl + q) and cos {pl q) are periodic functions, 
whereas sinh (a/ + p) is not. 

\^in\^ will have a maximuvi value apprcximately when 
cos^ (pi q) = 1 and sin^ (pi — 0 simultaneously ; i.e., wJien 
pi + q = 2n, 371, etc., or, ui general, when pi j- q = mi. Avlicre n 
is an integer. Similarly | will liave a minimum value when 

cos^ [pi q) = \) and sin^ (pi f- ^ 1 siinultaueously ; i.e., when 

pi q etc., or. in general, whf'U pi -f- q = (2n — 1)^. 


Thus I Zjjf I will have a maximum value when :— 

pi q n-i 

i.e., when p = —^radians 


(45) 


and the maxima will occur at frequencies for which p takes these 
values. 



Fig. 756.—Imppciance-frequcnry rliaracteristirs of an. iiunrrectly tornnnated 
coil-loaded underg^round cable ojiiploym^ lialf-scction tmiiinatioiis. 


Similarly | | will have a minimum value when :— 

= ( 2 « - 1 ) ^ 


i.e., when 




{2n — q 

I 


radians 


(46) 


Fig. 756 shows the impedance-frequency characteristic of an 
incorrectly terminated coil-loaded underground cable employing 
half-section terminations. 


( 87931 ) 


8CS 
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JPaztIciilaE ease (i). Line on open-circuit 

z 

In this case = co, ix , ^ = tanh 0 = 0 

tanh ^ 0, t e., p = q ^ 0 

Maxima will occur at frequencies for which :— 


p = — radians 


Minima will occur at frequencies for which :— 

n 

(2« - 1) 

P - - - -radians 


I *-0 1 

I^J 

1^1 



-|Z„ 


Fig. 757.—Inipedance Iiequciity cliaraLteiistics of a line. 


Particular case (ii). Line on short-circuit 

In this case - 0 oo 

Zjt 

Hence tanh (p -f- jq) = oo and ^ = 0, y = -^ 


Maxima occur at frequencies for which :— 

-i 


njt 


/» = 


radians 


I I 

Minima occur at frequencies for which :— 




{Zn - 1 ) 2—2 


(« - 1 )^ 


radians 


/ 


I 
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or ^ ^ T 

since n is any integer. 

Comparing equations 47 with 5Q, and 48 with 49, it will be seen 
that the frequencies at which maxima occur with the line on open- 
circuit are the same as those at which minima occur with the line 



Fig. 758—Two Lonsocuti'vc' niaMiiia on Ihr input impeJaiirc-li equcncy 
Lhidraitciistif ol a faulty cdblp. 

on shoit-ciicnit, anti vice versa (see 1 ig. 757). In fact, the frequency 
differenct helween surci'ssive inaMina oi minima is independent 
of the valni' of tlie terminating impedance. 

Fault location using variation of input impedance with frequency 

Measurement of variation of input imjK'danLc* with frequency 
gives a coinenieiit mothorl of fault location, pirticulaily in the case 
of loadi'd iindeigi ouiid rabies, where trouble may he experienced 
due to fault}^ loading roils. An imjiedancc-frequcncy I'lin is made 
on the faulty line, and the lieqiiency difl^Tenre between two 
successive maxima (or minima) nul(‘d {sec Fig. 758). 

Let these frequencies be /, and and let the corresponding 
values of at these ficqueniies he and Provided that the 
frequency difference is small, it may he assumed that flu^ value of q 
in equation 45 remains unchanged. 

At frequency/i, equation 45 becomes : -- 

ft - («) 

At frequency equation 45 becomes : ~ 

f, = ( 52 ) 



For a loaded underground cable :— 
P= Oi^/ LC 
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or 


CU 2 \/LC — LC = 

1 


1 = 


I 

miles 


( 53 , 


2VlC If, -/,) 

This gives the distance in miles from the sending end to tli^ 
point of discontinuity (the fault) and enables the fault to be localised. 

EQUIVALENT NETWORKS 

When interest lies only in the voltage and current at the two 
ends of a line, it is convenient to consider the equivalent network. 

Equivalent T section 

Let the T section showai in Fig. 759& rejuesent a line of length /, 
characteristic impedance Zg and propagation constant y. 


Is 


LINE 


1 


—WvVVjMAAAr- 

i 




1 .. 


EQUIVAIL>J^ r SELTION 

.a 

I'lG. 759.—Transiiiiiision Hdu and its equivalent T seetion. 

Let the sent current and voltage be Ig and Eg, and let the 
received current and voltage be /jj and Eg. 

From equation 17 ;— 


cosh yl - y- si nil yl 

^ II 


(54) 


Considering the T section - 

^■"''(^,+0- If 


(55) 


Equation 55 must be identical with 54 if the T section is to 
represent the line. 


Hence —^ -f 1 = cosh yl (coefficient of If) 


and 


1 


sinh yl 


(coefficient of Ef) 


From equation 57 :— 

n 

z.= 


(56) 

(57) 


sinh yl 


(58) 
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From equation 56 :— 

^ = Zj (cosh yl — 1) 



Fig 7b0 —1 fiuivalent T stutirn ol a uniform transmission lini. 

Hence the equivalent T section is as shown in Fif; 760. 
Equivalent iz section 

In a siinilai maiiin i, jt ran bi sliown that I he equivalent n section 
is as shovn in Fig 761. 


Z p nrjh 



Fig. 7GJ —quivalciit in scLtioii of a uniform Liansrnission line. 


Equivalent lattice section 

The cqiiiv.Llent lattice section is as shown in Fig. 762 



Ca) 


Fig. 762,—Equivalent lattice section of a unifomi transmission line. 
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PROPAGATION CONSTANT OF A LtJMP-LOADED LINE 

The propagation constant of a lump-loaded line may be deter¬ 
mined by considering the equivalent T section. 

Let Zq be the characteristic impedance of the line before loading , 
Let y be the propagation constant of the line before loading 
Let Zx be the impedance of the loading coil; 

Let d be the coil spacing ; 

Let y' be the propagation constant of the line aftei loading. 


LINE 


T np- 




LINE 


UNLOADED LINE 

(lenbth of loading coil section) 


(Q.) 


LINE PLUS LOADING 
( HkLF-CniL TEnMINKTIim) 


vJJ.3.,- 


2 


Z, 

2 


0—\yvWV- 


-VWW—o 


EQUIVALENT T SECTION 
TLINE ONLY) 


(b) 


Al i 

2 2 2 ~T~ 



(line plus LOADIN&) 


Fig 763—Fquivdlent tiiLuils Jor unloadul and Loil-loadt'd Imps 


Consider the equivalent T section of a loading coil section (s(T 
Fig. 763). 


Let -F “ 


2 


Rut, from equation 59 ; - 
Z, cosh yd — I 

2 ® sinh yd 


Hence ^ + Z„ 


cosh yd — \ 
sinh yd 


From equation 58 :— 

Z =-^ 

“ smh yd 

From equation 56 :— 
cosh y'd = 1+ ^ = 1 


sinh yd 


Z^ + 2Z, 


cosh yd — 


smh yd 





t.e., 


LUMP^LOADED LINES 


, , Zjs sinh yi , ^ j ^ 

= 1 H-22-^ yd ~ 1 

z 

cosh y‘d = cosh yi + —^ sinh yd 

n 


'm 

( 61 ) 


This IS known as Campbell’s Formula for a loaded line, and it 
gives an expression for the propagation constant of a loaded section. 
The method by which this formula was obtained applies only for 
a loading section with a half-coil termination [see Fig. 14Ba). By 
applying a somewhat similar analysis to a loading section with a 
half-section tennination, an identical (expression is obtained. 
Campbell’s Formula therefore applies in both cases. 


It can be shown from Campbell’s Formula that c loaded line 
has a low-pass filler charactenstic ; for on wiiting y* a' + j 
and replacing y and b}^ their values in terms of the piimary line 
constants [i.e., equations 9 and 11 on pages 751-2), e piation 61 
becomes:— cosh oc’if . cos fi'd + j . sinh a'tf . bin p^d 

= cosh {d'\/[R -f [G~^ jtaC)} 

~ lirhwL V(Ii+J->L) (G+j.>C)) (62) 

\ G J o)C 


In order to determine the cut-off frequency, it is necessary to 
neglect the resistain e and leakance and to consider a no-loss line; i.e., 
putting R ~ 0, G — 0 and j vjLl equation 62 : - 

cosh . cos ^’d j sinh ^'d , sin p'd = cos fi)rf \/LC 

Equating real and imaginary parts ;— 

_ _ 

cosh oi'd . cos p'd = cos tad y/LC — sj ^ 

and sinh ^n'd . sin p'd ^ ^ (64) 

These equations have a solution a' = 0 if :— 

cos p'd = cos wd \/LC -^^ 

In the practical case v)d 's/LC is a small angle (being the phase 
shift in the loading cod section), so that in equation 65 the approxi¬ 
mations :— 

sin wd^JLC = CO dy/LC 
and cos w d\fLC = 1 

may be made without much loss of accuracy, giving :— 

co^L^ Cd 

2 


cos p'd = 1 


( 66 ) 
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This is possible for small values of co, the limiting value Wf, 
being given when cos p'd ^ I 

“"-VCT 

This means that equations 63 and 64 have a solution a' ^ 0 for 
all values of o) between lo ~ 0 and ; in other words, the 

loaded line behaves like a low-pass fdtcr, and gives the cut-olf 
frequency. 

Now suppose tliat tlie total inductance of the loaded section 
may be regarded as being uniformly distributeil throughout tlie 
loading section ; let the resultant inductance per mile be denoted by 
L'; then :— 


Equation 67 becomes : 


2 _ 

d -y/L'C 


( 68 ) 


or 


fu 


_ 1 _ 

jrd y/L'C 


(69) 


This formula for the cut-off frequency agrees very el[)sely witli 
observed results. In the same way, for calculating the characteristic 
impedance and the prf)pagation constant of a loaded line, there i> 
very little loss in accuracy if the " smoothing aj)proxijnation " 
is made, f.r. if the added inductance is considered to be uniformly 
distributed along the line. The method by which Zp and y are 
normally calculated is demonstrated in the example on page 722 
(Chapter 16), and this method gives perfectly satisfactory results 
over the normal working frequency range—that is, up to 0-7 of 
the cut-off frequency. 

For Freque/ic/es near cut-o^, the propagation constant may be 
computed more accurately by using ('anipbeirs Formula (equation 
61) ; but this is very tedious unless a graphical method (see 
Appendix II) is used for computing the complex hyperbolic 
functions, and in this case much of the accuracy is lost. For 
computing accurately the attenuation constant, certain formulae 
have been derived from Campbell’s Formula that enable the 
attenuation per loading coil section to be calculated simply and 
accurately. The method given below (without proof) is a modifica¬ 
tion of a formula obtained by Mayer. 

Let /?, G, L and C be the primary constants per mile of the 
unloaded cable. Let be the inductance, R'^ the AC resistance, 
and Ct the shunt capacity of a loading coil, and d the length of 
the loading coil section in miles. 

The following definitions are then made :— 

L'd - Lx + Ld 

where L' is the smoothed ” inductance per mile of the loaded 
cable. 


C'd = Cx + 

where C' is the " smoothed " capacity per mde of the loaded cable. 
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TABLE XXIV 


Values of Ki and for Use in Equations 71, 72 and 73 
Propagation Constant of a Lump-loaded Line 


X 

A, 

/V. 

X 

A, 

A. 

0 iU 

0 5172 

U 5502 

1) 65 

0 4961 

0 6909 

0 31 

1) 51 

0 55^1 

0 66 

0 1959 

0 6963 

0 32 

0 5lb5 

0 5344 

0 67 

0 495-> 

0 7072 

0 

0 515b 

0 *^560 

0 63 

U 4951 

0 7161 

1) u 

U 515U 

0 5581 

0 69 

0 •4951 

0 7-^l 

U J5 

U 5144 

0 5602 

0 71) 

0 4949 

1) 7 HO 

0 lb 

0 1l4x, 

0 5b^8 

1) 71 

0 4949 

0 7455 

1) J7 

1) 5Hj 

0 5( 19 

U 7-. 

0 4951 

1) 7565 

u m 

(1 51 3 

0 -»l7-> 

U 71 

1) 495- 

1 U 7hSl 

1) J9 

11 51^1 

0 ^"0^ 

0 /I 

0 49‘>7 

' 1) 7807 

11 AU 

1) 5117 

0 57 8 

0 7-> 

0 49t 1 

0 7938 

0 41 

n 5IL)9 

0 5754 

0 7i 

0 491 S 

0 b080 

0 42 

U 5105 

0 5781 

0 77 

0 1975 

II 8—7 

0 13 

U 51UU 

0 581 ; 

0 78 

11 4997 

U 8390 

0 44 

D 5(194 

0 5849 

0 79 

0 5000 

0 8561 

IJ 4*) 

U 5081 

U 5880 

1 so 

0 5017 

0 8712 

0 4 b 

0 507/ 

0 59U 

0 HI 

0 5036 

0 8951 

1) 47 

0 5ir^ 

0 5948 

II h- 

0 5060 

0 9172 

(J 4S 

U 50th 

0 5H5 

0 SJ 

0 1090 

0 9413 

II 43 

U 5058 

0 (0^„ 

0 84 

0 51-5 

0 9676 

(1 31) 

0 5051 

0 hOhl 

0 s-> 

0 517- 

0 9965 

(I 51 

0 5047 

0 I nil 

0 81 

1) 5 >16 

1 029 

0 52 

0 5UJ4 

0 1 118 

(J 87 

(J S-/( 

1 065 

0 53 

0 5031 

0 6190 

0 hh 

0 5145 

I 105 

0 54 

0 50-*> 

0 [-17 

0 89 

0 5114 

1 151 

0 55 

0 5017 

0 b-84 

U 90 

0 5539 

1 204 

U 5b 

0 5012 

0 6337 

0 91 

0 5670 

1 266 

n 57 

0 5005 

0 6389 

0 92 

0 5838 

1 140 

0 5B 

1) 5001 

0 1447 

0 91 

0 6048 

1 428 

0 59 

0 4995 

0 baOa 

0 94 

0 6321 

I 539 

0 6D 

0 4388 

0 6563 

0 95 

0 6694 

1 681 

0 61 

0 4982 

0 6626 

D 9b 

0 7229 

1 675 

0 62 

0 4978 

0 6694 

0 97 

0 6106 

2 160 

0 63 

0 4973 

0 6762 

0 98 

0 9487 

2 638 

0 64 

0 4965 

n 68.30 

0 99 

1 2R9 

a 721 

— 

— 

— 

1 00 


DO 
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“ 7td^/L'C‘ 

i.e., fa is the cut-off frequency calculated in the normal manuei 
using the smoothing approximation. 



and 



where / is the frequency at which the 


attenuation is to be determined. 



CMCULATED attenuation or 40 lb Pi q,t 
LOVUID GftmH/ajUOyd 

Fig. 764 —Attenuation-frequency i haraLtcrislic of a 40 lb. PCQT line, 
lodcled 88 mH/ 2 U 0 U ydb. 


The attenuation oid per loading coil section is llicn given by:— 


ati — -f 0C2 -|- 


(70) 


where :— 

1 x 1 is the conductor attenuation per loading coil section, and is 
given by - 

Rd 

0 L^= nepers (71) 

GCg is the " coil attenuation per loading coil section, and is 
given by :— 

a, = ^ nepers 


(72) 
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ttg is the “ leakance attenuation per loading coil section, and 
IS given by :— 

Gtg = i G Zj ifg nepers (73) 

The quantities Kj and are dependent on the ratio x = "f of 

h 


the frequency considered to the tut-off frequency and their values 
are tabulated in Table XXIV lor values of x from 0 3 to 1 -0. 


Fig 764 shows the attenuation-frequency curve for 40 lb PCQT 
underground cable loaded 88mH/2,000 yds (the cable specihed in 
the example on page 743) The method of calculating tins curve is 
as follows — 

(i) From A to B, calt ulatt a from y {C f-jtyC) 

U'^ing the smoothing ipproxim ition 

(ii) From B to 7), calculati a from the method just mven. 

It will be noted that tlu flat portion of the curve f om 5 to C 
IS very close to the \alue obt lined m the example on page 743, 
t.c , 0-191 db ptr mill Thus for fiiqutiicies up to 0-7 of the cut-off 
frequency, there is no advantiige to be gamed by the more accurate 
method ^ and, sinrc a loackd cabU is nrel^ woiked at frequencies 
above this figure, the nutbrul of pig( 742 is the one generally 
employed 
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Squaxe roots, tables .. 

Squares tables 
Square law detection 

Squegging. 

Stabilisation of output voltage 
Stabilisation, resistance, of oscillator 

Stabiliser, current 
lamp bridge 
neon 
voltage 

Stability of oscillators 
Stable amplifiers, conditionally 
Stage gain 
Star 

Star-mesh conversion 
Stub-cables 
Submarine cables 
Summations .. 

Superposing .. 

Superposition theorem 
Supervisory indicator 

Suppressed carrier, modulation 
demodulation 

Suppressor grid 
Surds 

SuscpptancD .. 

Susceptibility 
Surfaces, areas of 
Swamp resistois 

Switchboard, 
requirements of 

Symmetrical filters 
Symmetrical networks 
Symmetrical waveforms 
Synchronisation of time bases 
Synchronising two audio frequencies 
Synchronous vibrators 
Systems, multi-channel carrier 


Pag 


78' 

77 

52‘ 

46! 

47' 


319 
477 
476 

320 

471 


345 


45'^ 
362, 37S 
591) 


500 


7 ' 1(1 




I'l 

211 


5(in 
. 52t^ 

O ' 

n V) 

Jl , 
177 
9 

! in 

501, 6' 7^ 
i i ^ * 
543, 54. = 
496 

301/ 


T section, 

characteristic impedance .. 
equivalent to transmission line .. 
input impedance 

open- and short- circuit impedance 
propagation constant 
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' section filter, 
bridged-, equivalent of lattice filti 
m-derived filter 
) type attenuator, 

^ balanced 
f. bridged 
f Resign of 
I Unbalanced 
' type crystal filter . . 

"ables, mathematical 
randem, networks in 


'angent 

>legraph codes 

“elegraphs, multi-channel . . 

filter design 
^elegraphy 

VF . 

"elephone 

"elephone exchanges 
Telephony, 
carrier 

Temperature coefficient of resistant e 
>rminating measurement . . 
terminating half-section, filter 

terminations, half-coil loading 
half-section loading 
of filters 


^etrode, 
beam 

critical distance 
output 

power amplifier 
"hcorems. Binomial .. 
Fourier's 
Fourier's, analysis of comm 
Maclaurin's. . 

Pythagoras' 

Th 6 venin’s . . 

Thermal agitation 
'hermionic Emission 


VB fori 


Thermionic valves, . . 

as modulators 
"hermo-couple meters 
rh^veniii's theorem . . 


Three-phase voltages 
* Through *' measurement . . 
Thyratron 

x'ime bases, 
high frequency 
/ linear 
, Puckle’s 

, synchronisation of.. 
transitron saw-tooth oscillator 
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rime constant, of capacitive circuit .. I 4 £ 

of inductive circuit .. ., 173 

Toroidal loading coils ,, ,, 732 

Transformation of impedance, in filter 379 ^ 33 ^ 

Transformer-coupled amplifier .. 330 

Transformers, .. . . - . . . . . 24 

audio frequency .. 2 f 

auto- .. . . .. . . . . 2 l 

capacity of windings . , 256, 2 t 

core materials .. 26. 

current equation ., 25l 

current ratio .. .. 24/ 

equivalent circuits .. 255 

hybrid 14 

impedance ratio 247 

input . . . . . . 263, 394 

intervalve .. 264 

line. 262 

lofise coupling .... ... 256 

losses of, . . 254 

mains .. 259 

multi-winding 252 

output 264 

PO line . 262 

perfect .. . . 244, 25B 

rotary .. 311 

voltage equation . . .. 252 

voltage ratio 246 

Transitron oscillator .. 481, 545 


Transmission line, .. .. 703 

characteristic impedance . . 703 

constants .. .. .. 717,749 

current and voltage distribution 712, 750 

equivalent networks .. • • 766 

equivalent T section . . , 705 

half-coil terminations .. 739, 769 

half-section terminations . . 739, 769 

impedance-frequency characteristics .. .. 763 

mathematical treatment . . . . - - 749 

reflection .. ., . . . . . . .. . . - . - - 745 


" Trans *' measurement 

Transmission measurements, 
reference power 

Transmission measuring sets, 
calibration ,. 
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Transmitter, spark 
Triangular waveform 
Trigger control 
Trigonometry.. 
Trigonometrical ratios 
difierential coefficients of 
graphs of .. 
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'riode 

A.C. resistance of .. 
amplifier .. • ■ 

amplifier equivalent circuits 
constants .. 
cut-off bias 
effect of gas 
,-heptode 
-hexode 

,powei amplifier 
variable-mu 

rue po-s^er 

'uned-anode oscillator 
runed-anode tuned-grid oscillator 
?uned class C amplifier 
Tuned-grid oscillator 
Tuned voltage amplifier 
Twelve ordinate analysis 
Two-wire circuit 
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419 
466 
394 
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Jiibalaiiced. T L and n sections 
symmetrical filters 

Jnderground cables, loading of .. 

Jnloaded cables, practical formulae 

iJniform transmission line, equivalent section of 

*Juiversal response curves R-C amplifiers 

Units, electrostatic . . 
elec^omagnetic 
international 
practical 

Upper sideband 
Useful numbers 
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7alve characteristics, 
measurement of using CRO 
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/alve constants 
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/alvB noise 
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T'alve type decibelmeter 
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; diode .. . 
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Pa ' 

Variable attenuators., .. .. .. .. .. 295, 622 

Variable frequency oscillators .. .. .. . . .. ,. 4 g 4 

Variable, independent .. .. .. .. .. ., gf 

Variable-mu triode . . .. .. .. .. .. 334 

Variable-mu pentode .. . . .. .. .. 3 Gv 

Vector representation of, sine waves . . if/ 

addition of voltages .. p 

Vectors, addition of . . 
conjugates of 

conversion from rectangular to polar co-ordinates and vice versa . . 58, 5 
definition .. .. . . .. .. 5 

exponential notation .. 62 

logarithm of .. 6" 

multiplication and division of . . .. 5 > 

multiplication by numbers 

negative ,. C 

polar notation . . . , 5 ' 

powers of .. .. .. 60 

rationalisation of . . . . . . . . 

rectangular notation .. .. .. .. f 

roots of .. .. .. .. .. .. . . f , 

rotating .. .. . . . i 

rotation of . . .. .. .. .. . , . . .. £ 

Velocity of propagation . . . . .. .. .. .. 7 


VF -(see Voice-frequency). 

Vibrators 

construction of 
interference suppression . . 
series drive type .. 
shunt drive type .. 
synchronous 

Voice-frequency signalling -. 
telegraphy . . 

Voltage, 

alternating . . 

distribution along transmission line 

doubler circuits 

limiter 

measurement of ,. 
measurement using CRO 
negative feedback 
quadrupler 
regulation . . 
stabilisers .. 

Voltage amplifiers, 
pentode 
triode 
tuned ' 

Voltages, conditions for maximum 

Voltmeter, 

rectifier 
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714, 75 
286, 32^ 
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Volumes, formulae for calculating .. 
VU. 


21 

242 
































VOLUME I—INDEX 


875 

Page 


W 

Wavelength, .. .. -• -• •• •* 716 

constant .. .. 710 

Weston cadmium cell .. .. .. . . .. . > 122 

Wheatstone bridge .. .. .. .. .. .. .. 129, 268 

Wide-band crystal filters . . .. . . . . . . . . . . 701 

Width of band, band-pass filters . . .. . . .. . . 667 

band-stop filters . . . . . . . . . . . . 674 

Vien frequency bridge . . .. .. .. .. . . . . 271 


X 

X-axis . . . , . . . . . . . . . . . . . . 28 

of quartz crystal . . . . . . . . . . . . . 691 

. quartz crystal. . . . . . . . . . . . . . . . 692 

Y 

Y-axis . - . . . . . . . . . . . . . . , 28 

Y-axis of quartz crystal .. . . . . . . . . 691 

Z ' 

Z-axis of quartz crystal . . . . . . . . .. . . . . 691 
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